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PREFACE TO THE FIRST EDITION 

The last thirty years have seen the beginning and development 
of a new period in physics and chemistry, namely the atomic 
period. In contrast to the period preceding it where nature’s 
processes were described in terms of Gontinua, recent develop- 
ments have emphasized the discrete structure of the gubmicro- 
scopic universe. Thus, today one hears of the atoms of matter, 
the atoms of electricity, and even the atoms of energy, the quanta. 
Accordingly the modern physical sciences are demanding and 
constantly using atomic terminology, concepts, and methods of 
analysis. It is therefore important that the physicist and 
chemist have available a fairly complete understanding of these 
methods. 

Of all atomic concepts, the atomic theory of matter is the 
oldest and perhaps the most complete. In particular because of 
its relative simplicity the problem of the atomic nature of gases, 
in the form of kinetic theory of gases, has attained the highest 
degree of perfection in this field. Its admirable methods of 
analysis are therefore indispensable not only for prospective 
physicists, but for both chemists and physicists engaged in 
experimental or teaching work. 

When attempting to teach a course on the kinetic theory of 
gases, at the University of Chicago, in the summer of 1922, the 
writer discovered that there was in print but one text in the 
English language on modern kinetic theory. This text was far 
beyond the scope of the average American college student 
including even the first-year graduate students. The lack of 
facility in foreign languages among the students precluded 
references to texts in foreign languages. Finally, in his own 
field of work, which depends on the kinetic theory, the writer 
and his students have been much hampered by lack of a handy 
reference book containing a collection of the classical and more 
modern aspects of the kinetic theory. This book was written 
in an attempt to meet this situation. 

The purpose of this book is, therefore, to furnish a modern text 
and reference book on the kinetic theory of gases for student, 
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teacher, and investigator in chemistry and physics. The scope 
of the book is to present as concisely as possible the various 
kinetic theory concepts and classical derivations for use by 
students who are beginning their third year of college work and 
on to the more advanced students and investigators who wish 
a handy reference describing more elaborately the phenomena in 
question. It should furnish a useful preparation to the more 
advanced texts and monographs on the subject including those 
dealing with statistical mechanics. It endeavors to develop the 
various concepts as independently of preceding concepts as 
possible, so as to avoid references to earlier chapters. Besides 
a simple introduction of each concept it gives derivations of 
three types, to wit: elementary ones, using little or no calculus; 
more advanced classical derivations; and in some cases the most 
recent developments available. It also contains the comparison 
of the theoretical deductions with modern experiment and a 
critique of the theories. Where possible the experimental 
methods are briefly outlined. It has the added feature of includ- 
ing a complete chapter giving a summary and discussion of the 
kinetic theory of low-pressure phenomena. A complete theoret- 
ical summary of this sort, to the writer’s knowledge, has so far 
not been published. Finally, it contains the application of the 
kinetic theory methods to two more or less recent fields of 
research, that of dielectric and magnetic phenomena in gases 
and of gaseous ionization. 

The writer wishes particularly to acknowledge his indebtedness 
to his colleague Dr. Edward Condon at whose instigation this 
book was undertaken. Dr. Condon originally intended to be a 
collaborator in this work. Lack of time prevented his doing so. 
The writer is indebted to him for the preparation of a large part 
of Chap. II, of the first two thirds of Chap. Ill, of the collection 
of the material for Chap. VI, and for some of the developments 
therein contained. In fact a large portion of the discussion of 
experimental results in Part III of Chap. VI is due to Dr. 
Condon’s efforts. 

The writer’s thanks are also due to the following authors 
whose kindness and courtesy permitted him to use developments 
of some of the theories used in their texts. They are: Prof. P. 
Debye whose admirable treatment of dielectric and magnetic 
phenomena in gases in vol. 6, Theory of Electric and Magnetic 
Molecular Properties, of Marx’s “Handbuch der Radiologie” 
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furnished most of the material for Chap. X; Prof. Clemens- 
Schaefer from whose splendid book “Einfuhrung in die Theoret- 
ische Physik” the concise treatment of the Boltzmann derivation 
of the Maxwell distribution law (Chap. IV) was taken; Prof. E. 
Bloch for permission to use a small section of his book “Th6orie 
Cin^tique des Gaz” dealing with the proof of the Maxwell dis- 
tribution law from the width of spectral lines. In this connection 
the courtesy of Messrs. Methuen and Company of London must 
be mentioned for permitting the purchase from them of the 
rights to make a translation. 

The writer also desires to acknowledge his indebtedness for 
information he obtained in setting up some of the derivations and 
in finding useful references, to Prof. G. Jaeger for his admirable 
presentation of the kinetic theory in the section of Winkelmann's 
“Handbuch der Physik, vol. 3,” and to Prof. K. Jellinek for 
the valuable material and references found in his “Lehrbuch der 
Physikalischen Chemie, ,, including the treatment of the problem 
of evaporation of liquids given in Chap. VI. The latter book is 
a veritable gold mine of information and is notable for the com- 
pleteness of the bibliography. 

Finally, the writer desires to express his appreciation to Miss 
Velma Hutchings, without whose patient help in the preparation 
of the manuscript the book would have been impossible. 

Leonard B. Loeb. 

Berkeley, Calif., 

February , 1922 . 
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THE KINETIC THEORY 
OF GASES 

INTRODUCTION 

Scarcely thirty years ago, before the discovery of X-rays, rapid 
progress in physics had come to a standstill and the physicist 
surveyed a world in which was presented a pretty clearly defined 
system of nature, which could be depicted in terms of classical 
mechanical analogies, although the knowledge in all it* details 
was not complete. With the discovery of Ilontgen, there 
followed a period of feverish experimentation in which the sole 
aim was to gain new facts about the manifold phenomena sur- 
rounding the electron and the atom. In this search little atten- 
tion was paid to a careful coordination of the new discoveries 
with the fundamental system of mechanics of Newton and of the 
times just preceding 1895. 

It was about twenty-five years ago (1900) that it began to 
dawn on the physicists that, after all, the beautiful mechanical 
explanations which had stimulated so many researches, and had 
seemed so satisfying, were not infallible, and that such analogies 
too closely drawn as to the mechanism of radiation, and as to the 
structure of the ether, were, in fact, wrong. Today physicists 
seem to have come to the point of realizing that many of the 
observed phenomena cannot be included in the mechanical 
concepts of thirty years ago without a complete modification of 
those concepts. Such a picture as stable non-radiating electron 
orbits in the atom, a picture which one is inevitably forced to 
accept in order to correlate many of the phenomena, appears to 
vitiate the electrodynamics of yesterday. It is possible that a 
mechanism may yet be found by which such a condition is brought 
about, and thus the mechanical analogies may be saved — par- 
tially at least. At present, however, the trend seems to be away 
from all attempts at “explanation” and towards the formulation 
of the observed phenomena in terms of a consistent system of 
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relations, the correctness of which depends on being based on a 
few fundamental experimentally verified axioms and the proper 
mathematical manipulations of the equations derived from these 
axioms. Such formulations are seen today admirably presented 
in the theory of relativity and in the so-called “ quantum theory.” 
From them, given a particular situation, it is possible to predict 
quantitatively and definitely what phenomena will be observed 
in certain fields. It is thus possible to coordinate, predict, and 
perhaps control the phenomena by these means, but they cannot 
be “explained.” Possibly it will in the end be the ultimate aim 
of science thus merely to describe, and in a measure coordinate, 
the physical phenomena. Perhaps the notion of the “explana- 
tion” is a mental immaturity of the past decades of science, 
just as the ultimate “why” which was abandoned in science in 
bygone years was a still greater immaturity that the human 
mind had to outgrow. 

Be that as it may, let it for the present be assumed that the 
notion of the necessity of the “explanation” is an immaturity 
of mind. It will then be much the most satisfying mode of 
procedure for immature but developing growing) minds. 
In the world of physics there are today two types of such growing 
minds — those of the students who are just discovering the ideas 
of the last decades (and mentally living through the experiences of 
Joule, of Clausius, of Maxwell, and of Boltzmann), and that of 
the investigator baffled and puzzled by some new phenomenon. 
Both these types of mind have to struggle in unknown territory, 
both have to grasp new relations and new notions, and to both 
the simple expedient of concrete mechanical visualization is the 
most obvious course of procedure. With more maturity in the 
study of physics, or with a clear understanding of the new phenom- 
enon as it is visualized, the more complete and correct formula- 
tion in some general scheme of nature may become possible, nay 
even necessary, because of the failure of the mechanical analogy 
in its details. At any rate, in the process of achieving this 
ultimate goal, that inspiring and stimulating method of mechani- 
cal visualization will have played its role. It is thus of value to 
the growing mind to be familiar with this mode of procedure, 
and in no domain of physics has the mechanical visualization 
had such a sweeping success as in that field termed the kinetic 
theory of gases. In fact, it is today perhaps the only field of 
physics in which the mechanical picture has not been dimmed 
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by the breakdown of our mechanical concepts. True it is that 
here and there the kinetic theory of gases borders on the peculiar 
mysteries of the quantum relationships, and truer it also is that 
the kinetic-theory concepts must constantly be modified to meet 
details of new discoveries. Yet today the theory stands as per- 
haps one of the most beautiful and satisfying pictures of physical 
behavior, and the analysis of new phenomena by means of its 
fundamental and perhaps crude concepts is now in various 
domains leading to valuable experimental results. So it is hoped 
that the student of this book will receive the same stimulus and 
enthusiasm from its study which inspired the writer when some 
years ago, as a student, he entered the field of physical research, 
under its spell. 

Before proceeding to a consideration of the text a word of 
explanation will perhaps not be out of place. For the sake of 
simplicity, and for the purpose of appealing to the imagination 
of the beginning student, the agreement of the simple relations 
deduced with experiment and the accuracy of some of the laws 
cited may appear to be exaggerated. A careful scrutiny of the 
book as a whole should show that great care has been taken to 
avoid any real misconception without, however, killing the 
enthusiasm engendered by failing to emphasize a successful 
agreement. It must be realized that the writer is thoroughly 
aware of the deficiencies of the kinetic theory, although he is its 
ardent advocate. He regards the advance of scientific discovery 
and its correlating mechanical theory as a series of approxima- 
tions to the true sequence of phenomena. What, for example, 
was a great triumph of yesterday in accounting for the coefficient 

of viscosity of a gas by an expression tj = ^ Nmc 2 is today, on 

the kinetic theory but a crude approximation which neglects the 
present view of molecules whose apparent average diameter 
determined by intermolecular force fields is necessarily a function 
of their average velocity. Doubtless in years to come the suc- 
cessful and beautiful treatment by Chapman will, in its turn, be 
but a second-order approximation to an even more complicated 
and more precise series of relationships. Such improvements 
are, nevertheless, continual advances rather than revolutionary 
changes. Thus, imperfect as the theory may be today, it is an 
advance over previous concepts and for practical purposes may 
be of incalculable value. It is the endeavor in this book to 
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avoid confusing the student at the outset with a statement of 
all the complexities encountered in more modern work. Accord- 
ingly, the theory will be logically developed from the simplest 
conceptions. As, with increasing knowledge of the facts, the 
discrepancies begin to appear to the student, the weaknesses of the 
theory will be carefully pointed out. Then in later chapters, 
when the mind is ready for them, detailed descriptions of the 
difficulties and of the way in which the theory attempts to meet 
them will be given. It is felt that in this way only can the 
best aims of the student be served. The reader is, therefore, 
warned that before he accept a simple assertion as the complete, 
accurate, and final statement of a law he would do well to consult 
the index for references to a more complete discussion in a later 
and more appropriate chapter. In some cases the attention of 
the reader will be specifically called to such discussions in the 
text. With this caution the reader may open the book and 
discover for himself the fascinating romance of the eternal 
motions of the myriads of minute solar systems called molecules 
which constitute that state of matter which is termed the gaseous 
state. 



CHAPTER I 


HISTORICAL* 

Age of Philosophical Speculation. — Nearly 2300 years ago 
(400 B.C.) the Greek philosophers Leucippus, Democritus, and 
their pupils pictured a world made out of minute particles or 
atoms which were in constant motion. Later (95 B.C.), Lucre- 
tius, 1 who was familiar with the earlier writings, pictured gases 
somewhat as they are pictured today, f However true these 
philosophic speculations may seem today, they were then no 
more than wild guesses. Many another philosopher of that time 
fitted gases into his scheme of nature in a very different manner. 
As these pictures were not in accord with later discovery, they 
were ignored and forgotten. It is, then, because the fortunate 
coincidence that a speculation made 2300 years ago happens to 
agree with an experimental fact of today that a group of persons 
frequently assert that there is nothing new in the world, and that 
the more modern atomic theory was discovered by the Greeks. 
This, of course, is absurd. 

Birth of an Hypothesis. — The kinetic theory of gases could not 
have been legitimately propounded as a theory with any sem- 
blance of reality until the nature of heat was known, and until the 
relationship of heat to work and energy had been established. 2 
During the period 1760 to 1800 the views of Black 3 the advocate 
of the caloric theory of heat, still held the scientific stage, whence 
they had evolved from the first measurements on quantity of 
heat. From then on until 1850 the famous experiments of 
Rumford and Joule 3 on the relation between heat and work were 
in progress, so that by 1856 the time was ripe for the two inde- 
pendent papers of Kronig and of R. Clausius (1857), in which 

* Throughout this book numbered references are to references at the close 
of each chapter. 

fThe famous poem “De Naturab Rerum” in which this scheme is pro- 
pounded, is well worth reading. It appears in Everyman's edition. In 
reading it, it is to be noticed that the scheme of nature devised is a logical 
deduction based on certain crudely observed phenomenon, such as the con- 
servation of matter. (Book I, lines 146-328.) 

5 
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the kinetic theory of gases was proposed and based on an experi- 
mental footing. 

Before these two definite enunciations of the theory there had 
been earlier attempts, none of which were complete enough to be 
included with them. In fact, Clausius admits to having been 
familiar with a paper of Joule's published in 1851, in which Joule 
computed the gas pressure on the basis of the heat motions of the 
gas molecules. There was an article of a similar nature by a 
practically unknown physicist Herapath, in 1821. Credit must 
also be given to the mathematical physicist and genius Daniel 
Bernoulli, for in his then little known “ Hydrodynamics,” 
published in 1738, he had built up a correct and very complete 
kinetic theory of gases. He had at that time no experimental 
basis for his assumptions, and accordingly his theory must be 
classed among the philosophic speculations. 

Establishment of an Hypothesis. — The deductions of Clausius 
were of sufficient accuracy and completeness so that his paper 
attracted widespread attention, and such master minds as Max- 
well 4 and Kelvin were stimulated to interest themselves in the 
theory from 1860 to 1880. In later years Boltzmann, 6 O. E. 
Meyer, 6 Jaeger, 7 Jeans, 8 Knudsen, 9 Chapman, Enskog, Suther- 
land, 18 and others have also contributed a considerable amount. 
The theory as it was left by Maxwell, Kelvin, and Boltzmann, 
however, remained no more than an hypothesis, for, in spite of 
many quantitative agreements between the theory and the 
behavior of gases, no proof of the separate existence of the 
atoms and molecules had been obtained, nor had any observa- 
tions been made that could really demonstrate the continual 
heat motions of the molecules. 10 This left the kinetic theory a 
very successful and interesting analogy, but that was all. 

Retarded Development. School of Energetics. — From 1890 
to 1908 the theory suffered a retarded development due to the 
violent attacks on it by Wilhelm Ostwald and his school of 
“ Energetics.” 11 * 12 * 13 This was at a period when thermodynamics 
had been found to be a very useful tool of the physicist and 
chemist. At that time, perhaps somewhat as w r ith Relativity 
today, the physicists sought to solve all the problems of the 
universe by thermodynamics. Now thermodynamical reasoning 
does not require a knowledge of the precise mechanism of a 
reaction for its applications. All that is required is a complete 
knowledge of the energy and heat relations of a cycle of opera- 
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tions. Ostwald, accordingly, argued that with the thermodynam- 
ical treatment of a process one knew all that there was essential 
to be known about the process and that further mechanical 
assumptions as to the mechanism of the reactions were gratuitous 
hypotheses. He was correct in asserting that the mechanical 
assumptions of the kinetic theory were unproved hypotheses. 
He was, however, wrong in urging that the rather sterile thermo- 
dynamical reasoning be substituted for the neat and stimulating 
analysis of the kinetic theory, for, strangely enough, science 
progresses chiefly by the mechanical analogies of nature’s proc- 
esses which occur to the mind of the investigator. And the 
kinetic theory is just such a mechanical analogy. In fact, it 
seems to be the very fallibility of such mechanical pictures which 
makes experimental test imperative and hence leads to further 
investigations and clearer knowledge. Science cannot progress 
much through the manipulations of equations indicating only the 
heat and energy transfers in a reaction, for such manipulations do 
not generally suggest further experiments. 

Birth of a Theory. — Fortunately, these attacks were brought to 
an abrupt end through the brilliant experiments of Jean Perrin 14 
in France in 1908. Perrin succeeded in quantitatively demon- 
strating the existence of the continual heat motions of the mole- 
cules of a liquid by a study of the Brownian movements of 
suspended particles. These proofs, as will later be seen, were of 
such a definite nature that even Ostwald accepted them and 
relinquished his exclusive claims for “energetics.” Later, these 
results were extended to gases with a far higher degree of 
accuracy through the beautiful oil-drop experiments of R. A. 
Millikan. 16 

Later Development. — The final developments in the kinetic 
theory of gases, upon which the closing chapters have not yet 
been written, were due to the new methods of study opened up by 
the discovery of X-rays in 1895. The X-rays led to a study of the 
carriers of electricity in gases, the ions and electrons. 16 Now it 
has been 3 hown that the ions are charged molecules or groups of 
molecules of the gases, and the electrons act as essentially 
mathematical point charges from the point of view of the kinetic 
theory. 16,17 Their electrical charges enable the ions and elec- 
trons to be singled out from the other molecules, and thus permit 
their properties to be studied after encountering the other gas 
molecules under varying circumstances. The result is that the 
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kinetic theory of gases has made much progress in the able hands 
of Langevin and Lenard, J. J. Thomson, Franck, Townsend, and 
Compton, 1 * through the additions which have come to it from the 
theory of the gaseous ions. 

Today, then, the kinetic theory of gases can be regarded as 
being far beyond the speculative philosophy of the Greeks, and 
far beyond the kinetic hypothesis of Clausius and Maxwell. 
In fact, it is as well-established a theory (that is, a close-wor kifag 
mechanical analogy to the real processes) as any theory which is 
accepted by science. 

Wave Mechanics. — Since the first edition of this book was 
written, two new aspects of nature bearing on the history of 
the kinetic theory have been developed extensively. The first 
of these was the partial clarification of the difficulties raised 
by the quantum laws in atomic physics through the development 
of the wave or quantum mechanics by L. de Broglie, Schroedinger, 
Pauli, Heisenberg, Bom, and Dirac in the period from 1925 to 
1930. To this development we owe the dualistic conception 
of matter and energy (i.e., the light wave and the light corpuscle 
or photon — the particulate electron and the wave-packet elec- 
tron), the statistical relations between these apparently contra- 
dictory aspects, and the principle of indeterminacy or uncertainty 
principle of Heisenberg. All these developments, while drawing 
heavily from the methods of the kinetic theory in their analyses, 
are in principle and viewpoint opposed to the foundations on 
which the kinetic theory rests, to wit, the Newtonian mechanics. 
It was of course vain to hope that being assemblages of electrons 
and protons, the atoms and molecules would fail to exhibit the 
dualistic properties of their constituents so that the cla.aai«nl 
viewpoint could be retained intact for atoms and molecules. 
The necessity of a direct test of the expected dual behavior 
of matter as applied to the supposedly corpuscular atoms and 
molecules was thus obvious. It came in 1929 as a result of the 
technique used in the second new development of kinetic theory, 
the method of molecular beams. The method grew out of 
Dunnoyer’s** pioneer work in 1911 and was developed in part 
by Wood, Eldridge, Langmuir, Cockcroft, Ellett, Johnson, 
though largely by Otto Stem and his associates beginning in 
1921. Using molecular beams of He and H* gases, first with a 
velocity distribution and later with a more or less homogeneous 
group of velocities, Stem and Knauer, and later Stem and 
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Estermann, succeeded in diffracting these beams from the crossed 
grating lattice of the surfaces of NaCl and NaF crystals as if 
they were waves of length X given by the de Broglie law X ■ h/mv. 
In this equation h is the Planck constant, m the mass of the atoms 
or molecules, and v their velocity. The precision of the technique 
was such that these measurements verified the equation to 
within 2 per cent, which to date gives the most complete and 
accurate experimental verification of the de Broglie law. 

It thus turned out that the newest technique of the experi- 
mentalist, the method of the molecular beam, which gave the 
most direct and convincing proof of the correctness of the kinetic 
interpretation of matter, was also the method which demon- 
strated clearly the defects in the classical kinetic thepiy. The 
proof of the dual nature of atoms and molecules is so definite 
that it must be accepted as fact. It accordingly becomes 
necessary to assume that the particulate concept of il|e atoms 
and the molecules, so essential to the kinetic theory of the past, 
is but one aspect of a very much more general and complicated 
entity which at present can only be described by equations and 
cannot be expressed in any mechanical picture. This fact does 
not invalidate or contradict any portion of the kinetic theory. 
It only shows that as regards the correct interpretation of 
molecular behavior, the kinetic theory is an excellent approxima- 
tion to one aspect of the problem. It places in the future the 
fascinating problem of developing the more complete and 
accurate description of the concepts of the atoms and molecules. 
In fact, even this early, successful attempts have been made at 
deriving some of the laws of molecular or atomic impacts by 
means of the wave mechanics so that one can feel certain that 
the new approach is capable of giving important results in this 
field. 22 

Despite its apparent incompleteness and the fact that it is 
but an approximation, the kinetic theory nevertheless furnishes 
much valuable information for the present and offers invaluable 
tools for future analyses. It will always remain as one phase 
of the description of matter and as the foundation for future 
development. 
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CHAPTER II 


THE MECHANICAL PICTURE OF A PERFECT GAS 

.I. The Mechanical Equivalent and the Kinetic Hypothesis. 

In the historical outline it was stated that there could be no 
proper justification of the kinetic-theory hypothesis until the 
relation between heat and work had been established. It is now 
necessary to show why this was so. It will be seen that it was not 
strange that Joule, one of the first to establish the relation 
between mechanical work and heat, should also have been one of 
the first to try to formulate a kinetic theory of gases. 

When a gas like helium is heated in an enclosed vessel so that 
it cannot expand, two things occur: first, it absorb^ a given 
quantity of heat per unit mass, and, second, its temperature rises. 
This heat is stored in the gas in some form and is given Out again 
on cooling. Furthermore, in absorbing the heat there is no 
appreciable change in the gas except the increase in temperature 
and an increase in pressure. This pressure increase in the gas 
is what would cause the gas to expand and do work corresponding, 
in the ideal case, to the heat put in. The question then arises as 
to how the gas can absorb heat and increase its pressure. 

Assistance is derived in understanding this phenomenon by 
inquiring into the meaning of temperature, and as to how the tem- 
perature is related to the pressure. The experiments of Boyle, in 
1662, showed that for a given temperature the relation between 
pressure and volume of a gas was given by the relation pv = 
constant, where p is the pressure and v the volume. Later, Charles. 
Mariotte, and Gay-Lussac studied the behavior of gases at 
constant volume and constant pressure as the temperature was 
increased. It was found that at constant volume an increase in 
temperature of 0° gave a change in pressure represented by the 
equation 

p = p,(l + AO), 

in which p is the pressure at the temperature 6 and p„ is the 
pressure at 0° on the thermometric scale used. If v„ is the con- 
stant volume of the gas, the equation may also be written as 

pv » * Pot>,( 1 + A0). 

11 
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In virtue of Boyle’s law, the left-hand side of the equation is 
constant and will remain the same even if v 0 be changed to some 
new value v. Hence it is possible to write 

pv = PoVo{ 1 + A0). 

If to p on the left-hand side the value p 0 be assigned, the 
expression 

v = v 0 ( 1 + A0), readily follows. 

This is the law for the change of volume with temperature which 
was discovered experimentally. Experimentally, it does not hold 
accurately for any gases, for the constant A in the pressure 
equation differs from that in the volume equation (see Secs. 48 and 
51). It is approached more accurately by the gases that are 
furthest from their condensation temperature. For such gases 
the A is nearly the same and the condition in which this is so 
can be called the limiting state to which all gases strive the 
farther they are removed from their condensation temperatures. 
Strictly, it is only a limiting case, and a gas obeying this law is 
defined as an ideal gas. Elementary treatments of the kinetic 
theory which will be derived in this chapter deal with such gases. 

If it be assumed that both equations hold and that A is the 
same for pressure and volume changes, one can proceed to use the 
common equation 

pv = poVoiX + A0). 

Factoring A out of the parenthesis, the equation becomes 
pv = p 0 VoA(^ + 0 ^. 

This equation gives a new insight into the process of expansion, 
for if 0 » —1/A, pv = 0, that is, at —1/A either p, v , or both 
are 0. Since 0 is a temperature, 1/A is a temperature, and it is 
the temperature which, if attained below the zero from which 0 
is measured, would make pv equal to zero. Thus, since A is a 
universal constant for the expansion of an ideal gas, — 1/A gives 
a new definition of zero on an absolute scale. That is, (1/A)° 
below the zero from which 0 is measured is the absolute zero of 
temperature at which a gas exerts no pressure. On this basis 
1/A + 0 may be replaced by T, calling T the absolute temperature. 
If the constant quantity p 0 VoA = ii, be written with the under- 
standing that v 0 corresponds to the volume of 1 gram-molecule 
of the gas, the equation of state for an ideal or perfect gas is given 
by 


pv = RT . 
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This equation will at once aid in understanding the nature of 
temperature.* Its interpretation is aided by means of dimen- 
sional analysis of the left-hand side of the equation. Pressure is 
the ratio of a force to an area, that is, it is a force divided by the 
square of length. Volume is the cube of a length. The product 
pv has thus the dimensions of a force times a length. But, dimen- 
sionally, force times a distance represent work done or energy, f 
Thus RT is dimensionally a work or an energy, and as T increases 
the product RT increases in proportion, and hence the energy 
that is represented by pv in the gas increases. That is, RT is 
proportional to an energy that goes into the gas as it is heated, 
and T is a measure of this energy. When T is 0 then the energy 
is 0. Now for constant volume p is also increased in proportion 
to the increase in energy and the key to an interpretation of the 

* A moment's reflection shows that temperature is entirely different from 
the other measurable quantities of physics. The imj>ortant stages in the 
development of the concept of temperature cannot be overemphasized. 

The notion of temperature has its origin in our sense perceptions of 
warmth and coldness. The sensations of an individual are far too relative 
and crude to serve as a working basis for temperature measurements, and so 
physical means have been developed for the purpose, which are independent 
of the thermal perceptions of the observer. These are based usually upon 
the recognition by the observer of changes in some property of a substance, 
known as the thermometric substance, which is placed in the space of which 
the temperature is desired to be known (c.</., the expansion of liquids, etc. 
which give a purely empirical scale). 

The utility of the temperature concept in physics is twofold. In the first 
place, the assignment of numbers representing the temperatures of a set of 
bodies makes it possible to determine in what direction heat will flow between 
the bodies if any of them are placed in thermal contact. This use is 
embodied in the statement that heat flows from bodies of higher to bodies of 
lower temperature. Obviously, however, for this purpose any scale of 
temperature suffices so long as larger numbers are always assigned to 
warmer bodies. The other functions of the temperature concept are 
developed in the study of thermodynamics and are concerned with the role 
played by temperature in conditioning the efficiency of all processes which 
are designed to transform heat into mechanical work. 

It is this second property of temperature which serves to define the 
absolute temperature scale. Rigorously, the absolute temperature scale is 
to be regarded as derived from the second law of thermodynamics. The 
justification for the approach to the subject given in the preceding paragraph 
lies in its historical correctness, and, further, in the fact that the perfect gas 
thermometer is the actual experimental mode of establishing the absolute 
temperature scale. 

t Force times distance may also represent a torque, but as this does not 
enter into considerations such as these it need not be discussed here. 
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phenomenon lies in finding a mechanism by which both the 
pressure of the gas and its internal energy are simultaneously 
increased in proportion. 

This was solved by Joule by the assumption that a gas was 
made up of molecules, or particles in constant motion. Such 
particles striking a solid wall and rebounding from it elastically 
will transfer momentum to it. The rate of momentum transfer 
to the wall gives the force exerted by the particles on the wall and 
represents the pressure. If the pressure be calculated, as will 
be done in Sec. 5, it will be seen that it depends in a simple way 
on the kinetic energy of the gas molecules. Thus the energy 
represented by the quantity RT is related to the kinetic energy of 
motion of the molecules, while the pressure is also a consequence 
of this. This picture requires, however, that a simple relation 
exists between heat and mechanical energy or work. The idea 
underlying this concept is that, in a gas, heat is nothing else 
than the kinetic or mechanical energy of motion of the gas 
molecules, so that, in expanding, a gas does work at the expense 
of the kinetic energy of its molecules, which represents its heat 
energy. 

The assumptions made by Joule, of the molecular nature of 
the gas, and which form one phase of this picture, were not as 
novel at the time as might be gathered from this discussion, for 
as will be seen in Sec. 8, the molecular nature of a gas had been 
pretty well foreshadowed by Avogadro in attempting to account 
for the laws of chemical combination of gases. Thus, the 
contribution of Joule lay in associating the heat taken up by the 
gas with the increase in kinetic energy of its molecules, and 
showing that this also gave the required pressure change. With 
such an introduction it is possible to proceed to set forth a group 
of assumptions about the molecules and their motions which will 
enable further analysis to be carried on. As will be seen, these 
assumptions apply to an ideal gas. They do not conform to 
reality. They, however, sufficiently simplify the problem to 
make it possible to proceed with an elementary analysis. As the 
understanding of the processes advances, it will become possible 
to alter the simple assumptions to conform to the real gases. 

2. The Numerical Value of RT . — It is worth while before 
proceeding further to obtain a numerical value for R, the univer- 
sal gas constant. This may be calculated as follows: A gram- 
molecule of gas at 0°C. and 760 mm of Hg (1 atmosphere of 
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pressure) occupies a volume of 22,410 cm 3 .* The value of A, 
evaluated with respect to 0°C., is given by experiment as0.003665. 
Since by the above R is given as 
• R “ p 0 v 0 Aj 

then R = 1 X 22,410 X 0.003665 cm 3 atmospheres per degree 
= 82.07 cm 3 atmospheres per degree. 

# The cm 3 atmosphere is a rather awkward unit of energy. 
More common ones are the absolute c.g.s. unit, the erg, or the 
classical heat unit, the calorie. Making use of the density of 
mercury and the value of gravity the relation follows: 

1 atmosphere = 1,013,300 dynes per cm 2 . 

Choosing as the definition of the calorie the amount of heat 
required to raise 1 gram of water from 15 to 16°, the value of the 
mechanical equivalent of heat is 

1 cal. = 4.182 X 10 7 ergs. 

In view of these results the value of R can be given in mechanical 
or in heat units as follows : 

R — 82.07 X 1.0133 X 10 6 cm 3 dynes per cm 2 per degree 
= 8.316 X 10 7 ergs per degree 
= 1.988 cal. per degree. 

3. The Model of a Perfect Gas. — In order to carry on the 
analysis, the following simplified picture of a gas must be made. 
The gas is to be considered as an assemblage of particles called 
molecules which move freely in the space occupied by the gas, 
colliding with each other and with the walls of the vessel. 
The assumptions upon which the mechanical picture of a gas is 
founded, and which are introduced in this chapter and elaborated 
and modified in the following chapters may be enumerated as 
follows : 

1. A gas consists of particles called molecules which in a stable 
state and in a given type of gas are all alike. The mass of the 
molecules will be denoted by m. 

2. The molecules are in motion, and as they are material bodies 
Newton's laws of motion may presumably be applied. 

3. The molecules behave as elastic spheres of diameter <r. 
In perfect gases the number of molecules in the space considered 
is small enough so that the mean distance between the molecules 

* The conditions denoted here of 0°C. and 760 mm of Hg will be desig- 
nated as N.T.P. hereafter, meaning Normal Temperature and Pressure. 
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is large compared to their diameter, and thus for these elemen- 
tary considerations the space they occupy may be disregarded. 

4. In perfect gases no appreciable forces of attraction or repul- 
sion are exerted by the molecules on each other or on the substance 
of the containing vessel. 

(1) The reasons for the assumption of the molecular nature of 
the gas have been introduced in Sec. 1. The assumptions of the 
stable state and similarity of the molecules are introduced to 
simplify the initial calculations. 

(2) That the molecules are endowed with motions follows from 
the fact that they are assumed to have kinetic energies of agita- 
tion and are reflected from the walls, producing pressure. That 
they obey Newton’s laws is a consequence of the assumption 
that they are material bodies in motion, and Newton's laws are 
assumed applicable to all material bodies. 

(3) The assumption of perfect elasticity is necessary in order * 
to account for the reversibility of the absorption and emission of § 
heat. It is an essential assumption if the correct relation between J 
heat and work is to Be maintained for the ideal gas, for if it bej 
assumed that they are not elastic, kinetic energy gained on heat- 
ing would go into the deformation of the atoms when inelastic 
impacts took place. Unless this energy could be given back on 
cooling, heat would be lost on heating and cooling, or if the kinetic 
energy were converted into work after heating, less work would 
be obtained than was put in and the relation between heat and 
work would not be fulfilled. Actually, in some gases that are 
chemically reactive, like Cl 2 and Br 2 , this elasticity does not hold 
and energy goes to atomic deformation, which may be radiated 
away as electromagnetic radiation, as is shown in Chap. IX. 

In general, the assumption of elastic impacts is, however, justi- 
fied. The assumption of point molecules is a simplifying assump- 
tion which corresponds to reality only as a rough approximation. 
The consequence of the finite size of the molecules is seen in 
Chap. III. 

(4) Gravitational forces do undoubtedly act between the 
molecules. These forces are exceedingly minute. The force of 
gravitation between two bodies of equal mass m is given by 

/ 1 where r is the distance between them and G is the con- 

J r* 

stant of gravitation. This force / is 6.658 X 10~* m 2 /r 2 dyne, if 
m be in grams and r in cm. Since m is of the order of 10“ M gram 
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for the H* molecules and r is of the order of 10~ 8 cm when the 
molecules are in contact, the force is minute indeed. A better 
idea can be gained of the influence of these forces if the kinetic 
energy of the molecules at 0°C. is compared, which by Sec. 11 is 
about 5 X 10“ 14 erg, with the gravitational potential at contact 
between molecules, which is of the order of 6 X 10~* X lO^/lO^ 8 
or 10” 48 erg for two H 2 molecules. The intermolecular forces of 
attraction are, however, much greater and their potential energies 
at molecular contact become comparable to the kinetic energies 
of agitation near the condensation temperatures. For ideal or 
perfect gases they may for simplicity be neglected. Their 
influence, however, is measured for real gases by the term a/v % in 
the Van der Waals' equation studied in Chap. V. 

4. Molecular Motions. — Preparatory to their use in later 
developments a statement of Newton’s laws of motion will here 
be given. These are fundamental to the classical mechanics on 
which the kinetic theory is based : 

1. A body continues in its state of rest, or of straight uniform 
motion, except in so far as it is compelled to alter that state by 
impressed force. 

2. Change of motion is proportional to the impressed motive 
force, and takes place in the direction in which that force is 
impressed. 

3. Reaction is always equal and opposite to action, that is, the 
mutual actions of two bodies are always equal and take place in 
opposite directions. 

The statement of the laws is included here mainly for reference 
purposes. Mathematically, the position of a particle is deter- 
mined relative to a Cartesian coordinate system by its coordi- 
nates x,y,z y which give its position at the time t. The velocity 
components are then dx/dt y dy/dt , and dz/dt and the momentum 
is defined as having the components mdx/dt , mdy/dt , mdz/dt . 
As the components of the force are F X} F v , F g , the second law 
yields the equations 



The kinetic theory has frequently to deal with assumed per- 
fectly elastic collisions between individual molecules and between 
a molecule and a wall. The study of elastic collisions as governed 
by Newton’s laws of motion is greatly facilitated by the use of 
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two principles, which are mathematical consequences of Newton’s 
laws, the conservation of kinetic energy and of momentum in the 
collision. In an elastic collision: 

1. The sum of the kinetic energies of the colliding bodies 
before impact is equal to the sum after impact. 

2. The sum of the momenta of the two bodies before impact is 
equal to the sum after impact. 

A simple application of these principles, the result of which will 
be needed later, is to the case of the elastic impact of a spherical 
ball striking a wall at normal incidence. Let m, t»i, v t be the mass 
and initial and final velocities of the ball, and M, V\, F s these 
same quantities for the wall. Then 

\mv i* + ^ MV? = 2 rnv 2 * + \MVf 

and mv\ + MV\ = mv\ + MV\, 

so that m(v i 2 — v 2 *) = M(V 2 2 — W). 

Dividing these by m(vi — v 2 ) = M(V 2 — Fi),^ 

^2 + ^1= V 2 + V 

If the wall be immovable, then V 2 + V\ = 0, so that 

v 2 = —v h 

i.e.y the ball rebounds with the same velocity as that with which it 
struck the wall. The total change of momentum of the ball is 
2 mv, where v is now the common velocity before and after impact. 
This is also the impulse communicated to the wall. 

5. The Kinetic Interpretation of Gas Pressure. — In this 
section will be given an extremely simple mechanical deduction 



of the equation of state, substantially as it was first given by 
Joule in 1851. 

The v molecules of the gas are contained in a rectangular box 
of edges A } B, and C (Fig. 1). It is supposed that there is no 
actual streaming, or body motion, of the gas, the motions of the 
molecules being perfectly chaotic. Let u be the mean speed of 
the molecules, and for simplicity’s sake let it be supposed that they 



THE MECHANICAL PICTURE OF A PERFECT OAS 19 


all move at the same speed. Owing to the random nature of the 
motions it may be supposed that the motions are equivalent to a 
situation in which one-third of the molecules are moving parallel 
to the length, one-third parallel to the breadth, and one-third 
parallel to the depth of the box.* 

Every time a molecule collides with a wall its direction of 
motion will be reversed (Sec. 4), and so its change of momentum 
will be 2 mu. In 1 second a molecule which is traveling parallel to 
an edge of length C will traverse the length of the vessel u/C 
times, and so will collide with each of the end walls u/2C times 
per second. As one-third of the molecules are moving this way, 
the number of collisions per second on an end wall is uv/SC, 
where v is the number of molecules in ABC. Thu$ the total 
change of molecular momentum per second by an end. wall of 
area AB is j 


2 mu X 


uv _ vmu 2 
6C ~ ~3C 


But by the second law of motion this rate of change of momen- 
tum of the molecules is equal to the total force exerted upon 
them. By the third law this is also the force which they exert 
on the wall. The pressure on the wall is equal to this force 
divided by the area, so that 

1 vmu 2 
P ~ 3 ABC 


or 



This equation makes it evident that the value of pv is simply 
two-thirds of the total kinetic energy E of the molecules. Com- 
parison with the equation of state shows how the temperature 
of the gas is simply proportional to the total kinetic energy of the 
molecules of the gas. 

6, Work of Compressing a Gas. — An instructive picture of the 
way in which mechanical work done on a gas is transformed into 


* This apparently natural assumption is one which has a very great 
significance in the kinetic theory, as will be seen in Sec. 91 of Chap. IX. It 
assumes that if the molecules are great in number and have random motions 
the velocities and hence kinetic energies are equally distributed among the 
three degrees of freedom of motion along the three coordinate axes. It is, 
in fact, an application of the theorem of equipartition of energy to the 
degrees of freedom of motion in a gas, to be discussed in Chap. IX. 
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thermal energy of the molecules is obtained by a simple extension 
of the analysis of the preceding section. 

The experimental fact to be explained is that a gas is warmed 
when it is compressed adiabatically (i.e., without loss of heat 
through the walls of the container) and, conversely, is cooled 
when it expands adiabatically. 

Suppose the gas to be contained in a cylinder which is equipped 
with a piston which moves without friction in the cylinder. If A 
is the area of the piston, then pA will be the force which the gas 
will exert tending to drive the piston outward. Hence pA is 
also the force which must be exerted by some external agency 
to maintain the piston in equilibrium. If a greater force be 
exerted by this external agency, the piston will move inward, 
or if a lesser force be exerted, it will move outward. 

It is interesting to consider the effect on the molecular motions 
of steadily pushing the piston in at a speed of a cm/sec. It 
will be supposed that this speed is small compared to the molec- 
ular motions, so that no actual streaming of the gas is set up. 
If C is the length of the cylinder the number of collisions per 
second on the moving piston will be uv/QC as before. But now 
the molecules are striking a moving wall and the effect is different 
from that of the preceding section on this account. 

The simplest way to see the effect of the piston’s motion is the 
following: Consider how a collision of a molecule with the wall 
would appear to a person riding along with the piston. The 
molecule approaches him with a speed u + a and leaves him with 
the same speed after the collision with the wall. But to leave 
the piston with a speed u + a relative to it means to move rela- 
tively to the cylinder with a speed u + 2a. 

The change in kinetic energy at each collision is an increase of 
amount: 


Since by hypothesis a/u is small, it may be neglected. Multiply- 
ing by the number of collisions per second, an expression is 
obtained for the amount of kinetic energy imparted to the 
molecules by the piston in a second: 

1 mvu 2 pv . 

3 ~C“ a ~ C a ~ vAot ' 


2 m(u + 2a) 2 — * mu 


2 = 2 mua + 2 ma 1 2 = 2mua^ 
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In a small time dt piston will move a distance cedt and the volume 
of the gas will be changed by dv = Aadt . In this time the energy 
imparted to the molecules will be 

pAadt = pdv. 

It is thus seen that when a gas is compressed adiabatically by 
a slowly moving piston the work done goes into increasing the 
energy of the molecular motions, the amount of work thus done 
being simply equal to the product of the pressure which the 
gas would exert on a stationary piston at each successive posi- 
tion by the change in volume. It is evident that all that has 
been said applies equally well when the piston is moved slowly 
outward — in this case the molecules communicate energy to the 
wall at the same rate pdv, and the gas is thereby cooled. 

7. Irreversible Compression. — Students of thermodynamics 
are already familiar with the important distinction in that 
subject between reversible and irreversible processes. Reversible 
processes, such as the reversible compression or expansion of a 
gas, must be carried out in such a way that the forces are in 
equilibrium at all stages of the process and as a result all the 
motions occur with infinite slowness. If the processes be irre- 
versible, it is shown in thermodynamics that there is always an 
attendant degradation of energy from the “ perfectly available” 
mechanical energy to the thermal energy of “ limited availability.” 

The discussion of adiabatic compression of a gas, given in Sec. 6, 
admits of an illuminating extension to show the mechanical picture 
of the distinction between reversible and irreversible processes. 
In considering the communication of energy to the walls by the 
molecules, it was supposed that a was so small that a/u was 
negligible. This is the case in the infinitely slow reversible 
processes. If a/u is not negligible, then it is evident that the 
accurate expression for the energy exchange between the piston 
and the molecules in time dt is 

1 mw 2 a ( a\ , 

3 ~C~ V l + u) dL 

If P is the pressure exerted by the gas against the moving piston, 
then in time dt the force PA will have acted through the distance 
adt so the work done by the piston will be 

PAadt — Pdv. 

Returning to the accurate expression for energy exchange, this 
may be written as 
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, ?•(>+:)*' -<■ + ;)* 

as the amount of energy communicated to the molecules in the 
volume change <it>. Equating the two expressions in virtue of the 
law of conservation of energy and dividing by dv: 

p -”('+ 1) 

This indicates that the actual pressure P which a gas exerts 
when it is being compressed is greater than the statical pressure p 
which it would exert against a stationary wall at the corresponding 
stages of the compression . Similarly, during expansion (a is 
negative) the actual pressure P is less than the statical pressure p. 

The obvious result of these conclusions is that if a gas be com- 
pressed at a finite velocity and then expanded to its original 
volume, all of the work of compression will not be regained on 
expansion and so the gas will be left warmer than it originally 
was. Thus the simple kinetic picture clearly portrays a con- 
clusion gained in thermodynamics by rather abstruse reasoning. 

8. Avogadro’s Rule, — In Secs. 1 and 2 the experimental fact 
that R has the same numerical value for all gases when a mol (i.e., 
a gram molecule) of the gas is considered has already been pre- 
sented. This important result calls for more extended discussion. 

The concept of molecular weight as used thus far is a conclusion 
derived originally from the quantitative experimental laws of 
chemical combination. After Lavoisier, in 1774, had enunciated 
the law of conservation of mass in chemical reactions the next 
great step was the formulation by Richter and Proust of the law of 
definite proportions : A definite chemical compound always contains 
the same elements united in the same proportion by weight . 

It was then possible to ascertain the relative combining weights 
of the various chemical elements. Thus if the combining weight 
of hydrogen were taken as unity, experiment showed that the 
combining weights of chlorine, oxygen, and sulphur were 35.5, 
8, and 16 respectively. On the basis of the atomic theory these 
numbers mean, respectively, the weights of the atoms of chlorine, 
oxygen, and sulphur which combine with one atom of hydrogen 
when the weight of the hydrogen atom is taken as the unit. But 
it is important to notice that we are not entitled to conclude from 
these data alone that these numbers represent the relative weights 
respectively, of single atoms of chlorine, oxygen, or sulphur. 
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This will be true only in case a single atom of these elements 
enters into combination with hydrogen in the compound from 
which the combining weights were determined. 

This work was followed by the publication in 1808 by John 
Dalton of the law of multiple proportions, which says that: When 
two elements unite in more than one proportion , for a fixed mass of 
one element the masses of the other element hear to each other a simple 
ratio . Dalton further gave a brilliant explanation of these laws 
on the basis of his atomic theory as presented in his work, “A 
New System of Chemical Philosophy.” In the same year Gay- 
Lussac generalized the results of his experiments into the state- 
ment of another important law: When gases combine they do so in 
simple ratios by volume , and the volume of the gaseous product bears 
a simple ratio to the volumes of the reacting gases when measured 
under like conditions of temperature and pressure . 

Dalton did not understand the applicability of Gay-Lussac's 
discoveries to his atomic theory and so questioned their correct- 
ness. The Swedish chemist Berzelius was the first to see the 
importance of the volume law, and by making the hypothesis 
that equal volumes of gases under like conditions of temperature 
and pressure contain equal numbers of atoms he made con- 
siderable progress in systematizing the chemical data. 

But there was one great stumbling block which Berzelius could 
not pass. Experiment showed that two volumes of hydrochloric 
acid were formed from the combination of one volume of hydrogen 
and one volume of chlorine. On Berzelius’ view this would mean 
that two “atoms” of hydrochloric acid result from the combina- 
tion of one atom of hydrogen with one of chlorine. In other words, 
the indivisible atoms must have been divided by the reaction. 

Although his views were not widely known or accepted until 
many years later, the way out of this difficulty was made plain 
by the Italian physicist Avogadro, in 1811. He achieved this 
simply by introducing the distinction between the atoms and the 
molecules of a substance. The molecule of a compound like 
hydrochloric acid was regarded from the first as being made up of 
the atoms of the elements of the substances from which it was 
formed. It was then a natural step to suppose that the units of 
structure in an elementary (i.e., one which is not a compound) 
gas were also molecules containing two or more atoms of the 
elements. This view, due to Avogadro, explains at once Berzelius' 
difficulty. Thus, if it is supposed that the molecules of hydrogen 



24 THE KINETIC THEORY OF OASES 

and chlorine each contain two atoms, the volume relations come 
out just right. 

The hypothesis of Avogadro may, then, be stated as follows: 
Under the same conditions of temperature and pressure , equal 
volumes of different gases contain the same number of molecules. 

From the experimental point of view the hypothesis is now an 
established fact. The experimental results in support of it may 
be briefly enumerated as follows : 

1. The complete coordination of the structural formulae of 
thousands of chemical compounds. 

2. Correspondence between positive-ray and mass-spectrograph 
measurements of atomic weights with those obtained from vapor- 
density measurements. 1 

3. Results as to the masses of hydrogen and oxygen atoms 
obtained by Blackett at Cambridge from the study of forked 
a-particle trails. 2 

4. Concordant values obtained for the number of molecules in 
a gram-molecule from widely different experimental methods, 
such as those of Brownian movements and measurement of the 
charge on an electron. 8 

9. Equipartition of Energy. — The experimental verification of 
Avogadro’s hypothesis, together with the simple kinetic picture 
presented in the foregoing, now point to an extremely interesting 
conclusion. This is that the mean kinetic energy of the molecules 
of all gases is the same at equal temperatures. 

Consider a mol of gas A and a mol of gas B in separate con- 
tainers at the same temperature. Then since the value of R is 
the same for all gases, 

RT « P A V A - P B V B . 

By Sec. 5 this leads to 

\n a M a u a 2 = \n„M b u b '. 

Since by Avogadro ’s rule N A = N e it follows that 

= ]^M b u b 2 . 

Had the gases been ideal and were they in the same volume 
at the same time, the conditions would have been unaltered and 
the equations deduced above would be applicable. Hence the 
conclusion that the mean kinetic energy of the molecules in the two 
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gases is the same. This conclusion is a statement, in a limited 
form, of the principle of equipartition of energy — one of the most 
important principles of the kinetic theory of gases, concerning 
which more will be said later. 

It is to be noticed that in arriving at the equipartition of energy 
use was made of the experimental fact of Avog&dro's rule and the 
theoretical equation relating the product pv to the mean kinetic 
energy of the molecules. If the kinetic theory is to be fully 
developed as a set of logical deductions from the assumptions 
given in Sec. 3 it is evidently necessary that all conclusions be 
obtained on an entirely theoretical basis. From the discussion 
just given it is seen that if Avogadro’s rule were derived theoret- 
ically, assuming equipartition, then the theory would be in 
perfect and independent accord with experiment. The theoret- 
ical deduction of the rule is one of the important mathematical 
triumphs of the kinetic theory which will be discussed in detail 
later. The theory as usually presented proceeds, it will be 
interesting to observe, in the opposite order from that pointed 
out by experimental developments, in that the equipartition of 
energy is given theoretical discussion, and from this Avogadro’s 
rule is derived instead of conversely. 

10. The Law of Partial Pressures. — John Dalton, pioneer 
student of atomic theory, discovered the experimental law 
governing the pressure exerted by a mixture of several gases 
which do not react chemically. The results of his investigations 
in this field may be stated as follows: The total pressure exerted 
by the mixture is equal to the sum of the pressures which the several 
gases would separately exert if each were to occupy the vessel alone . 

In developing the kinetic-theory view of this law it is to be 
supposed that the molecules of different kinds exert no forces on 
each other, other than the elastic forces introduced by collisions. 
Then on making a mixture of gases no kinetic energy will be 
gained or lost provided the impacts are perfectly elastic as 
previously assumed, so that the total kinetic energy will be equal 
to the sum of the kinetic energies of the gases put into the mixture. 

In accordance with the simple theory given, the total pressure 
exerted by the mixture P will be related to the total kinetic 
energy E by the equation 
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where v is the volume. On the other hand, the partial pressures 
or pressures which each gas would exert if it alone filled the space 
are given by equations of the same form 


Pi 


2Pi. P _? Et. 

37’ 2 3 v ’ 


Pa 


2 E» . 

3 v ,etC- ’ 


so that, since 
it follows that 


E - E v + E 2 + E z + 
P = Pi + Pi + ^3 + 


9 


) 


which is nothing other than Dalton's law of partial pressures. 

11. Molecular Speeds. — The results which have been obtained 
already allow the calculation of the mean speed of the molecules. 
From Sec. 6 

1 2 
pv = vmu 2 . 

o 


Now vm is the total mass of the gas, so on dividing by v and 
writing p for the density of the gas the result is : 



The density and the pressure of a gas are quantities which are 
known experimentally and so u may be computed. Thus at 1 
atmosphere pressure and at 0°C. the density of nitrogen is 
0.00125 gram per cm 8 . Atmospheric pressure is 76 X 13.6 X 980 
dynes per cm 2 , so substitution in the formula yields 
u = 4.93 X 10 4 cm per sec. 

Another way of arriving at this result shows the relation between 
the molecular speed, the molecular weight, and the temperature. 
Combining the empirical equation of state with the theoretical 
equation, 

RT - gA^mu 2 

. _ ZRT 3 RT 
U ~ N A m ~ IT’ 

where M is the molecular weight of the gas in grams/ R applies 
to a mol, and N A is the number of molecules in a mol. 

In the deductions of this chapter, it may again be erttphasized 
th&t all of the molecules were regarded as having the dame 
speed. It will be seen later (Sec. 27) that this is not actually the 
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case, and that when a gas is held at constant temperature and 
pressure the molecular speeds are distributed about their mean 
value in such a way that most of them are very close to the mean, 
but a few are very small and a few are very great. The speed 
which has just been calculated for the molecules is the speed 
which each of the molecules must have in order that the total 
kinetic energy be the same as that actually possessed by the gas. 

Such a speed is a kind of mean speed which is different from 
the ordinary arithmetic mean of the actual speeds of the individ- 
ual molecules. Let Vi, t> 2 , t>s, . . . v ¥ be the actual speeds of 
each molecule at any instant, then the arithmetic mean of the 
speeds would be simply 

V = “(t>l + V2 + Vi + . . . + v ¥ ). 

On the other hand, if u is the single speed which makes the total 
kinetic energy the same as the actual kinetic energy, 

Tpmu 2 = ~m(v i 2 + *> 2 2 + t ; 3 2 + . . . + v „ 2 ) 
or 

u 2 = 1 2 + V2 2 + *> 3 2 + . . . 4 * vj 2 ). 

From this it is evident that u is the square root of the arithmetic 
mean of the squares of the velocities. It will hereafter be referred 
to simply as the root-mean-square speed. As the square root 
of the average squares in averaging emphasizes the larger 
numbers, such an average is always greater than the arithmetic 
average. Thus the theoretically inferred root-mean-square 
average velocity calculated for the real molecules having a 
distribution of velocity values will be slightly greater than the 
arithmetic average usually used. 

The a. 3 rage molecular velocities which for a gas like N 2 are 
of the order of 10 4 to 10 6 cm/sec., as was seen, are great compared 
to the velocities encountered in everyday experience. An 
automobile making 60 miles an hour has a speed of 2.68 X 10 s 
cm/sec. An ordinary 22-caliber rifle bullet has a speed less 
than, but near that of, the molecules, while the modern army 
rifle bullet has a speed of the order of 8.24 X 10 4 cm/sec. The 
speed of a projectile fired directly away from the earth, w^ph 
will enable the projectile to escape from the earth against g^yi- 
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tation&l attraction (the so-called velocity of escape) is 1.1 X 10® 
cm/sec., while on the moon the velocity of escape is 2.4 X 10 5 
cm/sec. Perhaps the best speed with which to compare that 
of the molecules is that of sound waves in the same gas. In 
elementary treatises on sound waves it is shown that this velocity 
v depends on the pressure and density in the following way: 



in which y is the ratio of the specific heat at constant pressure to 
the specific heat at constant volume. For perfect monatomic 
gases it will be seen later that it is a consequence of the kinetic 
theory, also borne out by experience, that y = so that 

; " - J - °' 7452 ' 

which leads to the interesting conclusion that the velocity of 
sound in a perfect monatomic gas is approximately three-fourths 
of the mean speed of the molecules in that gas. This fact is 
not surprising in that sound waves are carried by molecular 
motions. 

The expression (deduced on page 26) ti 2 = 3 RT/M or 
u = 's/ZRT/M indicates that u is proportional to the square root 
of T 1 the absolute temperature, and inversely proportional to 
the square root of M , the molecular weight of the molecule. As 
this expression does not contain pressure or density, it is seen 
that the velocity u is independent of these quantities. The 
reason lies in the fact that while u = \/3 p/p, p and p are so 
related that a variation in one implies a like variation in the 
other. Finally, it is of interest to calculate the average kinetic 
energy of a gas molecule at some standard temperature. Since 
RT * pv * \iN A mu 2 , it follows that the kinetic energy KE — 
1 3 RT 

^w»u s = 2jf2’ Here R is the gas constant per mole, and N A 

is the number of molecules in a gram-molecule or mole, i.e., the 
Avogadro number. If T = 273°abs. or 0°C. and N A = 6.064 ± 
0.006 X 10 M , then %mu* = KE = 5.617 X 10~ u erg. The 
ratio R/N a is often written as R/N A = k, where k is called the 
Boltzmann constant, which has the value k = 1.3768 X lO -1 * 
erg per degree. Accordingly, the expression for the kinetic 
energy is often written J^mu s = KE — %kT. 
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12. Slow Diffusion, the First Paradox of the Kinetic Theory. 

Since the theory requires such enormous speeds for the mole- 
cules, the natural inquiry is, why it is that the molecules are not 
observed (by their direct effects) to travel so rapidly. Thus, at 
first sight, it might seem that a little hydrogen released in one 
corner of a large room should be observed in other parts of the 
room a fraction of a second later. 4 This seeming contradiction 
was raised against the kinetic theory in its earliest days as a 
serious difficulty. The answer lies in the evaluation of the 
enormous number of the molecules in a cm 3 . It is thus obvious 
that the number of collisions experienced by a molecule in a 
short time will be enormous. Each collision deflects the molecule 
from its straightforward course; in fact, it may reverse the 
direction of its motion; so it is easy to see the answer to the 
seeming contradiction of theory and experience. 

The proper development of an explanation for the slowness of 
diffusion of gases and other related matters opens up a whole 
division of kinetic theory — that which deals w r ith the concept 
of the mean free path of the molecules. Discussion of this will 
be reserved for the next chapter. Now, however, the results of 
the further developments may be anticipated by the statement 
that the average distance between molecular collisions will be 
found to be about 10~ 6 cm under usual gas pressures. 
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CHAPTER III 


THE MEAN FREE PATH-CLAUSIUS’ DEDUCTIONS 

13. Concept of Free Path. — Continuing the development of 
the mechanical model of a gas, begun in the last chapter, it is now 
of importance to consider the question, How far do the molecules 
travel, on the average, between their successive collisions with 
each other and with the wall? At the end of Chap, II it was 
foreshadowed that the answer to this question would ibAke clear 
the slowness of gaseous diffusion in the face of the great iholecular 
speeds. 10 It will also be seen that the heat conductivity and the 
viscosity of gases are intimately tied up with the question of the 
mean free path. 

In the preceding developments, the molecules of a gas have 
been regarded as perfectly elastic spheres whose diameters were 
vanishingly small compared to the mean distance apart of the 
molecules. The gas molecules were thought of as moving with a 
velocity u such that the total kinetic energy of the translatory 
motion was the same as the total kinetic energy of the actual 
translatory motions (Sec. 11). As the molecules exert no 
forces on each other except during collision, their paths between 
collisions will be rectilinear and described at constant speed. 
At certain times in the life history of a molecule it may happen 
that the molecule will go a comparatively great distance between 
successive collisions, at others two successive collisions will 
come very close together. In other words, the distances traveled 
between successive collisions, i.e., the free paths, will be widely 
different, but will be distributed around a certain mean value. 
This mean distance traveled by a molecule between successive 
collisions is defined as the mean free path. 

Kinetic theory owes this very fruitful concept to Clausius,* 
who opened up a whole new branch of investigation by its intro- 
duction. He was led to these considerations by the very diffi- 
culty which has already been noted— that of the slow diffusion 
of gases. 
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Let n be the average number of collisions experienced by a 
molecule in a second, then 1/n is the average time between colli- 
sions, and if the mean speed be u cm/sec., the mean free path L 
in cm will be given by 


L 


u 

n 


The evaluation of the mean free path is thereby made to depend 
upon the calculation of the average number of collisions which 
a molecule experiences in a second. This is the mode of approach 
to the problem originally adopted by Clausius. The deduction 
of this number, following the argument of Clausius, will now be 
given. 

14. Number of Collisions. — Let the diameter* of the molecules 
be denoted by a and consider a gas comprised of v molecules 
occupying a container of volume V and of surface 2. Actuated 
by their thermal motions, the molecules will be moving about in a 
random manner, as often in one direction as in another, with the 
mean speed u. For simplicity, the molecules will all be supposed 
to have the same speed, as in preceding arguments. 

When a molecule collides with the wall its center comes to a 


distance of Lr from the wall. When a molecule collides with 

another molecule the minimum distance between the centers of 
the two molecules will be <r. If, then, the attention be fixed on 
one particular molecule, it is seen that there are certain regions 
of the containing vessel which cannot be occupied by the center 
of this particular molecule. For convenience, call the center of 
this molecule A. Then A certainly cannot be within a distance 

of ** from the wall, nor can it lie within any sphere described 


about the center of any of the molecules with a radius equal to 
the diameter of the molecules. 

It is thus seen that the collisions experienced by the molecule 
A may be discussed by considering the collisions of the point A 
its center, with the surface S, which bounds the regions in which 
A can lie. In other words, the question of the collisions of spheri- 
cal molecules with other such molecules or with the walls may 


• For the discussion of the meaning of a the student is referred to Sec. 

19 and Secs. 49 and 52 in Chap. V. 
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be replaced by the equivalent problem of the collisions of a 
point with a surface. 

The surface S may be better visualized by considering how an 
instantaneous picture of the molecules would look. It would 
find each molecule situated at a certain point within the volume V 
(Fig. 2). Surrounding each molecule would be a sphere of radius 
<r, these spheres constituting part of the discontinuous surface of 
exclusion S } the remaining part of S being a surface parallel to 

the walls of the vessel but distant from them. The point A 

might, then, with equal likelihood, occupy one part of the space 
within this surface as another. The volume available to A 
will be denoted by U. 




But all of the equally likely positions of A are not associated 
with equal probability of collision with the surface S . Consider 
an element dS of the surface S toward which the molecule is 
moving in such a direction that its path makes an angle 6 with 
the normal to dS (Fig. 3). The chance that the molecule will 
strike dS in the time dt depends on the relative motion of the 
molecule and this portion of S. Regarding the molecule as 
Stationary, the element dS will move toward A with a speed u 
sweeping out a volume 

u • dt • dS ■ cos 0. 

If at the time t the point A is anywhere within this volume, it 
will collide with dS during the time t and t + dt . As all posi- 
tions of the molecule are equally likely, the probability Pams 
of a collision with dS in time dt may be written: 
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This expression depends on the angle of approach of A toward dS. 
This element may be eliminated by averaging over all of the 
equally probable directions of approach. Take the normal to dS 
as the axis of polar coordinates. The probability P of A 
approaching dS in a direction contained between 9 and 6 + d9 
will be proportional to the solid angle at dS subtended by these 
directions. This element of solid angle is measured by the area 
on a sphere (Fig. 4) of unit radius of the circular zone between 
the angle 0 and 6 + dd and so is equal to 

2x • sin 0 • d 6. 



The total solid angle about a point is 4 ir, so the chance that 6 lies 
between 0 and 9 + dd is 

2tt sin 9d9 _ sin 9d9 
4* 2 

But it is evident that a collision of A with dS is possible only 
when 0 < ^’ so that the chance of collision of A with dS in time 
dt, in a form independent of 9, is 


P dtdl 


— JL f 1 
~ 2l/Jo 


cos 9 sin 9 • dddtds 


4U 


■dt-dS. 


As this chance is independent of the particular part of S under 
consideration, it may be integrated at once over the whole surface: 

n US 

4U 


■dt. 


The expression on the right is then the probability that A will 
collide with any part of the surface S in the time dt. The greater 
this time interval, the greater is the likelihood of a collision. As 
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the probability does not depend on the particular instant chosen, 
dt may be replaced by a finite time interval At. Choose At so 
that the probability P« At is equal to unity, i.e., certainty of a 
single collision. The proper value of At is, evidently, 


Supposing that the amount of time consumed in a collision is 
negligible, the number of collisions in unit time is then 

1 uS 
Ul At 4 U' 


16. The Quantities S and U . — In the expression just found for 
the number of collisions in unit time, the quantity S if the total 
area of the surface on which A, the center of a particular molecule, 
might collide. It is made up of two parts: (1) the total area of 
the spheres drawn about all the other molecules with a radius 
equal to the diameter of the molecules, and (2) the total area of a 
surface which is generated as the locus of a point which is at all 


times distant ^ a from the walls of the containing vessel. The 


first term is simply equal to Aw(v — 1 V 2 , and since in all cases v, 
the number of molecules in V , is enormously great compared to 
unity, this may be taken as 4wv(r 2 . The second term is quite 
negligible in comparison with the first in most cases, so that 
in all cases the much smaller difference between it and 2, the 
total area of the walls of the containing vessel, may be ignored. 
This fact can readily be seen from the following calculation: The 
surface area of a sphere of radius 1 cm is 4r cm 2 . The volume 
4 

is gTr cm 3 . This contains, at N.T.P., 11.3 X 10 19 molecules 

each of radius about 1 X 10~ 8 cm, and of radii of spheres of 
exclusion of 2 X 10" 8 cm. The surface of each sphere is lfir X 

4 

10 -ie, The total area of the spheres in this volume is glfor 2 X 

2.7 X 10 3 cm 2 , or 5.7 X 10 6 cm 2 . This is 4.5 X 10 4 times as 
great as the surface of the spherical vessel with the molecules 
in it. 

The quantity U , it will be remembered, is the total volume 
available to the point A. It is evidently somewhat less than the 
total volume of the containing vessel V. Let the difference be 
denoted by 6, so that 


U - V - b. 
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This difference b may, like S, be naturally regarded as the sum of 
two parts: (1) the volume from which A is excluded by virtue 
of the presence of the other molecules, and (2) the volume of 


the region within 


1 

2° 


of the walls of the container. 


Further 


consideration of the value of b will be undertaken later (Sec. 19). 

16. Approximate Free Path. — Introducing the expressions for 
U and S in the formula for the mean number of collisions per sec- 
ond of a given molecule, 

U • ( 2 + 4wvcr 2 ) 

Wl 4 W~~b) 

The relation L = u/ni between number of collisions and free 
path then gives the free-path formula: 

r = 4(F -b) 

S + 4 irw* 


In many cases, the quantity b is negligibly small in comparison 
with V y and 2 is also negligible in comparison with 4i rva 2 (see end 

2 

Sec. 15). By Sec. 19, b is g 7r<rW. That is, b for molecules of a = 

2 X 10~ 8 cm for a cm 3 of gasatN.T.P. is ~*7r X 10~ 24 X2.71 X 10 19 

cm 3 , or 4.5 X 10“ 4 cm 3 , while V is 1 cm 3 . Another way of getting 
at this is by considering the volume of a given mass of water com- 
pared to that occupied by the same mass of steam or water vapor. 
Eighteen grams of water occupy, roughly, 18 cm 3 . In the 
gaseous state 18 grams of water would occupy 22,410 cm 3 
of volume. Moreover, in the aqueous state the volume occupied 
by the water molecules is still greater than b. Dropping S and b 
from the expression, the free-path formula simplifies into ; 

L-X. 

7TV<T Z 


Denoting by N = v/V , the number of molecules per cm 3 of the 
gas, i,e.y the molecular density, the formula may be written 

L = 1 _. 

ttAV 

It is obvious from this expression that the mean distance between 
molecular impacts is dependent only on the molecular diameter a 
and the number of molecules per cm 3 . This formula makes it 
evident that the mean free path is inversely proportional to the molec- 
ular density . Since for equal volumes and temperatures the 
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pressure exerted by a perfect gas is known to be proportional to 
the molecular density, the important result follows that the mean 
free path is inversely proportional to the pressure . 

Elementary Deduction . — A simple deduction of the expression 
for the mean free path may be made as follows: Assume all the 
other molecules at rest and one molecule moving with a velocity 
u. If the center of any other molecule comes within <r cm from 
the first they will collide (Fig. 5). Thus, as the moving molecule 
moves u cm in 1 sec., there will be a volume ira 2 u which contains 
all the molecules with which it collided. If there were N mole- 
cules per cm 8 in the volume, that means that the moving molecule 
in going u cm in the gas in 1 sec. collided with wNa 9 u molecules. 
The average distance gone between collisions L is, therefore, u , the 
distance traversed, divided by irNa 2 u, the number of impacts 
experienced. ThusL = u/(wa 2 Nu) or L = l/(ira 2 N). 

This is the same formula as the simplified expression above. 



Fig. 5. 


17. Relative-velocity Correction. — In Sec. 14, when the mean 
number of collisions per second experienced by a particular mole- 
cule was being evaluated, one assumption was tacitly made, cor- 
rection for which will now be developed. In computing the 
probability of collision of a point A with an element of the sur- 
face S, the speed of approach of the point A to the element dS 
was taken simply as the root-mean-square speed of the molecules. 

Actually, the quantity which should be used is the mean relative 
speed of the point A and the surface S. Now part of the surface 
S is that which is parallel to the walls of the vessel. The mean 
relative speed of the point A with respect to the walls is simply the 
root-mean-square speed of the molecules as used. The principal 
part of S , however, consists in the spheres of radius cr which sur- 
round all of the other molecules. In the preceding derivation, 
when these were regarded as at rest, the relative speed of A and 
of this part of S was correctly taken as u . It is now necessary 
to examine the effect of making a hypothesis more in accord with 
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the facts — that the other molecules are also moving in all 
directions with the same* mean speed equal to m. 

This requires that the mean relative speed of two molecules 
which each move with the same speed, but 
for which all directions of motion are equally 
probable, be calculated. The relative speed 
of two molecules is the vector difference of 
their speeds when these are referred to the 
same reference system (Fig. 6). If 6 is the 
angle between the directions of motion, the 
magnitude of this vector difference £ is evi- 
dently given by 



£ = 2« -sin ^ 0, 

since £ is the base of an isosceles triangle, whose two equal sides 
are each equal to m, and in which the angle opposite £ is 0. £ is 

to be averaged over all values of 6, taking account of the equal 
weighting of the solid angle in the various directions around the 
vertex of 0. This is accomplished as before (Sec. 14) by multi- 
plying £ by 2tt- sin 0 • dB, Integrating from 0 to 7r, and dividing 
by 47 r, the mean value £ is then 


= lf: 

47TJ 0 


2 u sin ^ 0* 27r sin 6dB 


2 u j sin 2 

Jo 


cos 2 de 


4m 
3 * 


or the mean speed of the molecules relative to each other is four- 
thirds their root-mean-square speed when all the molecules are 
treated as moving with the same speed. 

Returning to the equation of Sec. (16) for the mean number of 
collisions per second, it is seen that this can better be written : 


n i 


m2 


+ 


4(F - b) ' V 


the first term representing collisions with the walls and the 
second collisions of the molecules with each other introducing 
the relative-velocity correction. Supposing as before that 2 is 
negligible In comparison with the area of the spheres of exclusion, 
a new expression is obtained for the free path as follows: 


* This assumption of equal molecular speeds introduces an error which 
will later need modification (see Sec. 37, Chap. IV). 
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Again making the lesser approximation in neglecting b, the expres- 
sion for the mean free path appears in the form 

r _ V 1 

" 4 4 

^rucr 2 ^rrNa 2 

Dividing both sides of the equation by a, this yields 

L = 1 

9 trNa 3 

U 

so that the mean free path bears the same ratio to the diameter of 
the molecules as does the total volume of the vessel to the total vol- 
ume of the spheres of exclusion, or as does the total volume to 
eight times the volume of the molecules. 

The free-path expressions which have been obtained by cor- 
recting for the mean relative speed are the same as given origin- 
ally by Clausius in 1858. In their derivation it is to be noticed 
that the molecules are regarded as all having the same speed u y 
all directions of motion being regarded, however, as equally 
probable. 

18 . Clausius’ Pressure-volume Relation. — In Chap. II, the 
deduction of the equation embracing the experimental results of 
Boyle and Charles was based on the original method of Joule, 
who found it necessary to regard the molecules as all having the 
same speeds, and certain fractions of them moving perpendicu- 
larly to each of the walls of the containing box. By arguments 
similar to those used in arriving at the mean free path, Clausius 
was better able to face the facts by supposing all directions of 
motion equally probable in giving a theoretical deduction of this 
equation. He was, however, still bound to the assumption that 
all the molecules travel with the same speed. The number of 
collisions per second which each molecule makes with S , in 
which the molecule strikes at an angle between 0 and 6 + dd 
with the normal to S, was found by Sec. 14 to be 

Su sin 8 cos Odd 

W 
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If v molecules are contained in the available volume, V — b, the 
number of collisions is 

Svu sin 0 cos 6d0 
Nse ~ 2(V - 6) 

From the dynamics of perfectly elastic collisions between smooth 
bodies, it is known that when a smooth elastic sphere collides 
with an elastic plane the normal component of the momentum 
of the ball is reversed while the tangential component is unaffected. 
In having the normal component of its momentum reversed, the 
ball communicates to the wall an impulse equal to the total 
change of momentum which is evidently twice the normal com- 
ponent. If the velocity of the molecule of mass m relative to the 
wall is w, the normal component of the velocity is u • cos 0, so 
that the impulse communicate’d to the wall at each collision is 

2 mu cos 0. 


The impulse communicated per second, i.e., the force exerted 
by all the molecules which collide at an angle between 0 and 0 + 
dd , is 

- __ 2 vSu 2 m cos 2 0 sin 6d0 

fe 2 lV~V) 

As collisions occur only when 0 < tt/ 2, the force exerted on the 
surface by all the collisions will be obtained on integrating this 
expression with respect to 0 from 0 to t/2. 



vSu 2 m F 2 
V~-bJo 


cos 2 0 sin Odd- 


vSu 2 m\ cos 3 0l 2 _ 3 vmu ^ 

T^b[ 3 Jo~ V — b 


The pressure exerted by the gas on the walls is the force per 
unit area, so that the last expression leads to the following expres- 
sion for the relation between the pressure and volume of a gas: 

p(F - b) = | mu s . 


This is the thoeretical equation as developed by Clausius. 

Comparing the Clausius equation with that of Joule (Sec. 5), 
it is seen that the two correspond exactly except that the Clausius 
equation makes provision for the term 6, representing the influ- 
ence of the finite size of the molecules. Following upon the pio- 
neer work of Boyle, experimenters found that there were small 
deviations from the inverse proportionality of pressure and vol- 
ume. These slight deviations have their origin in two things: 
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(1) the finite size of the molecules, and (2) cohesive forces acting 
between the molecules in addition to those which come into play 
during collisions. The Clausius equation shows how the first 
should affect the pressure-volume relation. The way in which 
the second acts will, of course, depend on the nature of the sup- 
posed intermolecular forces. This point will be given detailed 
discussion later (Sec. 48, Chap. V). 

19. The Quantity b . — This quantity, which occurs in the free- 
path expressions as well as the pressure-volume equation of the 
gas, was first introduced in Sec. 15 simply as the difference 
between the actual volume of the vessel and the somewhat smaller 
volume which is available for the motion of the point A. It was 
there seen to be made up of a thin layer along the walls of the 
vessel and a part which depends in some way upon the volume of 
the molecules themselves. j 

It is now desirable to take up the study of the way in which b 
depends on the volume of the molecules. This amotmts to a 
complete determination of b for all practical purposes, since the 
contribution of the layer along the walls is negligible. At first 
sight, it might be supposed that b for the gas in 1cm* at N.T.P. 
is simply equal to the total volume of the spheres of exclusion. 
Since these are spheres of radius equal to the diameter a of the 
molecules, this would give 

b = 

where N is the number of molecules per cm 3 . 

Actually, however, b is only one-half of the value given. This 
may be seen to be the case by considering the collisions of a single 
molecule of radius equal to that of the sphere of exclusion, i.e., 
equal to the diameter of the molecules, with the points which 
represent the centers of the other molecules. In a collision of 
such a sphere with a point only that half of the sphere which is 
directed toward the line of relative motion of sphere and point is 
active in excluding the point from a volume. This is exactly true 
for binary encounters between molecules. It is conceivable that 
there is occasionally a collision in which three or even more mole- 
cules are involved at once, but it may be shown that such cases 
are extremely rare. The correction due to ternary and higher 
collisions is quite unimportant in comparison with the approxi- 
mation already made in assuming spherical molecules. 
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The value of b is then to be taken as 

b = i^rAV. 

As will later be seen, b can be experimentally determined, and 
hence if N is known, a may be evaluated. The deduction makes 
it possible, however, to use this relation only down to gas volumes 

4 

of q ttN<t 3 or 26, since for volumes less than this the equal prob- 

o 

ability of all kinds of impacts is altered by the limitations of the 
space available. According to Van dcr Waals, such a change in 
the value of 6 actually occurs for gas volumes less than 26, as 
will be seen in Sec. 52. 

20. Number of Molecules Striking Unit Surface per Second. — 

It is often of interest to determine the number of molecules 
striking a surface per second. The knowledge of this quantity 
is very useful in calculations of heat transfer to solid surfaces and 
for problems of evaporation when equilibrium exists. In this 
section two short deductions will be given. In the next chapter 
a more rigorous deduction will also be given involving the distri- 
bution of the free paths and the velocities among the molecules. 

In Sec. 14 it was found that the chance l\ of a single molecule 
striking a surface S per second was 1\ - Su/ 4U f where u is 
the average velocity and V the volume of the vessel.* If there 
are n molecules in U the number striking S per second is given 
by P 9 n = N „ . Thus AT, = vSu/AU f and calling n/U = N 
the number of molecules per cm 3 , N s = SNu/4. If N s /S = N\, 
the number striking a cm 2 per second, then 

N t = N ;. 

4 

Again it is possible to proceed as follows. Assume a cm 2 of 
surface with N molecules per cm 3 in the space above it. Of these 
molecules the chance that one has a velocity so directed as to 
make an angle 0 with the normal to the surface is sin Odd/ 2 
(see Sec. 14). Of the N molecules in a cm 3 only those which lie 
in a parallelepiped u cm long and of base 1 X cos 0 cm 2 will strike 
the surface in 1 second, for those farther away will not reach it in 
1 second going u cm 7 sec. ; and only those that lie in the cylinder 
whose base has the area normal to the direction of motion 1 X cos 
0 cm 2 can strike it at an angle 0 with the normal . Thus if there are 
N molecules per cm 3 , only those in the volume u cos 0, to wit, Nu 

* Note that here the volume U is used interchangeably with V which is 
permissible as b is very small 
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cos 0, will be in a position to strike the surface, and of these the 
chance of striking the surface at 0 is sin Bdd/2. Hence the num- 
ber striking at an angle 0 is given by 

N 

N e = u cos 0-g sin Odd. 

Integrating 0 from 0 to 7r/2 to cover all space above the surface, 
the result is 

w 

XT Nu (*2 . n n Nu 

N 1=s I Sln 0 CO g 0d0 = — . 

^ Jo ^ 

21. The Distribution of Free Paths. — Th.e conception of the 
average, or mean, free path recently deduced gave the average 
value of the distance which a molecule had to move between two 
successive impacts. It was assumed in the process of averaging 
that the motion of the molecule in any direction was equally 
probable, and that the molecule might be at any point in the 
volume. That is, it was assumed that enough points and direc- 
tions were taken in averaging in order to permit this to hold true. 
Actually, in looking at one of the instantaneous pictures of the 
surfaces of exclusion surrounding the point molecule A (Bee. 14), 
the molecule is pictured surrounded by a very irregular surface. 
If, then, from any point A where it happened to be this molecule 
were to move in a direction AC (Fig. 2) it would strike the wall 
after having traversed a very short stretch. If, however — 
what is equally probable — the point molecule should move in 
the direction AB, the distance moved before impact would be 
quite long. Thus, while a mean value for the free path is spoken 
of, the paths actually traveled are not equal, but may take on any 
value. The fact that these paths depend on pure chance for 
their single values will make it possible to derive an expression 
giving the distribution of the paths among the molecules. 

The law of distribution of free paths may be derived as follows: 
Consider I molecules starting out from a collision. After these 
have gone a distance x the number which has not yet experi- 
enced a collision is denoted by y. If a molecule, on the average, 
has Z collisions per second and its speed is u> the probable number 
of collisions in 1 cm is Z/u and the probable number of collisions 
in going a distance dx is (Z/u) dx. This is, however, equal to the 
decrease in y f i.e. f to —dy y for y decreases as x increases. There- 

fore, it is possible to write dy = — ydx. 



44 


THE KINETIC THEORY OF GASES 


Separating the variables, dy/y = - (Z/u) dx, and integrating 
between the limits y = I at x = 0, and y = y at x = x, the result 

is log y — log I - —Zx/u, 

z 

or y = Ie~ u x 

Z ~ z x 

and dy = — - - Ie » X dx. 

u 


It is important to note in this place that in deducing this 

Z 

equation the tacit assumption was made in writing — dy = y dx 

w 

Z 

that the chance of a collision depended on ^y and dx only. That 

is, the number of impacts dy was governed by the distance 
traversed dx , by the number of molecules traversing it, and by a 
constant factor which gives the probable number of molecules 
experiencing a collision in I cm. This constant is what might be 
called a ‘ ‘ scale factor” and is the constant of proportionality 
which determines the absolute value of the path. The deriva- 
tion therefore assumes the independence of the free path executed 
from all other factors than y, dx, and Z/u. 

To obtain a meaning for the constant Z/u it merely becomes 
necessary to determine the average free path, or mean free path 
L. This is obtained by multiplying the number of molecules dy 
of path between x and x + dx by x, the length of the path, sum- 
ming it for all the groups of molecules from 0 to I, and dividing 
by 7. Thus the mean free path, 



Hence L = u/Z and the equations above become 


y - Ie l. 

, I * 
dy = — ^ e l dx. 


X 

Thus out of 7 paths that start anew after their last collision 7e*”X 
have a path exceeding x cm in length. The larger the value of L, 
the average path, the more paths there will be that exceed a given 
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x. The number dy out of the I paths that end in a specific 
fractional interval dx/L of the mean free path ( t.e., in a certain 
interval between x and x + dx whose length is a fraction dx/L 

X 

of the mean path L) is /e L dx/L. Thus by choosing an adequate 
interval dx/L the number of impacts suffered in that interval 
can be found. It may be seen from the equation that both the 
curves for y and dy as a function of x are exponential curves. At 
the point x/L = 0, y = J, and at increasingly large values of 



x/L y y approaches 0 asymptotically. The curve for y as a func- 
tion of x/L is given in Fig. 7. Thus it can be seen from Fig. 7 
that out of 1000 molecules starting at x = 0, 670 go a distance 
x/L = 0.40, 370 go a distance x/L = 1, and 18 go a distance x/L 
= 4.02. The point marked in the Fig. 7 by the vertical line is 
the point at which x/L =1. It is the point where x equals the 
mean free path and it is the center of gravity of the distribution 
curve. It is to be noted that in this distribution curve the free 
paths have all values and are not grouped closely on either side 
of the mean value as will be found to be the case for the distribu- 
tion of velocities (Sec. 35, Chap. IV). 
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22. The Mobility of Gaseous Ions (an illustrative application 
of the free-path distribution). — As an example of the use of the 
concept of the free paths and of the importance of taking into 
account the distribution of the free paths, the evaluation of the 
velocity of gaseous ions deduced on the kinetic theory may be 
used. The normal gas ion, the carrier of electricity in gases, could 
be assumed to consist of a single molecule* carrying an extra posi- 
tive or negative charge (see Sec. 102 of Chap. XI). 

If such a charged molecule be placed in a field of strength X 
volts per cm in a gas it would experience the acceleration Xe/m 
due to the action of the field, where e is its charge and m its mass. 
The acceleration cannot last for a long time, however, as the ion 
soon collides with a neutral molecule of its own mass. If a large 
number of such impacts be regarded, it may be assumed (see Sec. 
103) that at each impact the velocity gained by the ion in the 
direction of the field is annihilated. It must then begin its 
acceleration in the field anew after each impact. If the ion makes 
many millions of collisions in going a centimeter in the direction 
of the field this will result in the ions having a uniform average 
velocity of drift in the direction of the field. This velocity 
reduced to unit field strength is called the “mobility” of the 
ion. This reduction assumes velocity proportional to field 
strength, a fact borne out by experiment. It is thus obvious 
that the mobility must largely depend on the acceleration over 
a mean free path, and that hence the mean free path must 
be an important feature in the evaluation of the mobility. In 
deducing the expression for mobilities as here given the following 
assumptions must be made: 

1. Ions do not exert forces on the neutral molecules, t.c., the 
paths are not influenced by the ionic charge. 

2. The impacts between ions and molecules as between mole- 
cules and molecules are perfectly elastic. 

3. The mass of the molecule equals that of the ion. 

4. The field is so weak that the gain in energy of the ion from 
the field over a single free path is small compared to the energy 
of agitation of the gas molecules. 

* The nature of the ion is not as yet certain; and it is a question whether 
it is a single charged molecule or a group of molecules about a charged 
molecule. For simplicity it is assumed here that it is merely a charged mole- 
cule of the gas. 
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Let an ion go an average path L in a time T } where T can be 
evaluated from T = L/u, u being the average velocity of thermal 
agitation of the molecules. 

The distance S t traversed by the ion in the direction of the 
field in virtue of its charge in a time T is given by 


, Xe 

for a = 

m 


* 1 T2 _lXeL\ 

S *~r T ~2lnu 2 ’ 

where e is the charge, X the field strength and m the 


mass. 

Now if the ion goes S t in the direction of the field in T seconds its 
average velocity of drift in the field will be 


= St = 1 XeL 
T 2 mu 


or its mobility will be K = v = ~ - — 

X 2 mu 

Now in this deduction the value of an average free path L 
was assumed and all paths were assumed to be equal. Actually, 
the paths are not all equal and in this case the assumption intro- 
duces a serious error, for the distance traversed during the time 
t is proportional to / 2 . Thus, for a long path L, t 2 = ( x/u ) 2 would 
give a very different S t than for a short path. The distribution 
of free paths must then be considered. Replacing T by t and 
L by x in the expression for S t above, 


S t = 


1 Xe X 2 , 

2 m u 2 ' 


where x refers to all paths ending between x and x + dx. Now 
out of I initial paths the number of the length x is given by —dy or 

I _* 

Y e L dx. Hence the average St is given by 

LJ 


Whence St 


St — n 


r*i 

lXtJo u*L 


e L dx 


lXt 
2 m Lu 2 1 


2 m I 

— — Lx 2 e ^ + 2 L 

u\ 




St = 


Xe [2U] = Xdji 


2 Lmu 2 


mu* 
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As the number of paths of an ion in going 1 cm is very great, 
the average time of a path may safely be taken as t — T — L/u\ 
hence the expression for the velocity becomes 

. S t XtL 
V t mu 

and the mobility is 


K = 


(L 

I 

mu 


in contrast to the value K = 


~c 6 L obtained in neglecting the 
2 m u 


distribution of free paths. 

23. Experimental Knowledge of Molecular Free Paths. — The 

manner in which the free-path concept has been verified must for 
part of its details be postponed to Chap. VI, in which relations 
are deduced which involve the free path in such a form that it 
can be evaluated from experimental measurements. The rela- 
tions involve the kinetic-theory deductions for the physical 
constants known as the coefficients of viscosity, of diffusion, and 
of heat conductivity of the gas. All these equations, although 
they have some uncertainty in the value of the numerical coeffi- 
cients concerned in them, give nearly the same values forL. 
Again, the theory says that L should be related to <x, the diameter 
of the gas molecules, and to N, the number of molecules in a cm 3 . 
In recent years a has been determined 1 in a variety of ways and 
N has been accurately determined. 2 The values so obtained, 
in so far as they theoretically should agree, agree well with the 
values of L determined directly from viscosity. 

The two best experimental proofs, however, depend on more 
direct measurements of the free paths and distribution of free 
paths. The first method is due to M. Born. 3 It depends on the 
measurement of the thickness of a silver film deposited on a glass 
plate out of a beam of silver atoms moving in an atmosphere of 
air at reduced pressures as a function of the distance x from the 
origin of the beam. The apparatus is schematically sketched 
in Fig. 8. From the small heated tip of the quartz tube A a 
stream of evaporating silver is reduced to a narrow beam by 
means of the tube B. From there the stream passed through a 
circular hole in each of four brass discs one above the other and 
1 cm apart. These discs were cooled by liquid air about the 
upper portion of the quartz tube. Each of them supported a 
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glass quadrant Pi, P 2 , P 3 , or P 4 whose apex extended to the 
center of the circular opening. Each quadrant in turn was 
rotated through 90 deg. relative to 
the preceding one. Thus each of 
four cold glass screens at distances 
of 1 cm apart received one-fourth of 
the beam on their tips. The quartz 
tube was connected to an adequate 
pumping system and a set of gages 
for measuring and controlling the 
gas pressures was provided. The 
experiment then consisted in evap- 
orating the silver at various pres- 
sures and measuring the relative 
amount of silver deposited on each 
plate as a function of the distance 
between the plates. The measure- 
ment was accomplished by a photo- 
metric comparison of the density of the deposits on the separate 
plates. The test of the theory by the experiments follows. If 
the equation for the distribution of free paths is correct, then the 
density of deposit should be given by 

_ X 

D — D 0 e L f 

where x is the distance between the plate and the origin B of the 
ray and L is the mean free path. In practice, however, even at 
the lowest pressures obtainable, there is a slight change in density 
on the different plates due to a geometrical spreading of the beam. 
Thus to eliminate this difficulty the measurements were made as 
follows: The values of the density Dio when there was no gas 
present and the free path had the length of the chamber, and the 
density Di on the same plate when the gas was present giving a 
free path L, are given by 

Xl 

D 1 — D 106 t 

for one plate. For another one of the plates it is given by 

D 2 — Daotf l 

where xi and x 2 are the distances of the plates from the source 
( i.e. f the point B). 
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Therefore 



In the actual experiments reported, x 2 — Xi =* 1 cm. These 
gave in one series of measurements the following values: 
for p = 5.8 X 10~ 3 mm, L = 1.7 cm. 
p = 4.5 X 10~ 3 mm, L = 2.4 cm. 

This gives pL constant within the limits of experimental error 
and so verifies the prediction of the kinetic theory. The values 
obtained for L if reduced to atmospheric pressure are then L = 
1.3 X 10~ 5 and L = 1.4 X 10~ 5 cm. From viscosity measure- 
ments on L for air, the gas used here, L = 0.99 X 10~ 6 cm, 
while for Ag, which is a monatomic gas like Hg vapor, L = 2X 
10“ 5 . Thus for the Ag atoms in air the value obtained by direct 
measurement is in excellent agreement with the other values, 
considering the difficulty of the experiment. 

In a recent repetition of Born’s experiment performed with 
great care, F. Bielz 4 has determined a for collisions between 
silver atoms and N 2 molecules. The particular improvements 
in this work lay in the method of introducing the felass plates for 
catching the silver atoms, in the corrections for the spreading of 
the beam, and in the developing and measuring of the thickness 
of the deposit. In testing the law of distribution of paths, the 

free path L was calculated by means of the equation D x — Doe l 
from the measurements on the thickness of the deposit D x at 
different values of x. The values of L multiplied by the pressures 
for different values of D should be constant. Three different 
values of x were used — 22, 32, and 42 mm — and the following 
values for pL were obtained. 0.0132, 0.0104, 0.0097, 0.0109, 
0.0094, 0.00945, with a mean of 0.0098. This degree of constancy, 
when considered in the light of the other experimental uncer- 
tainties, establishes the distribution law quite successfully. 
The value obtained for <r, the molecular diameter, is 2.58 X 

10- 8 cm, with an accuracy of 5 per cent. If r = ~<r for N 2 be 

A 

taken as 1.55 X 10~ 8 cm, a for the Ag atom is 1.0 X 10“ 8 cm. 

24. Electron Free Paths. — In the preceding work the mean free 
path for gas molecules was deduced assuming molecules of diam- 
eter a moving among like molecules. The value for L was 
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given by the expression L = -ji where a is the diameter of 

(l" w ) 

the molecules, and the factor % came in from a consideration 
of the relative velocities of the molecules. As will be seen later 
(Sec. 37, Chap. IV), if the distribution of the velocities be con- 
sidered, the mean free path is given by the expression 

L = -y-J > 

\/2nrW 

where the \/2 replaces the % above. Now for an electron whose 
dimensions (3 X 10~ 13 cm) are minute compared to <r (2 X 10~ 8 
cm) and whose velocity of agitation is much greater than that of 
the molecules, the equation may be simplified. Fot a point 
electron the sphere of exclusion has a radius a /2 (z.e. # the radius 
of the molecules), for it can move right up to the Surface of 
the assumed spherical molecules. Also the electron moves so 
much more rapidly than the molecules, since it has the same 
energy of agitation (as demanded by the law of equipartition) 
while it has less than }^600 the mass of most molecules, that 
the latter can be considered at rest relative to it. Hence the 
correction for relative velocities may also be removed. The 
equation for the electron free paths L x therefore becomes 

7 = 1 

1 v{a/2) 2 N 

and 

U - 4\/2 L. 

26. Distribution of the Electron Free Paths. — It is possible to 
obtain a beam of electrons of almost any velocity and to shoot 
them through a gas. At any point of the gas the number of 
electrons can be measured and compared with the number at 
any other point by measuring, with an electrometer, the charges 
delivered by the electron beam per unit time in a Faraday 
cage. Now it also happens that electrons that are thrown out 
of the beam by colliding with molecules and being deflected by 
the impact, or those which have collided and lost appreciable 
velocities in the process, can be excluded from the measuring 
chamber. Thus it should be possible to measure y, the number 
of electrons which have escaped collision at any point of the path 



52 


THE KINETIC THEORY OF GASES 


x cm from the source, as a function of x. This would at once 
furnish an exceptional means of testing the distribution law. 

The first man to test this was Lenard, 6 who even before his 
critical paper in 1903 had found that the number y of electrons at 
a distance x from the source moving in a beam in a gas at a pres- 
sure p could be accurately represented by an equation of the form 

y - Ie~ ax . 

In this case a is a constant related to the free path L in a manner 
to be discussed later. This law he verified for a large range of 
pressures p and distances x. It holds well for electrons of veloci- 
ties ranging from near that of light down to velocities of the order 
produced in electrons which have fallen through a potential 
difference of less than a volt. With varying velocities, however, 



a, and hence the value of L, varies. The significance of this will 
be seen later. 

More recently two men, H. F. Mayer 6 and C. Ramsauer 7 (later 
Brode 8 and others 111213 ), have carried on very refined measure- 
ments of this quantity at low velocities where the mean free paths 
of electrons should approach kinetic-theory values. The diagram 
of Mayer's experimental arrangement may be seen in Fig. 9. 
From the glowing filament F, electrons arise and are given a veloc- 
ity v by means of the field between the gauze G and F. They then 
shoot in a nearly parallel beam through the small hole in the screen 
Si. From there they traverse the gas space to a screen S 2 which 
is close to the Faraday cylinder C which is connected to the elec- 
trometer. The whole is placed in a glass tube T in which the 
gas pressure can be varied at will and accurately recorded. The 
distance x from C and Sz to Si can be varied by moving C and S 2 
back and forth by an electromagnet outside of the tube, C being 
attached to a small piece of soft iron Q, Between C and S 2 is 
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placed a retarding potential difference of about 0 . 95 , of the initial 
potential driving the electrons from F to (?. Thus if an electron 
having energy equivalent to the potential difference from F to G 
loses more than 5 per cent of its energy by impact with a molecule 
it will never be able to reach C against the field S 2 C t For this 
apparatus the equation for y as a function of x, can be written 
as 

y = /(x)/ 0 <r (a + a * );c 

assuming that the experimental law of Lenard is correct. Here 
f(x) is a small variation of the number of electrons with the 
distance x due to a spreading of the electron beam as a result of 
the mutual repulsion of the electrons. It is, on the whole, a func- 
tion of the velocity of the electrons. The constant a is the con- 
stant for the absorption or scattering of the electrons by the resid- 
ual gas in the apparatus when the pressure is at its lowest; a is 
the specific absorption of the gas and depends on the diameters of 
the molecules or, better, is a function of L; p is the gas pressure. 
Mayer in his experiment changed p and x and eliminated the fac- 
tors/^), a, and I by four measurements. This was essential, as I 
changed some with the gas pressure due to cooling of the filament. 

At a pressure pj the currents In and In were measured 
at distances x x and x 2 , and at p 2 the currents 1 2 1 and 1 22 
were measured for distances Xi and x 2 . Then 

In = f(xi)I i 0 e~ ia+aPi)Xi . 

In = f(x 2 )hoe- (a+ap ' )x ’. 

/21 = f(Xi)1 20 C- (a+aPl)x «. 

1 22 = /(x 2 )/ 20 <?“' (a+apj)x *. 

Call Ai = log and A 2 = log 

I 12 1 22 

A 2 — Ai 

whence a — , 77 x • 

(p 2 - V 0 (x 2 ~ xi) 

This gives the constant a per mm pressure if p 2 and pi are in milli- 
meters, and per cm path difference if x 2 and x x are in centimeters. 
For a pressure p mm, “a” = ap, where “a” is the constant of 
an equation giving the number of electrons which escape molecular 
encounters in going x cm in the gas. In its simple form, disre- 
garding the correction terms for experimental difficulties above, 
the equation is 

y = 76 -“®” * 
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and comparing it with the free-path equation derived for mole- 
cules, 

y = 

it is seen that <xp = ~ 



Fig. 10. 


i.e it is the total absorbing area, or area of cross-section, of the 
molecules in the volume in which there are N molecules. Thus 
the fact that “a”, and hence Li, are constants for any gas inde- 
pendent of x and p establishes once and for all this relation and 
proves the legitimacy of the assumption of the distribution of free 
paths. 

A method even more sensitive than this one is due to Ramsauer. 
In this case photoelectrons liberated from a plate P by light from 
an arc A are given a velocity by a field between a gauze G and 
the plate P. After passing through a slit S they are bent into a 
circular path by a uniform magnetic field H perpendicular to the 
plane of Fig. 10. By means of a series of narrow slits S 2 , S*, and 



THE MEAN FREE PATH— CLAUSIUS' DEDUCTIONS 55 


Sit the electrons of one velocity are kept in the beam by the 
field; all others ( i.e. f those having different curvatures) are 
screened out. Two insulated chambers corresponding to the 
third and fourth quadrants and bounded by the slits and S 3 
and Sa are connected so that they can have their charges read 
on two electrometers. Call z 3 and x\ the distances from the 
screen Si to the screens S 3 and S 4 . Call I\ the current received 
by the fourth quadrant and i\ the sum of the currents received 
by the third and fourth quadrants together at a pressure pu Call 
1 2 and i 2 the corresponding currents for a pressure P 2 . Then 
from similar reasoning to that of Mayer 

//A 

“ ~ (Ps - Pi) (*4 ~ Xa) l0g 1 



The chief difference between the two measurements is that, owing 
to the critical elimination due to the path of the rays in the field, 
only those electrons get through which have suffered practically 
no loss of energy or change in direction. The results agree for 
both methods well within the limits of error, when the velocities 
are low (< e.g ., about 10 to 15 volts). By volt velocity is meant the 
equivalent potential through which an electron must fall freely 
to gain the velocity. 

The curves obtained by Ramsauer for a number of gases are 
reproduced in Figs. 11 and 12, the quantities plotted are “a” per 
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mm pressure per cm’ against the square root of the equivalent 
potential applied to give the electrons their speed. The values 


for 


computed directly from “a" = 


where L is 


4-s/2L’ 

obtained from viscosity measurements, are indicated by the 
straight lines on the right of the figure. 

It is seen that in order of magnitude the values of “a” at the 
higher speeds are nearly the same as those for “a” computed from 
kinetic theory. For still higher speeds, “a” decreases rapidly 
as the velocity increases. This is easily explained, since it is 
only for lower speeds that the collisions of electrons with mole- 
cules are elastic and they are deflected by the surfaces of the 
molecules. At higher speeds the electrons begin to shoot through 



the molecules. The behavior at the lower velocities is nearly 
normal for all but the inert gases. At speeds near those exciting 
characteristic resonance effects in the electrons of the atoms or 
molecules themselves, the bombarding electrons, especially in 
the inert gases, seem to be much more readily deflected than 
otherwise. Thus the effective areas of the molecules are 
increased and the mean free paths fall to lower values. At still 
lower speeds the atoms of argon, neon, krypton, and xenon appear 
to become more transparent to electrons than the kinetic theory 
demands. In fact, the area for argon drops to one-fifteenth its 
kinetic-theory value at the lowest velocities, or the mean free path 
is multiplied by about 15. The meaning of this is obscure, and 
is characteristic of the peculiar symmetry of the inert gas atoms. 
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The other gases appear to show nearly normal free paths as the 
velocity decreases. 

While the particulate explanation of the electron scattering by 
atoms, i.e., the variation of the absorbing cross sections with 
electron velocity, is, to say the least, difficult and obscure, 
the new wave-mechanical analyses of these processes lead to a 
far more successful result. Thus in an interesting review of 
collision processes from the wave-mechanical point of view, 
P. M. Morse 14 in the Reviews of Modern Physics (page 583) 
gives the results of the wave-mechanical calculations of 
the absorbing cross sections of electrons in He, Ne, A, 
and Na as a function of velocity. The agreement obtained is 
really striking although in no way predictable on the classical 
theory. 

Disregarding, however, the question of the detailed agreement 
involved in the accurate interpretation of these free paths which 
requires more powerful methods of analysis, it can be said that 
the study of electron free paths has generally confirmed the 
assumptions of the kinetic theory as to the distribution of the free 
paths and their magnitudes. 




— 
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Before Impact 


CHAPTER IV 

THE DISTRIBUTION OF MOLECULAR VELOCITIES 

26. Introduction. — Up to the present it has been assumed that 
all molecules moved with the same velocity. This assump- 
tion is, however, unjustified and it is incompatible with the 
assumed elasticity of the impacts of the gas molecules, as a little 
reflection will show. For simplicity, assume that all the mole- 
cules have equal masses and a common initial velocity c* If 
the necessary assumption be 
made that the impacts are 
elastic (an assumption essen- 
tial to the elementary kinetic 
concepts as otherwise the heat 
energy would go into the 
deformation of the molecules 
and would not remain as 
energy of translation), then 
out of the manifold types of 
collisions taking place the 
occurrence of an impact of the 
type pictured in Fig. 13 can be 
conceived. A molecule m, is 
moving with a velocity c\. It 
is struck centrally by another 
molecule m 2 of the same 
mass moving at right angles 

to Ci with an equal velocity c 2 . After the impact, m 2 will have 
given all its velocity c 2 to mi, which had no component parallel 
to c 2 , for molecules in such an impact merely exchange velocities, 
as shown in Sec. 28. As a result, mi will now possess a velocity 
Cj equal in magnitude to y/2ci along the line indicated. m 2 will 
then have no velocity, while mi will have a velocity y/2c\. In 
this impact the total energy will be the same as before, for the 

* Heretofore the velocity has been designated by the letter u. Since the 
recognition of the distribution of velocities, molecular velocities will be 
designated by the conventional symbol c. 
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initial energy was \miCi* + since mi and Ci 

Z z 

have the same magnitudes as ra 2 and and the final energy 

will be jWo) 2 + lm,(V2c,y = mid*. Thus after the first 
z z 

impact in an extreme case, while the energy is conserved, the 
velocities of the two molecules will no longer be the same. For 
other impacts the changes will be less, but it is evident that even 
after a very few impacts the molecules will no longer have the 
same velocities, and, if enough molecules are taken, molecules 
with all sorts of velocities will exist. The average velocity y/F 2 

will, however, remain the same, for ~ rriiCi 2 has been conserved, 

anti as long as m\ is constant Ci must be constant. Thus the 
velocities will be distributed about an average value y/ci 2 which 
depends, as will be seen, on the temperature of the gas only. 

It will be the task of this chapter to deduce this law of distribu- 
tion of velocities and to give what experimental evidence exists 
of its verification. The deductions given will be of two sorts.* 
The first one will be the general approach given by Boltzmann 
and based on a study of the equilibrium resulting in elastic impacts. 
The second one will be the original deduction due to Maxwell. 
In the latter case certain fundamental assumptions made about 
molecular motions and velocities are such that they fail into a 
category of general conditions in the theory of probabilities such 
that they lead to the deduction of the distribution law, which 
must therefore be the distribution law applicable to molecules. 

27. Boltzmann’s Method. f — The fundamental idea underlying 
this treatment is that a distribution arrived at from other con- 
siderations by Maxwell (Sec. 33), represents the equilibrium state 
after complete random motion has set in and the velocities have 
reached their permanent regime of velocities. If this is so, then 
the distribution law should follow from the condition that in 
elastic impact the number of molecules having velocities lying 
between certain limits is constant. 

* Still another very ingenious elementary derivation is given in K. F. Hertz- 
felds, Kinctische Theorie der Warme, M iiller-Pouillets, Lehrbueh der Physik 
Vol. Ill, Part II, Chapter la, Sect. 7. 

t The treatment given here is not a translation of Boltzmann’s original 
deduction. 18 It is a free translation of the very admirable and condensed 
version of it given by Clemens-Schaefer in his splendid book, “ Einftihrung 
in die Theoretischc Phvsik.” 19 
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Let it be assumed that the molecules are rigid elastic spheres 
and consider those molecules having velocity components 
between u and u + du, v and v + dv, and w and w + dw, where 
u, v, and w represent the velocities along the x- t y-, and 2 -axes. 
Geometrically considered, these may be represented as those 
molecules for which the velocity vectors drawn from a point 0 
in Fig. 14 all end in the small volume element dudvdw. Assuming 
that a distribution law exists and that there are n molecules all 
told, the number ending in dudvdw can be written as nf(u, v , w) 
dudvdw. Here f{u, v, w) represents the function expressing the 
Maxwellian distribution which it is desired to find. For the 
sake of brevity let these particular 
molecules be known as molecules of 
type A. Per unit volume there are 
Nf(u, v y w) dudvdw of these, where 
N is the total number of molecules 
per cm 3 . As molecules of type B 
such molecules may be considered 
as have velocities lying in a volume 
element du'dv'dw', i.e with veloci- 
ties between u f and u f + du', v' and / 

+ dv\ and w ' and w ' + dw'. The 
number of molecules of the type 
B per 1 unit volume is, similarly, 

* Nfiyf, v f ,w')du'dv'dw' . 

The molecules which were at a given instant of type A before an 
impact change their velocities in a time interval dt as a result of 
the imp rts, while in the same time interval more molecules of 
other classes as result of impacts enter the type A. Between 
these two < changes at equilibrium in the gas , an equilibrium must 
exist , and it is this equilibrium which will define thedistributionlaw. 

One may begin by considering those impacts in virtue of which 
the A-type molecules are decreased in number. Of these impacts 
it is perhaps simpler not to consider those with all types of mole- 
cules and A molecules, but only those between the type-A mole- 
cules and the type-B molecules. Impacts between the A- and 
B-type molecules may now be discussed with an added restric- 
tion, namely, that at the instant of impact the lines of centers of 
the molecules (taken from A to B) have a definite orientation in 
space. As, however, the A and B molecules have vectors which 


to 
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end in a finite though small volume (dudvdw), the directions of 
the lines of centers will vary within certain small limits also, 
that is, the direction cosines of the line of centers is restricted so 
as to have components which lie between l and l + dl,m and m + 
dm, and n and n + dn. If these lines of center were to be 

depicted as drawn from a common 
origin, they would for the colli- 
sions considered cut out a small 
surface element dK in a unit 
sphere drawn about the origin 
(see Fig. 15). Such collisions will 
be termed the collisions of type a. 
To simplify still further the letter 
F may be written for the product 
N times the function /. Thus 
the number of molecules of types 
A and B per unit volume is given 
Fio. 15. by F{uvw)dudvdw and F(u'v'w') 

du’dv'dw'. And the number of 
impacts of A molecules with B molecules of the class a 
in the time dt is given by v a dt = F(uvw) F(uVw/)$ 2 c r cos 
OdKdudvdw du'dv'dw'dt . This results from a consideration of 
the nature of the impacts of the molecules considered as spheres. 
If the molecules have the diameter 5, an impact occurs every 

m,n 




Fio. 16. 

time that the length of the line of centers takes on the value 8. 
In Fig. 16, call A the center of the A molecule and describe a circle 
of radius equal to the molecular diameter 8 about it. An impact 
then occurs when the center of the B molecule lies on this circle. 




THE DISTRIBUTION OF MOLECULAR VELOCITIES 63 

In particular, this will be an impact of the a type if the direction 

A # has the direction cosines Z, m, n. 

Since dK is the surface cut out of unit sphere by the impacts 
(i.e.j the solid angle), these same impacts will cut out of the sphere 
of radius 6 a surface element d 2 dK. The cone filled by the lines 
of centers in all the a impacts is shown in the figure. The ques- 
tion now is, How many of the B molecules will collide with A 
molecules in the time dZ? This does not depend on the absolute 
velocities of the A and B molecules but on their relative veloci- 
ties. The A molecules may then be considered fixed and the 
B molecules moving towards them with a velocity c r . This 
direction of relative velocity is, obviously, the direction of the 

straight line B'B and has the direction cosines -- — 1 

which will be called X, /*, v for simplicity. If now tjhere is con- 
structed about B'B as axis an oblique cylinder whose base is 
the surface element 8 2 dK and whose length is B'B , then in the 
time dt only those B molecules which lie in the cylinder will 
collide with the A molecules. Since B'B is equal to c r dt, the 
volume of this cylinder will be 6 2 dKc r cos ddt, where, from the 
figure, cos 0 is equal to — (XZ + m\i + nv). The negative sign 
comes from the fact that ZX -f mu -f nv is equal to the cosine of 
the supplementary angle of 0, and the cosine of the obtuse supple- 
mentary angle is negative. Since the volume must be positive, 
the negative sign must be included in the term for the volume. 
As per unit volume there are F{u'v'w')du'dv’dw f molecules of the 
type B, the cylinder contains 

F(u'v'w ') 5 2 c r cos ddKdu'dv'dw'dt 
molecules. These and only these molecules undergo the a-type 
collisions with the A molecules in the time dt. 

Now there are in a unit volume F(u v w) dudvdw of the A type 
of molecules present, so that in the time dt the number of impacts 
of the a type occurring, v a dt, will be given by 

padt = F(uvw) F{u'v'w')h 2 c r cos ddKdudvdwdu'dv'dw'dt, 

If, for simplicity, F(uvw) and F(u'v'w') be written merely F and 
F f j then the decrease in the number of A molecules per cm 3 
in a time dt through a collisions is given by 

FF'5 2 c r cos OdKdudvdwdu'dv'dw'dt. 

It is next necessary to determine the increase in the number of A 
molecules per unit volume in the time dt. To this end another 
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special type of impacts, which may be termed 0 impacts, must 
be regarded. These impacts are defined by the following three 
conditions: 

1 . After the impact one of the two molecules must belong to 
type A, that is, its velocity as a result of the impact must lie in 
the volume element dudvdw of the velocity space. 

2. After the impact the second molecule must belong to the 
type B, that is, its velocity as a result of the impact must lie in 
the volume element du'dv'dw'. 

3. At the instant of impact the line of centers should have the 
direction cosines l, m, n, that is, it must go through the element 
dK of the unit sphere (Fig. 15). In this case the velocities after 
impact are defined. It is now necessary to calculate on the basis 
of the laws of elastic impact the velocities u , v , w and u', v', w' of 
these molecules before they collided. This is accomplished by an 
analysis of elastic impacts which follows. 

28. Velocity Exchanges in Elastic Impacts. — Between two 
rigid molecules of equal masses two types of impacts may occur. 
The simpler of the two could be termed “head-on collisions , ” 
that is, collisions in which the direction of motion coincides with 
the line of centers at impact. The second type of impact may 
be termed “oblique impacts/' and are such that the direction of 
motion and the line of centers at impact do not coincide. From 
the simple laws of impact for the first case the impacts in the 
second case may be deduced to the extent to which they concern 
the type of collisions for which they will be used. 

Consider two molecules A and B which possess before impact 
the velocities c and c' along the same line. Let their velocities 
after impact be c and c'. From the conservation of energy, 
since the masses are equal, it is possible to write 

C 2 + c ' 2 - i + e' 2 , 

and from the law of conservation of momentum, 
c + c f = c + c f 

If these equations are written in the following form: 

c 2 — c = c' 2 — e' 2 
c — c = cf — c r 

division of the first by the second equation yields 
c 4- c = c f + d f . 

Combining this equation with c — € =* c' — c\ 
the result is c « c' 

c' * c 
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that is, the two molecules have merely exchanged velocities. 
Consider next the more complicated case in which the velocities 
C and C", which now must be considered as vectors, have direc- 
tions differing from each other as well as from the line of centers 
AB of Fig. 17. C and C' may be decomposed into two compo- 
nents each, one parallel to the line of centers and the other per- 
pendicular to it. Expressed in another way, C and C f may be 
decomposed into two vectors C t and C't parallel to the common 
tangential plane at the instant of impact, and C n and C' n normal 
to this plane. For smooth spheres the tangential components 



Ct and C't remain unchanged after the impact, while the normal 
components play the same role as in head-on impacts. _If the 
velocity components after collision be designated, as C h C\ and 
C n C'n, corresponding to the components C t , C't and Cn and C« 
before impact, these facts may be expressed by writing 


C t - Ct 
C' t - C' t 


(1) 



Since vectorially expressed 

C = Ct + C n , 


Eqs. (1) and (2) above lead to the following relations: 

C = C, + C„ = C t + C'n n) 

C' = C\ + C'n = C\ 4- Cn W 

These may be expressed somewhat differently if the relative 
vector € r after impact be used, where 

C T = C’ - C. 


(4) 
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Since vectorially expressed C t = C — C n , Eq. (3) becomes 
C = C - C n + C'n = C + (C' ~ 'On 
or, using Eq. (4), 

C = C + 0 Cr)n . (5) 

Here (C\) n signifies the normal component of the relative velocity. 
In a similar way from Eqs. (3) and (4) : 

C = C’t + Cn =C\ + (Cn ~ C"«) + C/n 
= C't 4“ C'n ~~ (Cr)n, 


and since C\ + C' n = C", 

C' = C" - (C r )n. (6) 

Equations (5) and (6) may be written in terms of their compo- 
nents along the three coordinate axes. Call the components of 
the velocity ( 7 , u, v, and w, and similarly for the other velocities, 
adding the proper subscripts. Furthermore, call the direction 
cosines of (C r )» the normal component of the relative velocity 
(this is, the same as the direction of the line of centers), i, m, n. 
Then according to Eq. (5) 


U « U 4- l • ( C_r) n 
V = V + m • ( Cr)n y 
W = W+ n- (Cr)n 


( 7 ) 


( 8 ) 


and according to Eq. (6) 

a' = u f - Z • (Cr). 
v' = V f — m • (C r )n 
w' = 0' - n • (Cr)n 
Again, according to the definition of the relative velocity C r the 
direct ion cosines of the normal component of the latter are 


, u — u v 

l = — 7=r*7 — > rn = 


n = 


w — w 


(Cr), (C,’)» " (C,), ' 

Multiplying these equations in sequence by Z, m, and n, the result 
is, since Z 2 + m 1 4- n 2 = 1, 


(C r )n — (u f — u)l + (v r — v)m + ( w f — w)n. (9) 

Putting these into Eqs. (7) and (8) the results are: 

u « u + Z 2 (?Z' — u) -f Zm(f/ — v) + ln(w f — w) 1 
v = v + Zm(u' — a) + — v) + mn(w f — iD) | (10) 

w = ?7> 4~ Zn(u' — u) 4- mn(U' — tJ) 4- n 2 (w' — ii>) J 
and 

u' = w' + Z 2 (tZ — tZ') + Zm(i> - v f ) + Zn(iZ> — w') ) 

v' = + Zm(u — tZ') + m 2 (t> — v f ) + mn(w — t5') | * (11) 

w f = w' 4* Zn(a — u') + mn(v — v f ) 4* n 2 (w — w') J 
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These expressions give the components of velocity uvw and u'v'w' 
before the impact in terms of uvw and u , v , w f after impact, and 
vice versa . 

29. Continuation of the Boltzmann Derivation of the Distri- 
bution Law. — The equations deduced from the velocity exchanges 
in elastic impacts make it possible to calculate at once the desired 
velocity components before the impact. It must, however, be 
remembered that the quantities which it is required to find and 
which were expressed by uvw and u'ti'w' in the first part of this 
deduction correspond to the quantities uvw and u'v’w' of the sec- 
tion on Velocity Exchanges. Thus the quantities that have 
dashes over them in the velocity exchange deduction become the 
undashed quantities in this case, and vice versa. For example, 
according to Eq. (10) of the preceding section, for the velocity 
components uvw of the molecules which after impact will fall into 
type A, the following values are found : 

u — u — {l 2 (u — u f ) + lm(v — v') + ln(w — w') }• 

v = v — [lm(u — u r ) + m 2 (v — v') + mn(w — w f )}• 
w ~ w — { ln{u — u') + mn(v — v f ) + n 2 (w — w') }• 

And for the velocity components u'v'w' of the molecules which 
after impact will belong to the B type of molecules, from Eq. (11) 
of the preceding section the following values are found: 

u' = u' — { l 2 (u f — u) + lm(v' — v) + ln{w' — w)\- 
v' = v’ — u) + m 2 (v f — v) + mn(w f — w)}* 

w f = w ' — { ln(u ' — u) + nm(v f — v) + n 2 (w r — w)\* 

From analogy to the considerations for the number of impacts 
in dt which removed A-type molecules from the class by a impacts 
the number of impacts between these molecules leading to the 
formation of A and B molecules per unit volume in dt is given by 
F(wm())F(w / t>'zt) / )(5 2 Cr cos ddKdwdvdwdu'dv'dw'dt). This expres- 
sion is the exact analogue of the previous expression for the dis- 
appearance of A molecules, and may be written 
FF'd 2 c r cos ddKdiidvdwdu'dv'dw'dt. 

These are, however, not necessarily £ impacts but can only be so 
if the quantities du , dv } dw , dv!dv f dw l are so determined that 
U + du y etc., before the impact go over into u + du t etc. after the 
impact, for a P impact is so defined that the molecule must go 
into the A type (having velocities between u and u + du f etc.) 
after the impact — that is, not only must uvw go over into u f v, 
and w after the impact, but ti + du } v + di), and w+dw must go 
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over into u + du, v + dv, and w + dw. In order that this may 
occur, dU, dv, dw, du', dv', dw' must be so determined that they, 
correspond to the quantities du, dv, dw, du* , dv*, dw* after impact. 
The quantities du, . . . dw* must be determined by differentia- 
tion of the equations giving u, . . . w* in terms of u, . . . w* 
above. Differentiating thus, 

dudvdw • du'dv'dw* - A dudvdw • du*dv*dw * 
is obtained, where A is the substitution determinant. 


1 du du du 

du 

du 

du 

du dv dw 

du*' 

dv*’ 

dw* 

| dv 
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I du 



dw' 

dw 



dw 

du 
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The coefficients of these come from the equations for tZfw) and 
u'v'w' and it is seen that A is given by 
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Evaluation of this determinant yields the result that A = +1. 
Hence dudvdw -du'dv'dw* = dudvdw -du'dv'dw*. This equation 
is a special case of a famous theorem of Liouville. It is therefore 
found that if the velocity vectors of two molecules before an 
impact be in definite volume elements of the velocity space, they 
will after impact lie in different volume elements, which, however, 
are of the same size as the initial elements. 

Thus the equation for the formation of A molecules from 
impacts takes on the form 

FF*8 2 c r cos BdXdudvdw • du*dv*dw * • dt . 



THE DISTRIBUTION OF MOLECULAR VELOCITIES 69 


The net increase of the A-type molecules in unit volume 
through impacts of the a and p type in the time dt is, therefore, 

(i FF' — FF')5 2 c r cos BdKdudvdwdu'dv'dw ' • dt . 

By integration over all values of u'v'w' as well as all values of 
dK , the increase in the number of A molecules in unit volume in 
the time dt through all possible impacts, is obtained, to wit 


dudvdw • dt 



(FF' - FF')5 2 c r cos BdKdu'dv'dw' 


Now the number of molecules of type A was assumed to be 
F{uvw)dudvdw at the beginning of the discussion. This number 
in the time dt changes to 


f dF 

/ + -> 


^ dudvdw . 


Hence the increase in the number of A-type molecules per unit 
volume in a time dt is expressed by 

^ dt • dudvdw. 
at 

Accordingly, 


dF 

dt 



(FF f — FF')8 2 • c r cos 6 • du'dv'dw'dK. 


From this equation it follows that the relation 

FF' — FF' = 0 

is a sufficient condition that dF/dt — 0, that is to say, it is a 
sufficient condition that a stationary state has been reached. It 
does not prove that it is a necessary condition, for in order to 
make dF/dt = 0 it is only necessary that the integral as a whole 
vanish. This will occur if FF' — FF' is equal to 0. It will also 
occur if the quantity FF' — FF' has positive and negative values 
such that the integration carried out between the limits makes 
the integral vanish. If it could be shown that FF' — FF' is 
always positive or always negative, the condition FF' — FF' — 0 
would be both a sufficient and a necessary condition that the 
integral vanish. 

The condition, however, that dF/dt = 0 is sufficient to deter- 
mine the distribution law. If it is brought to vanish through 
FF' — FF' being zero, the distribution law evaluated by this 
condition would be a possible distribution law. In order to 



70 


THE KINETIC THEORY OF GASES 


show that it is the only distribution law, the condition that FF' — 
FF f » 0 would have to be proved to be the necessary and sufficient 
condition for dF/dt becoming 0. This was accomplished by 

Boltzmann by means of his famous H theorem. 

30. Application of the II Function— To prove that FF' - FF' 
is always of one sign in the integration, Boltzmanp. studied the 
so-called H function, or logarithmic function, 


-///■ 


F log Fdudvdw , 


in which the integration is to be carried out over all possible 
values of u y v } and w, i.e. t from —co to + 00 * H is thus a pure 
number entirely independent of u , v , and w f and dependent only 
on the analytic form of F . Now in equilibrium F is not supposed 
to change with time, that is, the function represented by F is 
the one expressing the equilibrium condition. Thus the condi- 
tion of equilibrium may be expressed by writing that dll/dt = 0, 

for if F is a constant with respect to time the derivative of 

F log Fdudvdw with respect to t must be 0. 

It is next necessary to determine dll/dt relative to the quanti- 
ties which have been dealt with. Differentiating F log Fdudvdw 
under the integral sign, 



dll 

dt 


/ / f(^di + -dt loeF ) dudvdw - 


Putting in the value of dF/dt obtained for the increase in A mole- 
cules above, the expression 


dH 

dt 


-unfit 


(1 + log F) ( FF ' - FF')Pcr cos 6du . . . 

dw'dK 


is obtained. Now so far the A molecules only have been empha- 
sized, inasmuch as it was desired to determine their increase in 
number. Actually, the B molecules also change, and since the 
B molecules are in no way subordinate to A molecules in these 
processes their changes must be included in the calculations. 
In fact, the division of molecules into A and B types was, in 
reality, only a mathematical convenience for simplifying the dis- 
cussion. Thus there must exist for the B molecules a set of 
equations analogous to those for the A molecules in which the 
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accented letters are merely substituted for the unaccented 
letters, to wit 


dF' 

dt 



(FF' — FF')8 2 c r cos ddudvdwdK 


and 



log F'du'dv'dw'. 


These two lead to an equally justified value for dll/dt y namely, 


dll 

dt 


/////// 


(1 + log F f ) (FF' - FF')h 2 c r cos Odu 

dw'dK. 


Addition of these two expressions for dll/dt and division by 2 
lead to an average value for dll /di , in which both collisions are 
equally regarded. This value takes the form 

m ~ If f j jf j J <2 + '»« FF "> ,fr " - 

8 2 c r cos Odu . . . dw'dK. 
This value again, however, considers only the a type of impacts, 
since the a type of impacts was taken as the starting point of 
the discussion. Since the /? collisions could have been used as 
the starting point as well as the a, they must be included in the 
evaluation of a final neutral value of dll/dt. Thus two expres- 
sions can be gained analogous to those just averaged which would 
follow if the p impacts had been used as the starting point. 
These are obtained again by merely interchanging the dashed 
and undashed letters for dF /dt and dF'/dt used before and for the 
II used before. If this transformation is carried out, the effect 
of the use of the p type of impacts as a starting point leads to 
the expression 

^ = “if/ + log FF>) ~ FF ' Wcr 

cos Odu . . , dw'dK , 
in which, because of the relation du . . . dw' — du . . . 
dw f the dashes were left off in the final differential product. 
Averaging this expression for dll/dt with the one based on the a 
impacts as a starting point, the perfectly symmetrical expression 
for dH/dt below is obtained: 

^ ~ if ////// (log FF ' ~ log Ff,) {FF> ~ FF>WCr 

cos ddu . . . dw'dK. 
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This integrand is always negative since FF' — FF f has the 
opposite sign from log FF' /FF' y while all other quantities are 

positive, for 0 is always less than Since the integrand is 

always negative or equal to zero, integration between no limits 
whatever can make the integral vanish. Thus the integral 

can be 0 only if the integrand FF' — FF' is 0. 

31. Conclusion of Boltzmann's Method. — Since, therefore, 
the condition that dll/dt = 0 is synonymous with the state of 
equilibrium, equilibrium will occur only when 

FF' - FF' = 0. 

This condition is, accordingly, also the necessary condition for 
equilibrium. Thus the equilibrium condition is defined by FF' — 
FF' = 0 and by its means the form of the distribution law may 
be determined. 

To arrive at this from the above equation it is simpler to divide 
the equation by N , the number of molecules per unit volume, 
and one has the equation in the form, 

ff' - ff' = 0, where/'/',/,/' express —• 

Furthermore, since for equilibrium all directions in space are 
equivalent, therefore the /’s depend on the magnitudes of the 
velocities only and not on the directions. This may be expressed 
by the equations 

f = e *( c,) 

/' = e 
f S= (>*(•*) 

f = 

for the letter c represents the appropriate vector velocities of the 
molecules in the A, B, a, and /3 impact classes. The square is 
used to make them independent of the sign of the velocity. 

From the law of conservation of energy one can write 
c s + c'* = 5* + c'* 

hence 

£* = C 2 + c'2 _ f'2. 

Putting ff' -//'<= 0 into logarithmic form 

log/ + log/' - log / - log/' = 0, 
and substituting the values for/, /', / and /' assumed above, one 
obtains 

*(c*) + 4>(e n ) - *(c*) - «(c' s ) - 0. 
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Substituting for e 2 , this becomes 4>(c 2 ) + <*>(c' 2 ) = 0 (e' 2 ) + 
*(c* + c ' 2 - «'*). 

Differentiating this partially with respect to c 2 , c' 2 , and c ' 2 
respectively, one obtains* 

<*>'(c 2 ) = «'(c 2 + c ' 2 - c' 2 ) 

*'(c' 2 ) = <f>'(c 2 + c ' 2 - d' 2 ) 

4>'{e ' 2 ) = <*>'(c 2 + c ' 2 - c' 2 ) 
or </>'(c 2 ) = «'(c' 2 ) = «'(d' 2 ). 

Such an equation can hold only if the derivatives are equal to 
a constant which one may call — 1 /a 2 , i.e., if 



Integrating this and calling log A 3 a constant of integration, 

4>(c>) = - a 1 2 c 2 + log^ 3 , 
that is, it can hold only if 

c* 

/ = — A 3 e “»*• 

But / is the abbreviation of / (m, v, w ), and c 2 w* + i > 2 + w 2 
so that 

/(u, t>, w) = + + 

or, separately, f(u) = Ae~^,f{v) — Ae ~ «*, and /(w) = 

If there are JV molecules present in a cm 3 the numbers having 
velocities between u and u + du, v and v + dv, and w and w + dw 

U* V* 

are given by N d u = Nf(u)du = ANe~<**du f Ndv = ANe~~«'dv> and 

to* 

Ndu, = AiVe «* du;. 

This is the expression indicating the distribution of velocities. 
The physical meaning of the constants A and a will be deter- 
mined in the treatment of the distribution law as deduced by 
Maxwell (Secs. 34 and 35). 

32. The H Theorem and the Meaning of H. — The significance 
of the quantity H is far more extensive than a mere aid to the 
determination of the distribution law, for it makes it possible to 
obtain a mechanical significance for an otherwise difficultly inter- 
pretable quantity, namely, the entropy. It is, however, beyond 
the scope of this text to derive the relationship or to enter into 
the more recent rigorous proofs of the H theorem. This falls 
into the domain of statistical mechanics. 

* The prime over the <£, i.e., <f>\ designates the derivative of 4>. 
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It was noticed that the integrand in the expression for dll /dt 
was always negative and in the limiting case of equilibrium 0. 
Thus for every case deviating from the stationary state one 
obtains the inequality 


and only for the stationary state does one obtain the equation 
dll /dt = 0. These two statements constitute the Boltzmann H 
theorem in its simplest form. Its significance consists in the 
following: 

Thermodynamics teaches that an isolated system can succes- 
sively take on only such states that its entropy always increases. 
If the entropy can no longer increase the system remains in a 
state of equilibrium which is defined by this fact. Thus entropy 
as a function of time follows the inequality that dS/dt ^ 0; 
the negative entropy will consequently be represented by the 
relation -~d,S/dt ^ 0, which is completely analogous to the 
inequality for H. Thus it is expected that H must be 
closely related to negative entropy. Since H has a purely 
mechanical definition, a mechanical definition of entropy is 
reached. In fact, it can be shown by analysis 31 that for a mona- 
tomic gas in equilibrium the entropy, aside from certain con- 
stants of integration, is related to the quantity H by the relation 

S = -~H = —kH 

Na 

where R is the universal gas constant and N A is the Avogadro 
number. A still further analysis leads to the interesting result 
that H is the negative logarithm of the thermodynamic prob- 
ability. This thermodynamic probability is, in turn, the num- 
ber of equally probable configuration of the states of the separate 
molecules which will give a resultant thermodynamic state in 
the gas. Thus the negative logarithm of the chance that the 
separate molecules will find themselves in such a configuration 
of states as to give a certain thermodynamic state in the gas is 
the quantity II. From the relation between H and entropy one 
can thep write that, since - log W therm . = H, therefore S = R/N A 
\°gWy>erm. Here W therm . signifies the thermodynamic probability. 
\Jozk Maxwell’s Deduction of the Distribution of Velocities. — 
The law which was deduced by Boltzmann from a study of the 
equilibrium state existing among the molecules making elastic 
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impacts was originally deduced by Maxwell from considerations 
of pure probabilities. It happens that the assumptions which 
must be made concerning the behavior of the molecules fall into 
a general set of conditions in the theory of probabilities which at 
once specify the form of the distribution law.* These conditions 
are so general that no specific applications to molecules need be 
made, only the molecules must be assumed to fulfil certain con- 
ditions. These conditions imply that a steady state has been 
reached and no remnants of external disturbances exist in the gas. 
It also requires that enough molecules be considered so that 
deviations from a mean condition throughout the gas are highly 
improbable. What really should be shown and must exist, as 
the conditions give the true distribution law', is that the equilib- 
rium resulting from elastic impacts fulfils the conditions imposed 
in the derivation. 

Let the gas molecules be assumed to obey the following 
conditions. ' 

1. Assume equilibrium with enough molecules ao that the 
number of molecules in any region is the same and so that the 
velocities in any direction are equal. In other words, assume 
that the numbers considered are great enough so that in any 
volume of the gas there will be equal numbers of molecules and 
that the molecules will have the same velocities in all directions. 
The assumption also demands that no clumping or aggregation 
of the molecules exists and that all convection or mass movements 
in the gas be absent. These assumptions lead to the following 
consequences: 

а. The components of velocity along any system of coordinates 
are equal. 

б. This isotropy of the gas makes it immaterial what coordi- 
nate system the results are expressed in. In other words, an 
equating of the functions expressed in different coordinate 
systems would amount to a statement of the isotropy of the gas. 

* Maxwell's original proof is, however, not a definite proof of the condi- 
tions existing among the molecules as pointed out by Boltzmann. “On the 
one hand, the distribution of velocities in a stationary state is called forth 
by impacts. On the other hand, in the deduction which follows the exist- 
ence of impacts does not enter in at any point, for no use is* made of the laws 
of impact. This proof then, if it be assumed correct, could be used to show 
that Maxwell's law holds if no impacts took place, a thing which is impos- 
sible. A rigorous proof of the law can then only come from a study of the 
impacts." 
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2. The velocities along any three coordinate axes are inde- 
pendent of each other. A statement of this independence would 
be included in multiplying the chance of a velocity along any one 
axis, which depends on the velocity only, with the chance of the 
velocity along one of the other axes and stating that the resultant 
chance is the chance of a combined velocity containing the two 
components, for the multiplication of two probabilities to give 
the resultant probability can only occur if the probabilities are 
independent phenomena.* 

3. Assume the freedom of velocity distribution from any other 
influences, that is, assume that the chance of the velocity of a 
molecule lying between certain limits is a function of the velocity 

considered and of the limits 
f only . This is the same as 

asserting that the distri- 
bution of molecular veloci- 
ties can be represented by 
a probability function and 
is similar to the assump- 
tion made in deducing the 
distribution of the free 
paths. 

Having laid down the 
assumptions concerned, it 
is next convenient to 
visualize the molecular 
f io . is. velocities in the following 

manner: 

Assume that at a given instant all the velocities of the 
molecules in a volume of gas could be photographed as vectors 
whose lengths give the magnitude and whose directions are the 
directions of all the molecular motions at that time. These vec- 
tors could then be arranged so that they all started from a com- 
mon origin 0. If this were done, the resulting figure in space 
would resemble a perfectly symmetrical spiny sea urchin radiating 
from the center 0. Such a figure is represented in Fig. 18. The 

* This assumption is not at once obvious, for actually among the mole- 
cules the components of velocity along any three coordinate axes u, v } and 
w are subject to certain relations, to wit, the conservation of momenta and 
of energy in the case of real molecules. It, however, happens that the laws 
of impact so affect the relations that the conditions are fulfilled and the 
deduction accordingly leads to the correct r-asult. 
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spines would have varying lengths, there being a few very long 
ones and a few short ones, with the length of most of them lying 
about a certain mean value. If about 0 the two spheres be drawn 
of radii c and c + dc, the vectors ending between these two would 
constitute all the velocities present that had values lying between 
c and c + dc. 

Now let 0 be chosen as the origin of any rectangular system of 
coordinates x, y ) z . Then any given velocity vector c could be 
decomposed into components u , v, and w along x, y } and z. Thus 
the relation c 2 = u 2 + v 2 + w 2 may be assumed to apply between 
the components and c. 

From assumption 3 it can be stated that the chance that an x 
velocity component ends between u and u + du is purely a func- 
tion of the values of u and du , i.e. } it may be written /(w)du. 
Since the velocities are similar and equivalent (assumption la) in 
all directions, the chance of a velocity component along y having 
values between v and v + dv and one along z of having values 
between w and w + dw is expressed as f(r)dv and f(w)dw respec- 
tively. The chance that a velocity vector ends simultaneously 
between u and u + du, v and v + dv , and w and w + dw is, from 
assumption 2, given by the product 

f(u)f(v)f(w)dudvdn\ 

This same group of coordinates goes to make up a single vector 
c as stated above. The chance that this single velocity of value 
c ends in the volume element dudvdw is then, by assumptions, 
a function of c and of dudvdw only. That chance may be 
expressed as F(c)dudvdw , following the notation above. For con- 
venience, it may just as well be written as <t>(c 2 ) dudvdw , where <t> 
represents the appropriate form of the function. It now becomes 
possible to express the independence of coordinate systems 
assumed in 16 in the form 

f(u)f(v)f(v)) dudvdw — 4>(c 2 )dudvdw, 
or f(u)f(v)f{w) = <}>{u 2 + v 2 + w 2 ). 

This condition at once determines the form of the distribution 
law, for it equates the product of a set of functions to a function 
of the sura of the variables. Such a relation is indicative of a 
logarithmic relationship between the variables. Maxwell goes at 
once to the law from the implication contained in this. It is, 
however, possible to deduce this relation mathematically from 
the above equation . , * 
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For the particular value of c chosen, is a constant, that 
is, the differential of this quantity is equal to 0, hence d[^(c*)] * 
0 — d[f(n)f(v)f(w)]. Differentiating, 

f'(u)f(v)f(w)du + f{u) J'{v)f(w)dv + f’(w)f(u)f(v)dw = 0, 

where the symbol /'(><) represents the derivative of f(u), etc. 
Dividing by f(u) /(»;) f(w) the equation becomes 


/'(«) 

f(u) 




du+ J -ffidv + 

f(v) 


f(w) 


dw = 0. 


Nowc 2 = u 2 + r* + w 2 , hence as c is a constant udu + vdv + wdw 
= 0. Multiplying this by a constant X and adding the resultant 
to the equation for the ratio of the derivative of the function to 
the functions 


(it) + x “) d “- + (j-w + x ") * + (m + to ) *’ ■ 0 

is obtained. 

Since by assumption 2 the velocity components are independent of 
each other this equation can be 0 only if each one of the terms 
separately is equal to 0. This can be expressed by the equations 
below: 

= —\udUj or log f{u) = — ^ u * + log A . 

= ~\vdv, or log f(v) = — ^ v 2 + log A. 

= —\wdw, or log f(w) = — ^ w 2 + log A. 

Here it is a constant of integration to be determined later. From 
these equations it follows that 

f(u) — Ae~2 u * 

f(v) = 

/(ic) = itc~2 w * 



W-du 
/( a) 

f(v) 
f(w) . 
/<>! 


Thus/(w)du, the chance that a molecule has the velocity between 
u and u + dtt, is given by 

tt* 

f(u)du = du. 
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If there are N molecules present in a cm 3 the number having 
velocities of this value is given by 
— M * 

Ndu = NAe~a* du and likewise for v and w. 

_ ** 

Ndv = NAe «* dv. 

w* 

Ndw = NAe ~* * dw. 

This is the same equation as was obtained in Boltzmann's 
deduction above. 

34. Evaluation of Constants A , and a of Boltzmann and Max* 
well’s Deductions. — It now remains to determine the constants 
A and a. This is done as follows: 


N = 



N dUi 


hence 



e a 'du. 


This is a definite integral whose value is . 

2 

a 


Therefore 

or 

Thus 


and 


1 =n Aay/r 



1 

Ndu — N — y. e a*du 
ay/ir 

1 

Ndv = N — y e a 2 dv 
av 7T 

Ndw — N---y e~a*dw 
ay 7 r 

1 

/(w) = — 7 e 
aVi T 

1 pX 

/O’) = --(.“a*- 

a\/ 7 r 


1 _w s 
/(w) = — j e 

The chance of a velocity ending simultaneously between u and 
u + du, v and v + dv, and w and w + dw is then 

1 _ u*+ 

f(u)f(v)f(w)dudvdw = a * dudvdw. 
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c* *» u* + v* + it?*, and dudvdw is given by dc X cd$ X 
c sin dd<t> in Fig. 19. Hence 

1 £* 

f(u)f(v)f(w)dudvdw ~ 3ir H e ®* n MOdfc 

This is the chance of the velocity ending in the element of volume 
dudvdw , or between c and c + dc, 0 and 0 + d0, and <t> and + 
d$. To get the chance of a velocity ending between c and c + dc 
this must be integrated for all values of 0 from 0 to ir and for <t> 
from 0 to 2t, that is, it must be integrated all over the spherical 
shell of thickness dc lying between c and c + dc. If there are 
N molecules present in a cm 3 , the number having velocities 
between c and c + dc is obtained by multiplying the quantity 


z 



above by N and integrating over the limits mentioned. Hence 

n r* r 2w 

N dc = — « — » - c a 'c 2 dc I I sin 0d0d<t> 
a 3 ir>* Jo Jo 


4N 


W r 


c*e 


«*dc. 


This same operation can be carried out more simply by writing 

/(«)/(»)/(«>) 1 




e a* 


The chance that this vector ends between c and c + dc is then 
f(u)f(v)f(w) times the volume between c and c 4* dc in the 
spherical shell. This has a surface 4 vc 2 and is dc thick, and hence 
the chance of ending in dc is given by 

Pac = f(u)f(»)f(w)4wc*dc 

4 c* 

=* y~ c*e~**dc. 
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If there are N molecules present in a cm 8 the number of vectors 
ending between c and c + dc is 

4 N c * 

N dc - -^~c 2 e~«'dc. 
aW* 


The meaning of a may now be determined by considering the 
form of this function. Unlike the distribution of free paths, it 
is found that, at c — 0, Ni c = 0, and at c = <», Nde = 0. In 
between the function is always positive, and hence it has a maxi- 
mum. This maximum represents the speed for which Ndc is 
the greatest; that is to say, it is the most probable speed L To find 
this Ndc must be differentiated and equated to 0. 


whence 


dN d 

dc 


= 0 = 


C = a. 


2 c ~ C 1 _ c * 

— je **c 2 dc + e «* 2cdc, 
a 1 


Hence the a of this equation represents the most probable speed. 

36. Plot of the Law and Various Averages. — It is now possible 
to plot the curve representing this law. For the purpose of 
plotting it is to be noted that the equation may be written 

c 

in terms of the parameter that is, the velocities may be 

expressed in terms of their values relative to a, the most probable 
speed, i.e., relative to the maximum of the curve. Then to plot 
it one may write 


4 r 2 

N dc = 

\4r « 



=x 2 e X 'dx, where x = -• 
Vx « 


If, then, a suitable value for dx be chosen, say dx = dc/ a == 0.10, 
Ndc may be evaluated for various values of x. Such a plot is 
shown in Fig. 20, where N was chosen as 100. 

It is seen at once that the curve is not symmetrical as regards 
c * o, or x - 1. In fact, a slightly greater area lies to the right 
of £ = 1. It is then obvious that a will not represent the average 
speed but will be less. Let the average speed c be computed 


c 




4 N - 5 ! 

y=e «*c 8 ac. 

aV* 


Putting it into terms of c/a = x, dc/a * dx, 
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This, again, is a definite integral whose value leads to c = 2a/ Vr. 
Thus the average speed is 2/VV times the most probable speed,' 
that is, c = 1.128o!, 

Finally, the dissymmetry of the curve demands the use of a 
third average velocity. The molecular velocities are found 
experimentally from the relation that 


V * 


1 

3 


nmc Q , where nm 


p, hence •%/£* = 




Thus the actual values of the velocities obtained a re not the 
average velocities but the square root of the average squared velocities 
(Sec. 11). This, owing to the dissymmetry of the curve, will 
again be towards higher values of the velocity than either the 
most probable speed or the average speed, since in such an 
average the higher velocities will receive greater prominence. 

The root-mean-square speed, Vc 2 , hereafter to be designated by 
C , is found as follows 
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Putting x = c/a, 

C = ^ |^.J x 4 e - *’dxj is obtained, whence 

Thus one has to remember that molecular speeds are designated 
in terms of three quantities — the most probable, the average, 
and the square root of the mean square speed — which are related 
to each other by the equation 


1 : 1,128 : 1.224. 


a : 5 : C = 1 : = 1 : 1.128 : 1.224. 

V7T 

The ratio of c to C is seen to be - or 0.922. Owing to these 

\ 


differences great care must be used in applying the equations of the 
kinetic theory in order to insure the use of the proper average. 

36. Maxwell’s Distribution Law and the Theorem of Equipar- 
tition. — In Section (9) of Chapter II it was shown that if one 
assumed the kinetic interpretation of gaseous pressure, and the 
experimental justification of Avogadro’s rule, one was led to the 
conclusion that the average translational kinetic energy of each gas 
in a mixture of gases in equilibrium was the same. This conclusion 
was there asserted to be one manifestation of a more general law 
known as the Maxwell-Boltzmann law of equipartition of energy. 
It was also stated in a foot note that the deduction of the pressure 
of a gas on the basis of simple kinetic theory assumptions in Sec- 
tion (5) contained another aspect of the same assumption in the 
postulate that the velocity of the gas molecules along any one of 
the sides of the rectangular box was the same. 

Inasmuch as the purpose of the kinetic theory is to formulate 
mathematically the behavior of gases on the basis of Newtonian 
mechanics it would seem more fitting that the law of equiparti- 
tion should be deduced as a consequence of the assumptions of 
the fundamental kinetic theory by logical mathematical processes, 
and then be used in predicting Avogadro’s rule, rather than the 
reverse. It happens that the first rigorous attempts at such a 
deduction resulted from some of the analyses made in the process 
of the deduction of Maxwell’s law of distribution of velocities by 
the Boltzmann method. Furthermore the Maxwell deduction 
of this law also contained the tacit assumptions of the law of 
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equipartition restricted to translational velocities in its funda- 
mental postulates. Finally the application of the law of equipar- 
tition to the interpretation of many physical problems is made by 
the use of the distribution Jaw in such a form that it expresses 
the law of equipartition of energy. Accordingly since the law 
of equipartition of energy is bound up so intimately with the law of 
distribution of velocities it seems fitting that a brief discussion of 
its derivation should occur at this point. The application of the 
theorem of equipartition to the study of specific heats and the 
limitations of the theorem may, however, be properly discussed 
in a later chapter. 

Before proceeding with the discussion it may be well to point 
out that very few questions in the kinetic theory of gases have 
been the subject of so much controversy as the questions of the 
validity of the various attempted proofs of the theorem of equi- 
partition. While in the earlier years the problem was treated 
from the point of view of elastic molecular impacts, it has in 
recent years been studied almost exclusively by the more general 
and powerful methods of statistical mechanics. Unfortunately, 
the study of this subject would furnish the material for a book 
in itself, and so cannot be discussed at this point. From the 
more elementary point of view a very good idea of the problem 
can be obtained from both the elastic-solid-impact analysis 36 and 
from the elementary analysis by means of statistical mechanics 
given in Clemens-Schaefer’s “Einfiihrung in die Theoretische 
Physik,” vol. 2, part I, pages 401-403, and Chap. X, page 418 
and especially pages 450 and 458ff. This 20 does not contain 
a critical review of the subject. For this reference may be made 
to Jeans “Dynamical Theory of Gases,” Chaps. Ill, IV, and 
V. 21 There is also a very exhaustive study of the problems of 
statistical mechanics in an article by P. and T. Ehrenfest 22 in 
“Encyclopedic des Sciences Math^matiques,” vol. IV, I, Paris, 
1915, which contains further references to later literature and a 
comment by Borel. 

Historically, the theorem of equipartition of energy of mole- 
cules in a system of varying masses was first enunciated by Water* 
ston 2S in 1845. His proof, according to a footnote by Rayleigh, 
could hardly be accepted as valid, although at the time Rayleigh 
commented on the importance of the contribution. Maxwell, 24 
in 1859, independently arrived at the same conclusions. In 1861 , 
Boltzmann 26 again brought the question into prominence and 
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extended it to all degrees of freedom in equilibrium. The matter 
was again discussed by Maxwell in a paper in 1879. Since then 
the question has been variously attacked by many workers, 
including Lorentz, Gibbs, 22 Jeans, and others chiefly in the 
field of statistical mechanics. Jeans 21 in particular believed to 
have derived the theorem in a rigorous fashion. Other workers 
appear to be dissatisfied with his deduction, and at present it is 
difficult to judge the exact status of the question. The question 
hinges largely on the implications included in the postulates on 
the basis of which the particular deduction is made. The exact 
situation might be stated as follows : Mathematical proofs of the 
theorem of equipartition have been given which very nearly, 
if not completely, establish the theorem as a result of the under- 
lying assumptions of the application of Newtonian mechanics 
to gases made up of moving particles as postulated by the kinetic 
theory. On the other hand, while the experimental evidence 
to some extent bore out the predictions of the theorem, it seemed 
to fall seriously short in many cases. The explanation of this 
failure of the equipartition theorem was interpreted in the light 
of the new quantum effects. 27 The significance of these effects 
seems to lie in a direction which points towards a failure of the 
Newtonian mechanics and the laws of electrodynamics under 
certain conditions. If this explanation is correct, the failure of 
the equipartition theorem may in some measure be led back to a 
failure of the molecules to obey the laws of Newtonian mechanics 
assumed in the deduction of the equipartition theorem. This 
type of departure from classical mechanics is to be seen in the 
case of the behavior of C p 28 for H 2 at low pressures and is not 
related to the relativity modifications. The application of the 
quantum mechanics to these phenomena then, in reality, is 
not a modification but rather an extension of the theorem to 
cover the problems introduced by non-Newtonian mechanics 
in the sense above mentioned. Thus it may be asserted that to a 
limited extent experiment bears out the predictions of the theorem 
of equipartition, while it shows clearly that the underlying 
assumptions are not completely adequate to describe all phenom- 
ena. The result is that it at present seems futile to discuss 
much further the question of the adequacy of the proofs of the 
theorem when it is faced with the difficulties encountered in the 
quantum effects. Considering the evidence as a whole, it would 
be not far from correct to accept the theorem as proved for practi- 
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cal purposes to the extent that the observed quantum effects 
will permit it. 

In what follows a brief deduction of the law of equipartition as 
applied to translational motions of the molecules will be given in 
a manner similar to that used by Boltzmann following from his 
proof of the distribution law. 35 The treatment here given is 
taken from Clemens-Schaefer and is a direct consequence of one 
of the steps of the deduction of the distribution law as given in 
Sec. 31. Following the derivation, a brief discussion of this 
type of derivation will be given as laid down by Jeans. 21 Finally, 
the distribution law for translational velocities will be written 
in a form which includes the assumption of equipartition of 
energy. The law will then be written in other forms as deduced 
by Clemens-Schaefer from statistical mechanics for the case of 
rotational energies and for the case where the energies in equilib- 
rium may be in any form. The equipartition law written in 
these forms, even though not deduced, will be of service in later 
applications of the theorem of equipartition and distribution of 
energies among the molecules. 

Deduction of the Law of Equipartition for Translational Energies 
in Gaseous Mixtures . — All quantities referring to one of the gases 
of a binary gaseous mixture may be designated by the subscript 
1, and all those of the other gas by the subscript 2. Then it 
is possible to consider impacts of molecules of one of the gases 
with each other, impacts of the molecules of the other gas 
with each other, and impacts of molecules of the one gas with 
molecules of the other gas. Now in Sec. 31, in the Boltzmann 
deduction of the distribution law, it was shown that the distribu- 
tion law is defined by the relation expressing equilibrium in the 
form: 

p F' - FF' - 0. 

This relation also contains a proof of the law of equipartition for 
the translational energies in a gas, as will be seen in what follows. 
The expression above may at once be carried over to the case for 
equilibrium in a gaseous mixture if the proper subscripts are added 
to the letters. Before writing these expressions, the above expres- 
sion may be reduced to the form independent of the number of 
the molecules present by dividing by the number of molecules per 
cm s , or N. This gives the expression in the form 


ff - //' » 0. 
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Applying it now to the mixtures of the two gases, three equations 
are obtained applying in turn to gas 1, gas 2, and to the mixture 
of the gases. 

fifi ~ Af i - 0 gas 1. 
hf2 - A/V = 0 8 as 2 - 

ftfi ~ fifi = 0 gas 1 and gas 2. 


As in Sec. 32, the first two expressions lead to the distribution law 
with the proper subscripts added to the constant terms. These 
take the form 


/ 1 = A ih 


— (u*+ **+«>*) 

a 1* 


and / 2 = A 2 s e 


OtJ* f 


where A i = j. and A 2 

aiV^r 



Accordingly, 


ai * and 


/« = 


1 


«*+»*+»* 


which may also be directly related to the average squared 
velocities C\ 2 and (V by the relations found in Sec. 35. The 
third relation between the dashed and undashed letters and 
the accented and unaccented letters will then be expressions of the 
form above, in which the velocity vectors u, v, and w take on the 
designation appropriate to their type. Simple algebraic manipu- 
lations of these expressions lead to an expression between the 
1/ai and l/a 2 , which, translated in terms of the averaged square 
velocities, give the simple relation 


2 m iC i 2 


1 

2 


W2C2 2 . 


This is the same expression deduced from Avogadro’s rule and 
the pressure relation in a gas in Sec. 9 and which states equiparti- 
tion. Thus the theorem of equipartition has been proved for 
translational motion for the case of a gas, using the assumptions 
of elastic impacts only. The validity of such a proof lies only in 
the question as to whether the conditions implying equipartition 
were not contained in one of the postulates underlying the theory. 
This was, in fact, done in deducing the law of distribution of 
velocities in MaxwelPs fashion, through the assumption of inde- 
pendence of velocity coordinates coupled with the other assump- 
tions. The proof of equipartition in the Boltzmann treatment 
above is as correct as the assumptions underlying the derivation 
of the distribution law. According to Jeans, 21 the derivation of 
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Boltzmann is not much better off in regard to the implied assump- 
tions than Maxwell’s original distribution-law derivation was. 
Ip Boltzmann’s case the proof included the assumption of 
independence of space and velocity coordinates instead of the inde- 
pendence of velocity components among themselves. The ques- 
tion of the distribution law has been discussed by Boltzmann 29 
and by Lorentz. 30 Burbury 21 questions the validity of this proof, 
but the doubt is not shared by Jeans. In any case, the proof 
here given is not necessarily very rigorous, and as it is specialized 
in its scope, recourse should, in general, best be had to the more 
complete proofs in statistical mechanics. 

It is of use to consider certain modifications of the distribution 
law which express at the same time the law of equipartition of 
energy. These laws are deduced from statistical reasoning and 
will only be given here in brief. The Maxwell distribution law 
in the form given in Sec. 35, expressing equipartition for trans- 
lational energies, may be transformed into a form frequently 
written and indicating an energy distribution rather than 
a velocity distribution. The equation given in Sec. 35 was 

42V c * 

N dc = 

The c 2 and a 2 may be multiplied by m, the mass of a molecule, and 

the c 3 and a 3 by m **. The equation then becomes 

4 Nm* t _!?.£V_ 2 , 

Ndc = - — r - C 2 e ma*/2dc . 

m*»a 3 7r >2 

Now it was shown in Sec. 5 that \NmC 2 = RT , and in Sec. 35 

o 

2 1 

that a 2 * 3 C 2 , whence ^ Nma 2 = RT . If the gas constant, R per 

cm 3 , divided by N r the number of molecules per cm 3 , be called k, 
where k is the average energy taken to raise the temperature of one 

molecule 1°C., then it is at once found that ^»a 2 = kT . But ^ma 2 

is the most probable kinetic energy of the molecules. Thus gma 2 

can be expressed in terms of temperature from the relation 
above. The constant k is called the Boltzmann constant. Put- 
ting this into the equation above the relation is had in the form 

/ m V* _ mc * 

Nd ' ~ c * e mdc - 
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Occasionally, it is found convenient to write the expression above 
in another form. Designating by the letter h, the equa- 
tion becomes 

N de = 4 *N(!y)"c*e- h ”' , dc, 

which is a form often used in the literature. 

For the case of rotational equipartition the distribution of rota- 
tional energies is given by 

N * - 2kTd »> 

where N is the number of molecules out of N that have angular 
velocities between « and w + du>, and I is the moment of inertia. 

Extension of the Distribution Law to Include Potential JEnergy . — 
It is of importance to consider the extension of the distribution 
law to the case of molecules which find themselves in a field of 
force. This situation is frequently encountered in the problems 
of molecules exerting attractive forces on each other, in the case 
of molecules passing through the force field at the boundary of 
a liquid or a solid, and of molecules which find themselves 
in a gravitational field. To consider the case of molecules of a 
gas in equilibrium in a force field, one can choose the case of the 
earth’s gravitational field for convenience. To this end an 
infinitely long vertical cylinder filled with gas in the earth’s 
gravitational field may be considered. This cylinder must 
be assumed to be isolated from all external disturbances and 
to have been left to itself long enough to have gained equilibrium ; 
that is, to have reached a condition where all net mass, momen- 
tum, or heat transfer has ceased. Under these conditions one 
must first consider what the temperature conditions in the 
cylinder are. The reason for this lies in the fact that if one 
regard a molecule at some point h above the base of the cylinder, 
the molecule under the force of gravity will have work done 
on it of value mgh in going to the bottom layer, where m is the 
mass of the molecule and g is the gravitational acceleration. 
This decrease in potential energy leads to an increase in the 
velocity u of the molecule, and hence for every molecule going 
downward to h ** 0 it leads to an increase in the average velocity 
and thus the temperature of the gas. On the other hand, every 
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molecule going upward from 0 to h will lose an amount of kinetic 
energy or heat in order to gain its higher position in the potential 
field. Thus molecules going to h have their kinetic energy 
reduced, while molecules descending increase that energy in 
the region to which they go. Thus it might seem at first sight 
as if a, the most probable velocity at h, might be less than a 0 , 
the similar velocity at h = 0, and thus that the temperature 
To at h = 0 might be greater than the temperature at h . Meas- 
urements, however, show the temperature to be the same 
throughout the cylinder. The explanation of this apparent 
paradox was accomplished by Boltzmann as follows. Under 
equilibrium conditions at any point such as h , one may assume 
the Maxwellian distribution of velocities to exist with a most 
probable velocity a and a corresponding temperature T with N 
molecules per cm 3 . At h = 0 one can assume a probable 
velocity a 0 , a temperature T 0 and N 0 molecules per cm 3 . The 
number of molecules at h and 0, respectively, with velocities 
between c and c + dc will then be given by 


dN c « 


4 N 


c*c 



dNc # 


__4An__ 


C 2 C 


c*_ 

<dc. 


Consider a horizontal plane P betw een 0 and h and fix attention 
on the movement of molecules across unit area of P per second 
in both directions. To do this if h be made of the order of a 
free path, one need only regard u } the vertical component of 
velocities of the molecules going down from h , and up from h = 0. 
The number of molecules per second going downward through 

N ~ 

unit area of P from h will be u times the y=.e ai du molecules 

a\/ir 

of velocity between u and u + du in unit volume at h . Of 
those molecules going toward P from above, all will pass through 
as the earth’s field is acting to aid their passage downward. 
The total number of molecules of all velocities u along the a>axis 
passing downward through 1 cm 2 of P per second will then be 




u l 

«'du = 


Na 

2\/r 
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For the molecules of velocity u the number headed upward from 
h * 0 which would strike unit area of P per second is 

No * 

-pue a 0 *du. 

aov r 

Of these, however, only those whose velocity u is such that 

(w ^ \/2 gh) or ^mw 2 S mgh will succeed in traversing the 

distance h from h = 0 to h against the earth's gravitational field. 
Hence the number of molecules of all velocities along x from 
h — 0 which pass through unit area of P per second and reach 
h is 


OfoVt 


/* 00 

V I 

/ 7 X%) y/ 2gh 


u l 

a o *du = 


«o z • 

2\/ 7T 


Now absence of net mass motion, i.e., equilibrium, says that 
the number of molecules of all velocities involved in the exchange 
across P between h = 0 and h must be equal. Hence one can 

2ph 

write that Not = N Q aoC < . 

If one next consider the transfer of kinetic energy of translation 
across P, one need only remember that each molecule of velocity 

component along u starts to carry with itself an energy 

in either direction. Hence the total energy transfer downward 
from h across unit area of P per second is 


N m 


x 


u 3 e 


u» 

a *du = 


Nma 3 
4a/t 


The molecules moving upward from h = 0 to h will each only 

succeed in carrying an energy — mgh to the layer at h 

so that the transfer of energy upward from h = 0 to h through 
unit area of P per second for molecules of all velocities u will 
be 


No 


^ f ’ (w - - *£2.-3. 

/iJvm' 2 / 2v» ^ 


Here again absence of a net energy transport corresponding to 
equilibrium demands that 
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Net* = 


2gh 

N 0 au*e 


But the absence of net mass transport also set the condition 
that 

2(/h 

Na = N^e 


Since both these conditions obtain for equilibrium, it is clear 
that they can simultaneously hold true only if a 2 = a 0 2 . This 
means that the most probable velocity a at h must be equal to 
cto t the most probable velocity at h = 0, which, by multiplying 
both sides of the equation by the same appropriate constants, 
yields the equality of temperature throughout the cylinder. 
It is therefore clear that the discussion which appeared to lead 
to an inequality of temperature was incomplete and incorrect. 
The source of the error in the reasoning lay in another item 
exhibited by the equations above. Since 

2 gh 

Na = N oa {) e a ° 2 , 

2 gh 

and since a = a 0 , therefore iV = N () e a * . This says that the 
number of molecules per unit volume IV at A is Jess than the 
number Nq of molecules per unit volume at h = 0 by the factor 

2 gh 

e a *. Thus while the downward-moving molecules all get 
through and deliver more energy to the lower layers, there are 
just enough more molecules, due to the concentration change, 
of an energy which diminished by mgh will reach h with the 
energy taken out by the downward-moving molecules to main- 
tain equilibrium. 

_2 qh 

If one regard the expression N = N 0 e 0,2 and multiply numer- 
ator and denominator of the exponent with m/2, one has at 
once that 


t»gh 


N = N 0 e 2 ° = Nge' 


mgh 

kT 


where kT = 


a being the most probable velocity common 


to all portions of the gas. It is seen therefore that if one regard 
the concentration of the molecules in the cylinder, it varies 
exponentially from A = 0 on upward and does so the more 
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rapidly the greater the mass of the molecules m and the greater 
the acceleration due to the force field. If both sides of the 

equation be multiplied by ~mC 2 one has 

±NmC 2 = ±N 0 mC 2 e kT , 


or 

mph 

p = Poe~ kT , 

which is the well-known law of atmospheres. 

If one fixes one’s attention on the N molecules at a height h 
above the origin, it is clear that the number of molecules of 
velocity between c anti c + dc will be given by 

4 N -- 

%c°-e °*dc. 

a. *V 7 r 

_ 2 gh 

Replacing N by its equivalent N — N^e a * , one has 


N dc = 


4A^o 

a^y/r 


.c L e 


c 2 -f2g/i 

ai dr. 


It is seen that the number of molecules of velocities between c 
and c + dc at a height h in a potential field for which the potential 

4J\T 

gh is given by gh = x is N dCx = ~c 2 e a! dc. Setting 

a 3 V 7 r 

TKiC 2 ffb 

= E ky ^ a 2 558 kT y and mgh = E P1 where E k and E p are the 

kinetic and potential energies, respectively, one can write the 
law above by the appropriate multiplication with m/2 or powers 
thereof as 


dN E 


2N 0 VE k 

ir»(kTy» e 


Ek *4" Ep 

dE. 


This is a more general form of the law of distribution of energies 
including kinetic energy of translation and the potential energy. 

mgh 

From the relation N ® N 0 e kT deduced above, one may 
generalize the expression to apply to any force field. If h 
apply to a distance x along the x-axis, and if gh be represented 
by the potential x> then mgh in the more general sense becomes 
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m I -~dx. For a distribution 
Jo dx 

rv 

Brooding quantity at y is rn I 


of potential along y the corre- 

~dy and at z it is m ( ~dz. If 
dy y Jo dz 


then the chance be considered that a molecule has a velocity 
between u and u + du at a point x in a potential field, this 
chance will be 


dWu = 


t\/ 7T 


1 /mu* 

e kT\ 2 






du 


and likewise for the components v and w along y and z at 
and z : 


dW v - 
dW w = 


1 

a\Zv 

1 

a\ // r 




y 


The chance that a molecule at this point in the field has a velocity 
between u and u + du> v and v + dv, w and w + dw becomes, 
if one set 


X a /' 1 + X Z dy + X 


> - 


X + Xo, 


where xo is a constant determined by the potential xo at the origin, 


and 


mu‘ 


+ — + 
T 2 ^ 


mw‘ 

~2~ 


me 1 

~2~ 


dW = ^-r;e ‘K** +mx+mx °) d udvdw. 

= Cie ***( 2 +m *) dudvdkw. 

If No is the number of molecules per cm 3 at x = 0, y = 0, z = 0, 
where x = xo, then the number of molecules of velocity c per 

unit volume is NodW\o = NoCtf kT ' 2 m *'dudvdw. At any 
point x,y,z in the volume dxdydz at a potential x the number 
of molecules with velocities u, v } and w is 

dZ = NoCie kT ( 2 +mx ) dudvdwdxdydz. 

If now one integrate over all values of velocity components from 
0 to oo, the resulting number of molecules is the number of 
molecules in the element dxdydz having a potential energy x 
irrespective of their velocity. Thus 
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f co f CD f* CO 1 /me 2 , \ 

I I N 0 Cie~ kT \2 +mx ) 


dxdydzdudvdw 


__rnx 

= NoCtf kT dxdydz. 

dN/N o is the chance cW that a molecule will find itself in a 
volume dxdydz = dr at a point in the potential field where the 
potential is x at a temperature T . This chance is seen to be 

dW = C 2 e * r dr. As mx is the potential energy U of the 
molecule, the chance that a molecule will find itself in a volume 
dr in which it has the potential energy U at a temperature T 
is given by 

u 

dW = C 2 e kT dr. 


This equation is of great importance in many problems of molec- 
ular behavior involving molecular force fields and thus finds 
frequent application. 

37. Correction of Mean -free -path Equation of Clausius for 
Distribution of Velocities. — In the preceding deduction for the 
mean free paths (Sec. 18), the velocity u of the molecules was 
supposed to be the same for all the molecules. Actually, u is 
not the same and the derivation must be corrected for this fact. 
In the Clausius deduction the relative velocity of approach 
between two molecules was set as 


r 2 = u 2 + v 2 — 2 uv cos <f>, 

where 4> was the angle between the velocities. This was reduced 
to r = u\/2 *\/ 1 — cos 4> on the assumption that u — v. As 
this is no longer the case, the value for f, the average relative 
velocity which is given by 


f 



r sin <f>d<t> m 


J \^u 2 + v 2 — 


1 
2 

J 

6uv\ 

_1 

6uv\ 

JL| 

6 uv 




2 uv cos <f> sin 
(u 2 + v 2 — 2 uv cos <£)** 

~(w 2 + v 2 — 2 uv)** + (u 2 + r 2 + 2 uv)*4 
-(w - v) s + (u + »)*]. 


becomes 
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The value of f depends on whether u > v or v > u, for if u > v, 
solution gives for u > v a positive value for u — v and hence f = 

— If v > u y (u — v) becomes negative, the signs are reversed 


3ir -f- u 2 

and it is necessary to write f = — ^ Now in the preceding 

deduction of Clausius, u was equal to the average speed, or u = 
2 

f , however, must be determined from the chance of a 


given u or v taken from the Maxwell law. This probability for 

4 4 -Hi 

v is P v ~v 2 e a2 dv , and for u is P u = u 2 e a9 du. It is 

a 3 V^ a 3 v 7r 

now necessary to average f for collisions between molecules of all 
possible velocities. Since f depends on both u and v and on their 
relative magnitudes, it is necessary to proceed as follows: First 
assume u constant and take into account the variation of v. 
Then r u becomes 


Tu = 


8 \Zj 


u 


u 3 u 2 + v 2 9 -■ 


3 u 


-v*e 


V 1 

<**dv + 


r 


3v 2 + 


3v 


-v 2 e a* dv 




The integration between 0 and u of the — term applies to 

uU 

values of u > v, and the integration from u to <» of the — - u 

oV 

term applies to values of u < v. The f tt is then the average r 
for all values of v. It must next be multiplied by the chance of a 
velocity u and integrated from 0 to oo to take account of the 
variations in the velocity u. The tedious integration will not be 
carried out here, and the reader is referred to the integration as 
earned out in Winkelmam^s “Handbuch. 1,83 Integration yields 


2<*\/2 r /z 
— 7=-, or - = V2. 

Vtt u 


Hence the relative velocity of the molecules to be used in the 
equation for the free paths is now y / 2 times the average velocity 
of a single molecule. In Clausius , derivation the value found 
was f *= 4w/3. Thus the Maxwellian distribution of velocities 
changes the value of the relative velocity from 1.33 to 1.41. 
The expression for the mean free path 
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b’ N 


previously deduced now becomes 


<^Tiu 


L = 


1 

y/2 nr'N 


3. The Mean Free Paths of Molecules in a Gas Composed of 
Molecules of Different Kinds. — When one gas molecule of diam- 
eter <ri in a gas composed of molecules of diameter <r 2 is con- 
sidered the question arises as to which value of <r to use in the 
expression L — l/(\Z2w <r 2 N). A brief consideration of the ele- 
mentary deduction will show that for this simple case the mole^ 
cule of radius a i will exclude in its path L the centers of all 
molecules cr 2 which lie closer than <ri/2 + <r*/ 2 from it, for a 

collision occurs whenever the centers approach within Cl ^ — 


of each other. Thus for this case it is only necessary to replace 
the <r of the equation for homogeneous molecules by a value 
<r a = (<r i + <r 2 )/ 2. 

The above expression was, however, deduced on the assump- 
tion that all molecules of diameter <r 2 are at rest, and that only 
the one molecule of diameter o x is in motion. If now all 
molecules are moving, that of diameter may have a velocity 
ci different from those of diameter <r 2 , whose velocity may be 
called c 2 . This case may be reduced to the one above by con- 
sidering all the <r 2 molecules at rest and the <r i molecule moving 
relatively to them with the average relative velocity. This was 
done for the case of all molecules having the same velocities in 
Sec. 19 and for the case of all molecules having the same average 
velocities, assuming Maxwell's distribution in Sec. 37 of Chap. IV. 
In the former case the relative velocity was f = 4c/3, and in the 
latter case it was f = y/2 c, where c was the average velocity. 
In the present instance the <t\ molecules have an average velocity 
ci and the <r 2 molecules an average velocity c 2 . It becomes 
necessary to derive the expression for f for the case where the 
two velocities exist. For the case that the <r 2 molecules move at 
right angles to the <t\ molecules the relative velocity will be 
Vfi 2 + £ 2 *, for the relative velocity is the sum of the two 
velocity vectors at right angles to each other. Thus in this case 
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r/c, = Vfii 2 + In the earlier deductions where the 

molecules were all supposed to have the same velocity C, ?/£ = 
and where Maxwell’s distribution was assumed, the mole- 
cules having the same average velocity c, the ratio was f/c — 
■y/2. These values, in turn, put the factors % and the y/2 
in the denominator of the equation for L. Hence were the 
expression above the true one for the relative velocity considering 
a <ri molecule moving among <r 2 molecules, L\ would become 


Li 


x„W 


1 

Vci 2 + 


Cf 


Cl 


* 


For Z/ 2 , the mean free path of a cr 2 molecule moving among o\ mole- 
cules, the expression would be 


L 2 


tuJN 


V Ci 2 + Ct* 

c 2 


It now happens that if the rigorous analysis be carried through 
assuming a Maxwellian distribution of velocities with average 
velocities c x and c 2 for the molecules, the integrations for the aver- 
age relative velocities, assuming all angles of motion of a i mole- 
cules and <x 2 molecules, yield a relative velocity f = \^c{ z + c 2 2 . 
This, strangely, is the value found to be the case for the motions 
at right angles only. The detailed analysis of the strict averaging 
is, however, too lengthy for inclusion in this text, and reference 
should be made to the noteworthy deduction as given in the 
appendix of 0. E. Meyers' “ Kinetic Theory of Gases." 2 It is of 
interest to observe that if c x = c 2 this term gives the Maxwell free 
path. 

One more case of interest now demands attention and that is 
the question of the free path of a <r x molecule in a gaseous mixture 
of N i molecules of the a x type and N 2 molecules of the <r 2 type per 
cm 3 . To get this, one can reflect that ci, the average velocity of 
the <r i molecule, divided by Li 2 , the mean free path of that mole- 
cule in the mixture, gives the number of molecular encounters IT 

* Since ~ gm#* ** the values of the c h c 2 terms can be replaced by 

expressions in terms of m i and m 2l thus simplifying the expressions. 
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per second of a a\ molecule with <n and <r 2 molecules. If there are 
N i of the molecules in a cm 3 , the <n molecule will collide with 

^ — 7TCi\/2(Ti 2 N i 

of molecules of its own kind per second. If there are N 2 of the v 2 
molecules in a cm 3 the ai molecule will collide with ~ = Cijr<r a W 2 

L i 

\/ci 2 + c 2 2 /ci of the (T 2 molecules per second. Thus the number 
of impacts per second of the <t\ molecule will be 

Tl = \/2ttN lCl<Ti 2 + 7rcr 0 2 A r 2 \/ Cl 2 + c 2 *. 

Since Li 2 = then 

L = 1 

\/2wN ioti 2 + irN2<r a 2 \/ci 2 + c 2 2 /^ 

Similarly, the mean free path L 2J of the <r 2 molecules in the mix- 
ture will be 


x/2ttN2<T2 2 + irN \(T a 2 y / + C 2 2 /c 2 

39. Mean Collision Frequency of Molecules of a Given Speed, 
Mean Free Path of Such Molecules, Tait’s Free Path. — In Sec. 
37 the Maxwell free path for molecules moving with a Maxwellian 
distribution of velocities was deduced. This deduction gave the 
mean free path by dividing the average speed c by the mean num- 
bers of collisions per second averaged over all molecules. The 
deduction was made by computing the average value of the colli- 
sion frequency for molecules moving with a Maxwellian distribu- 
tion, and dividing this into c. The process by which this was 
accomplished can be seen in Secs. 18 and 37, where it is deduced. 
The matter may be regarded in another light, however, which 
leads to different results. It is obvious that the collision fre- 
quency Z must depend on the velocity of the molecule con- 
sidered. If one can calculate Z f this frequency for a molecule of 
speed c, then one can calculate the mean free path of a molecule 
of speed c among the other molecules moving with Maxwell's 
distribution of velocities. This will lead to a value for the mean 
free path L e of a molecule of velocity c . It is of importance to 
know this quantity for such a molecule, and it will, accordingly, 
be calculated in what follows. Having this, it is then possible to 
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determine the average value of L for L e averaged over all possible 
speeds. Such an average path, designated by Lt, is numerically 
different from the ratio of the averaged velocity and collision fre- 
quency of Maxwell. As both are used in calculations, it is essen- 
tial to know both values. Different modes of averaging are 
appropriate to the different problems of kinetic theory in which 
the mean free path plays a part, just as variously averaged speeds 
are useful in discussions involving the molecular speeds. It may 
be pointed out that the Maxwell free path is the one commonly 
used by physicists in developing approximate discussions along 
kinetic-theory lines because of its simplicity. The legitimacy 
depends on the particular use of the free path, though Tait’s 
complex free path is in most cases the more accurate. 

If the attention be fixed on those molecules which have a 
particular speed, it is evident that the mean number of collisions 
per second of such molecules with all others will depend on the 
speed of the molecules under consideration. The evaluation of 
this mean number of collisions per second , Z, for molecules of speed 
c moving in a gas in which the most probable molecular speed is 
a will now be carried out. 

On the average, a molecule of speed c will collide in unit time 
with all of the molecules of speed c' contained in a cylinder whose 
base is t < r 2 and whose height is the relative velocity 

V r = Vc 2 + c' 2 — 2 cc f cos 6 y 

B being the angle between c and c'. Choose polar coordinates 
having the direction of c as axis, then B and <f> give the direction 
of the velocity of the other molecule c'. 

By Sec. 34 the number of molecules in unit volume for which 
c' lies between c' and c' + dc' f 0 between B and B + dB y and 
<t> between <t> and <t> + d<f> is 

N -~ 

~^~ 3 c ,2 e sin 6d6d<f > , 

so that the mean number of collisions per second will be 
AV ~ 

— ~ 7 ==y r c' 2 e a W sin BdBd<l>. 

The total number of collisions per second experienced by a mole- 
cule of speed c is obtained by integrating this with respect to c f 
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from 0 to oc> , to 6 from 0 to and to <£ from 0 to 2v. Integration 
with respect to <t> is effected at once by merely writing in 2ir for d<t>. 
Integration with respect to 6 may be conveniently carried out by 
using the relative velocity as variable. One has 

VrdV r = cc' sin Odd. 


Making these substitutions, the total number of collisions per 
second experienced by a molecule of speed c may be expressed by 


2\/7AV c' 


C'» 


-V\e 

€ 


dc'dVr . 


The integration limits with respect to V r are as follows: 


c < c 


c f > c 


0 = 0 
0 = 7T 


V r = C~ C' 
V r = C + 0' 


v r = e ~c 

V r = C f + C 


so that integration with respect to V r yields two different expres- 
sions according to the relative sizes of c' and c . These are 


J VSdVr = = j 


3C'( C ' 2 + 3c 2 ) 
^c(c 2 + 3c' 2 ) 


c f < c 
c’> c 


The total number of collisions is now to be obtained by inte- 
grating over all values of c' from 0 to oo, using the appropriate 
integral according as c f < c or c' > c, i.e. } 


Z — TrN(T 2 a 2 
c 



C —s(c' 2 + 3c 2 )e 


+ 5 




( c 2 + 3c' 2 )e~ 



It will be observed that the terms in the brackets are physically 
dimensionless. They form a function of a variable x = c/a 
defined by means of integration with respect to the variable y — 
c'/a. The factor outside the brackets has the dimensions of 
reciprocal time as it should have. 

The mean number of collisions per second is thus: 


Z = \ArNcr 2 a 


*(*) , 

X 


in which ^(x) stands for the terms in brackets, i.c., 
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*(z) ** (y* + 3 x'y^e-^dy + (x 3 y + 3xy*)erv*dy, and 

c 

x = — 

a 

This function can be reduced to somewhat simpler terms by 
means of the integration formula 

J x n c~*\lx = " — J x n ~ 2 e-* 2 dx - ~x n - l e- x2 . 

the result being 

¥(x) = + (2x 2 + 1) 

From this formula values of ¥(x) and related functions have 
been computed and may be found in tables. 3 

The result of the analysis is this: The mean number of collisions 
per second experienced by a molecule of speed c = xa, where a 
is the most probable speed, is given by 

Z = v^AVa* (l) - 

X 

^k(x) 

where the factor - can be obtained from the tables. 

x 

Thus the mean collision frequency of molecules of a given 
speed has been found to depend on the particular speed of the 
molecules considered. Their mean free path, similarly, depends 
on the speed, since 



in which c is the speed and Z the mean collision frequency of the 
molecules chosen. 

Applying the expression for Z from above the result is, for L c , 
the mean free path of the molecules of speed c in a gas in which 
the most probable speed is a : 

L t ~ - X ~ 

\/ TrNa‘ 2 ^(x) 

wherein x = c/a. 

This formula might be written: 

r __ 1 V^x 2 

c irNcr 2 \F(x) 
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in which form it is recognized that the first factor is the Clausius 
free-path formula for the case where all the molecules are at 
rest save the one whose free path is under consideration (Sec. 16). 
This corresponds to the free path in the present analysis of a 
molecule for which x is very large. The second factor may 
thus be regarded as a correction factor which allows for the fact 
that the molecule under consideration does not move with infinite 
speed with respect to the others. Values for the second factor 
may be found in tables. 3 

Starting with the assumption of a free path varying with the 
speed as deduced above, Tait calculated a new mean free path. 
Tait's calculation of the mean free path differs from that of 
Maxwell in that it starts from the formula for the mean free path 
of molecules of a given speed c and averages the values of L Ci 
weighting them according to the distribution of velocities. Tait's 
free path is thus given by: 

, _ 1 f lI, 4z 4 e~ z2 <2x 

T TrN<r 2 jo \k(:r) 

The definite integral occurring here has been computed by Tait, 
who finds the value 0.677, so that the Tait free path is 

T _ 0.677 
Lt ttN a 2 ‘ 

It is important to see why Tait’s free path differs from that 
of Maxwell. Examination of the derivations of the two that 
have been given will show that Maxwell's free path is obtained 
by dividing c, the mean speed, by Z, the mean number of colli- 
sions per second averaged over all the molecules. On the other 
hand, Tait takes the value of the free path c/Z appropriate to 
each speed and averages this over all the molecules. Obviously, 
still another free path would be obtained if the mean value of 
the speed c were to be multiplied by the value of 1/Z averaged 
over all the molecules, and still others could be obtained by 
averaging in different ways. These will all depend on 1/Ncr 2 
for their order of magnitude but will differ in the value of the 
numerical factor for much the same reason that the root-mean- 
square speed of the molecules is not the same as the arithmetic 
mean of the speeds. 

40A. Number of Molecules Striking Unit Surface per Second. 
An excellent illustration of the application of the distribution law 
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is given by the rigorous calculation of the number of molecules 
striking unit surface per second. Take an element of surface ds, 
and consider an element of volume dv with N molecules per cm 3 in 
it. Then in dv there are Ndv molecules. This volume is r cm 
from ds along a line making an angle 6 with the normal to ds 
(Fig. 21). The volume dv may then be written dv = dr X rdO 
X r sin Sd<f>. Of these Nr 2 sin 6d8d<t>dr molecules, the number 
which have a velocity between c and c + dc are, by Maxwell's 
law, 

a e- 

c 2 e a *dcNr 2 sin $ddd<j>dr. 

3 V 7T 


z 



Now each of these starts a new path B = c/L times a second, 
where c is the average speed, and L is the mean free path. The 
number that leave dv per second moving towards ds with a 
velocity between c and c + dc is B times the number of molecules 
abov.e. Of these only the molecules emitted in the solid angle 
subtended at dv by ds will reach ds. This fraction is given by 
the ratio of the area ds cos 8 to the total surface of the sphere 4*r 2 
which molecules from dv going a distance r penetrate. The num- 
ber of molecules that leave dv and that are headed for ds is given 
by 


4 JVBc* _« 

a »y/^ e dcr * sin 8d8d<f>dr 


ds cos 6 
4rr 2 
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But of those headed for ds only those cross it that go a distance r 
or more without an impact. The fraction going r or more with- 
out an impact is given from the law for the distribution of free 
paths as e~ &T f where 



Hence the number of molecules leaving dv per second that strike 
ds is given by 

xr 4NB , 2 . . , ds cos 6 . 

Ndvd.de = • ^ e c 2 dcr 2 sm ddOd^dr ■ . ^ e 

a 3 Vr 47rr 

The number which strike ds per second from the whole space 
above is obtained by integrating r from 0 to <», d from 0 to ir/2, 
<t> from 0 to 2i r, and c from 0 to °o . Hence the number of mole- 
cules striking ds per second from above is 


Nd 


II 

** < 

/* 00 

lo 

_£f 

al dc X B 

( e~P r dr 

to 


N 1 

f ^\ B \ 

Zhr+Y 



< 4 / L 

& Jo 


sin 6 cos Odd I d<f>ds 


J r»2i r 


g 

Since # = — > 
c 

N d « = where c is the average speed. ~~ = v is the 

number striking 1 cm 2 /sec., so that 

Nc = NCV 8/&r NC 
4 4 Vtor 


An interesting application of this law may be made to aid in 
calculating the vapor pressure of a substance. This has actually 
been done by Langmuir. 4 Quoting from a paper by Langmuir: 


Let us consider a surface of metal in equilibrium with its saturated 
vapor. According to the kinetic theory, we look upon the equilibrium 
as a balance between the rate of evaporation and rate of condensation. 
That is, we conceive of the time processes as going on simultaneously at 
equal rates. 

At temperatures so low that the vapor pressure of a substance does • 
not exceed a millimeter, we may consider that the actual rate of evapora- 
tion of a substance is independent of the presence of vapor around it. 
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This merely means that the presence of atoms or molecules of 
the vaporizing substance at a mm pressure does not interfere with 
evaporation by acting as a reflecting layer that throws the evap- 
orating molecules back to the surface on their first free path. 
This action is not taken into account in deducing the equation 
above, “that is, the rate of evaporation in a high vacuum is the 
same as the rate of evaporation in the presence of the saturated 
vapor” under these conditions. “Similarly, we may consider 
that the rate of condensation is determined only by the pressure 
of the saturated vapor.” To see how this works the equation 
may be transformed as follows. Multiply v = Nc/i by m, the 
mass of a molecule, then mv is the weight w of substance striking 
a cm I. 2 of surface per second and thus also evaporating. Thus 

Nmc __ pc 


ikf AT 7) Afn 

where Nm is the density p. But p = -y = where 

p is the pressure, and M is the mass of vapor in volume V of 
a mol. Also C = */— > and as c — +l~ C , 

\ P \ 07T 


then c 


fo _ 

\7T P 


I. ~ Therefore 

\vMp/RT yjrM 


1 Mp 
W ~ 4RT 


[HRT f 

\wM P \I‘ 


_M 
2 rRT 


= 43.74 X 10- 6 p 


Here M is the molecular weight, T is the absolute temperature, p 
is in dynes per cm 2 , and w is the weight evaporated per cm 2 per 
second. For tungsten at 2800°abs., Langmuir found w, the loss in 
weight, to be 0.43 X 10“ 6 gram, per cm 2 per second. This 
gives p = 28.6 X 10~ 6 mm of Hg as the vapor pressure of W 
at this temperature. 

40B. The Law of Evaporation of Molecules from a Liquid 
Surface. — At this point it is possible with little effort to deduce 
the law for the evaporation of molecules from a liquid surface. 
The law to be deduced is well known to students of physical 
chemistry who are familiar with its thermodynamical derivation. 
Kinetic theory permits the derivation of the law in a manner 
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giving a mechanical picture of the process. In addition the 
derivation leads to some important general conclusions which 
should appropriately be introduced at this point. The treat- 
ment in essence is taken from Jellinek’s “Lehrbuch der Phy- 
sikalischen Chemie,” vol. II, page 246. 

Imagine a plane surface of liquid in equilibrium with its vapor. 
This demands that three conditions be fulfilled. The first is 
that from each side of the surface of the liquid as many molecules 
pass in one direction as in the other. That means that the rate 
of condensation equals the rate of evaporation. The second is 
that, as temperature equilibrium also exists, the kinetic energy 
carried through the surface in one direction equals that carried 
through in the other. The third condition is that as much 
momentum be carried through the surface per second in one direc- 
tion as another. This demands an equality of pressure. With- 
out analyzing the nature of the transition layer between a 
homogeneous gas and a homogeneous liquid it can be assumed 
that in the transition layer there is a continuous variation of 
density between the two phases. Furthermore, the vapor will 
be, for simplicity, treated as an ideal gas. As a result of the 
capillary forces at the surface such as Laplace and Van der Waals 
assumed, molecules in the transition layer will experience a force. 
This force is such as to hinder the evaporating molecules and to 
draw in the condensing ones. In order to analyze the problem 
further, it must be assumed that all molecules are alike and that 
the volumes of the molecules can be neglected. It must also be 
assumed that Maxwell's distribution law holds for the molecules 
of the liquid as well as for the gas. 

From the principle of equality of mass assumed above (for 
equality in the number of molecules carried implies equality of 
mass transported for molecules all of one kind), the first equation 
may be set up. Assume the a>axis to be normal to the surface 
and call the velocity component along the axis u. The number 
of molecules with a velocity between u and u + du is then given 
by Maxwell’s distribution law as 

~e a D z du , 

old's/ it 

where a D is the most probable speed of the vapor molecules, 
while N d is the number of molecules per cm 3 of vapor. The 
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number of molecules of this speed crossing a cm ! of surface per 
second from the vapor phase is, then, 

-"^ue-Z'du. 

oldV* 


In crossing the transition layer these molecules get an increase 

in kinetic energy of from the surface forces. Thus since 

all molecules moving in the direction of the surface will be aided 
in crossing the surface layer, the number of molecules of all 
speeds that cross is 



ue 


u » 

a D % du — 


Ndocd 

2\/t 


For the molecules starting from below the surface layer upwards 
there is the similar expression 


N F r 

rx/irjo 


u*_ 

ue a F t du . 


In this equation N F represents the number of molecules in a 
cm 3 of the liquid phase and a F the most probable speed of the 
liquid molecules. Whether a F and a D are the same can be left 
undecided for the present. Now the molecules that start out- 
ward have to do work against the surface forces in order to 
escape. Also, as they expand from the specific volume of the 
liquid phase to that of the gaseous phase, in escaping they must 
do work against the Van der Waals* afv 2 forces if they are present. 
Both these amounts of work may be lumped into a single term, 
and this must be equivalent to saying that in escaping from the 
surface the molecules lose as much kinetic energy, on the average, 
as the condensing molecules gain. That is to say, they lose 

on the average an energy \ms 2 . Thus only the molecules having 

2 


speeds greater than the s of the ^ms 2 out of the number above 


that start outward will be able to escape. The energy -ms 2 

will, in fact, be nothing other than the latent heat of vaporization 
per molecule, or \/N A , where X is the heat of vaporization of a 
gram-molecule and N A is the Avogadro constant. Thus the 
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number of molecules escaping from the surface per second, that 
is evaporating, is given by 


Nr C" 

arX^rJ* 


, Nrar 

ue a r au —e a r • 


2 V* 


Since mass equilibrium exists, then, at once, 


a*_ 

N D cti> = N folfC a r*. 


In an exactly similar manner the energy carried through the 
surface from both sides may be computed. In this case, however, 
the number transported must be multiplied by the energy 
transported in each case. Thus from the vapor side the energy 
transport for all velocities is given by 


n d r 

a D y/ ttJo 


- Ji! 1 

ue a D*du • = mu 2 


N D ma*p 


From the liquid side the energy transport per cm 2 per second into 
the layer is 


N F m 

2 a F \/ 7 r 



- “L 

u*e a r'du 



A ms 2 + - ma F 2 
2 2 


Of this energy -ras 2 * 8 wor ^ °f evaporation, thus the 

kinetic energy transported outward into the gas from the surface 
is 


N F ar 1 

7=6 

2 \/ 7 T 


• maF 2 


Equilibrium requires that 




NdOCd 8 = N F ctF Z e a F *. 

At the same time, however, it was also found that 

£ 

N d<Xd = N F<*Fe a F*, 

holds. These two statements can only be true if an — a F * 

* Jaeger 84 shows through precisely the same argument that for a gas in 
equilibrium in a gravitational field the quantity a at two points in the gas is 
the same. Hence in a gravitational force field the temperature at equilibrium 
is uniform (see page 92). 
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It is also necessary to show that, in spite of the fact that only 
the molecules that have higher speeds can leave the liquid (for 
they lose energy in getting out) while those with all speeds can 
enter it, the Maxwell distribution is maintained on both sides. 
This is proved if it can be shown that the one phase loses as 
many molecules of a given velocity per unit time as it gains 
from the other phase. 

The number of molecules of velocity component normal to the 
surface between u and u + du lost by the vapor phase in unit 
time is 


N<> 

.-.ae a du y 

ay/ 7r 

where a = a D , the common -speed. The number of molecules 
from the liquid phase which replaces these per cm 2 per second is 

Nf ~ 

— ie a 7 du h 

ay * 

where u\ is the velocity of the molecules leaving the liquid phase 
which are destined to have a velocity u on passing through the 
transition layer; that is, Ui 2 — s 2 = u 2 . Substituting the value 
for Ui gives at once 

~^~-{u 2 + a * • (<s 2 -f u 2 )~^udu. 

a v ir 

In order then that MaxwelPs law be maintained, it is required 
that the expressions above be equal. Equating them, one has 
the condition as 

N d = N F e~"\ 

That this condition is fulfilled follows at once from the equality 
of mass transfer which reads 


£ 

N D a D = Npare a r\ 

provided od «= a F a, which is the case. 

Finally, pressure equality requires that 
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N F ot F 2 e a F % = AW. 

As this confirms the previous deduction, it is merely of passing 
interest and is given to show that all three conditions are mutually 
in agreement. The expression 


N d = N F e 


i? 

a* 


however, gives the equilibrium condition for evaporation. Now 
both N d and N F may be multiplied by m, the mass of a molecule, 

and each member of the ratio — z by ~ 9 ~ , where Na is the Avo- 


gadro number and m is the mass of the molecules. The equation 
then becomes 


mN D = mN F e 



N A m 


But —g— s 2 is nothing else than X, the latent heat of evaporation 

per gram-molecule, while a 2 is nothing else than RT , for 
TTt YYl 2 

Na-^oc 2 = N a ~2 g C 2 = RT. Also mN D and rnN F are the densities 
of gas p D and liquid p F . One thus has 

x 

Pd = p F e RT 


This can be transformed readily into X = RT log e ~ = RT 

Pi> 

log« , where v D and v F are the molecular volumes of gas and 
v F 

liquid. This equation may also be deduced from thermodynamic 
reasoning. In the latter case it differs slightly, and this is due to 
the omission of certain factors in the kinetic-theory deduction, 
which were omitted for the sake of simplicity (i.e., the assumption 
of an ideal gas). The neglect of cohesive forces in the deduction 

would not change anything except that the \ ms 2 would, as 

mt 

stated before, have to contain the work against the a/V 2 term of 
Van der Waals J equation. The neglect of the volumes of the 
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molecules would play some r61e. The case was treated by 
Kammerlingh-Onnes. 60 The effect of the volumes of the mole- 
cules would result in a reduction of the number of the molecules 
starting outward which escape, due to the “shadowing” of the 
surface by molecules in the transition layer. In this case, how- 
ever, the molecules struck by molecules which would escape are 
capable of escaping, so that the effect of the volumes of the mole- 
cules in this sense is negligible. Were foreign molecules present, 
this would not be so. However, a consequence of this must 
be considered. If a row of molecules normal to the surface be 
considered and one molecule with an energy u necessary for 
escape strikes the innermost one, the outermost one will receive 
the necessary energy to escape if the impacts are perfectly elastic, 
central, and the masses are equal. Since, however, the rigidity 
of the molecules is great, the time taken for the end molecule to 
escape after the inner one is struck would be less than would have 
been the case for the initial molecule to have moved freely down 
the chain of molecules. If the time of travel of the molecular 
impulse through a molecule be negligible, then the time of escape 
by the “chain of impacts” mechanism would be shorter. The 

w 

time would be less in the ratio — ; > where u is the distance 

U + z<r 

gone in 1 sec of free movement and za is the length of path covered 
inBide the molecules lying in the path u cm long, there being z 
molecules in the row of u cm length in the gas and <r being the 
diameter of a molecule. If the collisions of all sorts be averaged 
as well as relative motions, analysis yields the apparent velocity 

of the molecules as u — r where v is the volume of the gas and b 
is the Van der Waals' b. The change in the theory above pro- 
in place of u gives as a final equation 



Nn - Vd 

= Nre' 



Vd — b D 

IV — b r 

which gives 





X 

e rt 

_ Vd — 

bo 




b F 

or 





X = RT log r D 

6 <V - b F 


duced by the use 


of V^Ti) 
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This equation is in perfect agreement with the thermodynami- 
cally deduced equation for condensation. In practice, how- 
ever, it is simpler to use the approximate equation for an ideal 
gas. 

41. Experimental Verification of the Maxwellian Distribution 
of Velocities. — Since the first edition of this text was published, 
direct evidence of the Maxwellian distribution of velocities has 
been obtained in striking form. Previous to this, two indirect 
types of verification had been obtained. The earliest type of 
verification depended on the fact that in the broadening of the 
spectral lines of light emitting atoms 8 * 9 ' 10,11,8 * the velocity 
distribution plays an important r61e. Again it was shown by 
Knudsen 37 that the rate of effusion of molecules through small 
openings could be deduced theoretically, the rate depending for 
its numerical value among other things on the form of the distri- 
bution law. In both the Doppler broadening of spectral lines 
and the rate of effusion, the effect of the form of the distribution 
law is to alter the value of a numerical coefficient which can be 
evaluated by a comparison of theory and experiment. If the 
observed and calculated coefficients agree within the limits of 
error, the law can be considered as established. Such coefficients 
are very insensitive to variations in the form of the law (c.gr., 
for effusion the effect of the Maxwellian distribution causes a 
difference in the constant relative to the case for uniform veloci- 
ties of but 8.6 per cent with an experimental error of the order of 
3 per cent). Both these investigations have indicated the exist- 
ence of an approximation to a Maxwellian distribution of 
velocities. 


The second type of test of the distribution which quantitatively 
should be accurate over a very large range is the measurement of 
the distribution of the velocities of the electrons emitted by a 
hot body. 6 The thought underlying this phenomenon was that 
electrons were free inside the metal lattice and were subject to 
the Maxwellian distribution of velocities. Such electrons are 
held in the metal by the forces of attraction of the positive ions 
of the metal lattice at the surface. Thus, to escape, the electron 
must do work against the potential existing at the metal surface. 
If the potential is <t> volts and e is the electron, then the escaping 
electron velocity u normal to the metal surface must be greater 


than w 0 defined by the equation * *= 

A 


aii eiectroiin 
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cro88ing 1 cm 2 of metal surface per second with a normal com- 
ponent of velocity greater than uo will give rise to the thermionic 
current* The components of the velocities of the electrons 
emitted by the surface then must have a distribution of velocities 
derived from the Maxwellian lying between 0 and », which, 
as shown in Sec. 405, is unchanged by escaping against the 
attracting forces. Since electrons can have the normal compo- 
nent of their velocities accurately measured by retarding fields, 
a study of the emission would constitute an accurate check 
on the shape of the high-velocity side of the distribution curve. 
Actually such a check over a great range of velocities and of 
high precision has been achieved despite the fact that it has in 
recent years been shown to be almost certain that inside the 
metal, even at fairly high temperatures, the energy distribution 
of the electrons as a whole is far from Maxwellian 38 ' 39 * 40 . Owing, 
however, to the fact that only those electrons which have a high 
enough energy to escape are the non-degenerate electrons, 
which have a Maxwellian distribution, the Maxwellian distribu- 
tion for the escaping electrons is proved and we can consider 
this investigation to be an accurate check on the distribution 
law in the high-velocity range. 

The direct verification of the Maxwell distribution law came 
as the development of Stern’s 6 molecular-beam-velocity analyzer. 
The initial experiments of Stern were unable clearly to delineate 
the form of the curve. Later the work of Lammert 41 using the 
toothed-wheel 42 * 43 method and the perfection of the rotating-slit 
method as developed at the University of California 44 ' 46 have 
supplied the necessary data. Another excellent confirmation 
came from the beautiful determination of the Bohr magneton 
by Meissner and Scheffers by means of magnetic deflection. 46 
These verifications will be described in detail after certain 
preliminary concepts have been developed in the following 
section. 

42. The Average Velocities of Molecules or Electrons Emitted 
from Hot Bodies. — If an enclosure containing atoms, molecules, 
or electrons in equilibrium at a temperature T is considered the 
distribution of velocities is at once defined by the evaluation 
of a (the most probable speed) from the temperature. Thus in 

Sec. 5 it was found that pv = RT = \vmC 2 . Hence, dividing 

<5 
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by v, the number of molecules present in the volume v, one can 

D E> i n 

write mC* = 3—T. Calling — - k, one obtains ~mC 2 = ^kT.* 

V V Z £t 


From the above, C = yj^~ “ where m is the 

mass of a molecule and M is the mass of a gram-molecule, 
R being given for a gram-molecule. Since a^| = C or a =* 
[2/cT 

, it is seen at once that the number of molecules having a 


velocity c in the enclosure is expressed by the equation 
N dc - 


4iV mc * 

=<:-e 2kT dc. (See Sec. 36.) 


«V) r 

If a small opening be made in the enclosure so that the mole- 
cules can stream out into an evacuated space, the average velocity 
of the molecules emitted will not be the same as the average 
velocity of the molecules existing in the enclosure, as a little con- 
sideration will show. The molecules inside were in equilibrium. 
Those issuing are not, and the number issuing in unit time is 
the greater the greater the velocity of thermal agitation of the 
molecules, for it is only by virtue of their velocities that they can 
emerge. Hence the chance of a molecule emerging is proportional 
to its velocity. The number emerging at a given velocity c 
will then depend on the product of the number N d c of particles of 
that velocity present and the value c of the velocity. Thus the 
average velocity in such a stream C\ will not be that given by 
ISkT 

C = but will be greater than this. It may be found 

as follows: In getting C 2 in Sec. 35 its value was obtained by mul- 
tiplying Ndc by c 2 , integrating it from zero to infinity and divid- 
ing it by the integral of N dc from zero to infinity, which was N. 
To find the value of C i 2 under the conditions of the emitted beam, 
the product of c 2 into the number of molecules N'dc in the stream 
which have a velocity c, to wit cNd C , must be integrated from 
zero to infinity and divided by the integral of the number of 


* The quantity k is known as the Boltzmann constant and it is the value 
of the gas constant k per molecule in equilibrium. R is the gas constant 
for the number of molecules v. 
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particles issuing with a velocity c {i.e., cNde), taken from zero to 
infinity; that is, the value of C, 2 , the average ia a stream, is given 
by 


X c X c 2 e~a*dc 


<V « 


JU « V 


c* 

X c 2 e <** dc 


= 2a 2 . 


3 4 

In the inside of the oven C 2 = ^a 2 t hence Ci 2 = ^ C 2 , Ci = 


v 


I4MP 
m * 


Thus the average velocity of the mole- 


cules in such a stream is C 

l3kT 


kkT 

1 \ m 


in contrast to the root 


mean square value C 




m 


inside the oven. 


43. The Rate of Escape of Molecules from a Hot Surface. — 

In one of the proofs of the distribution law it will be essential 
to know the number of molecules or electrons escaping from a 
heated surface having a component of velocity u normal to the 
surface. Thus it seems of interest to investigate this point 
in what follows. In this discussion the molecules below a 
bounding surface may be assumed in equilibrium with a source 
of energy. A certain number of these are passing outward 
each instant in virtue of their heat motions. The number of 
such that leave may be found as follows: It is obvious that the 
component of velocity u normal to the surface is the only one 
effective in driving them through it. If there are N molecules 
per cm 3 present, the number with a velocity component u which 
would strike an area ds in a time dt are those lying in a cylinder 
of length udt and base ds. That number is Nudtds. Of these 
N molecules per cm 3 , only f(u)du have a velocity between u and 
u + du. Hence, if ds is 1 cm and dt is 1 sec., the number of 
velocity u passing through 1 cm 2 /sec. is 


Niu)du = — — e~a* du. 
ay it 

For the type of applications to be made it is simpler to transform 
this equation by introduction of a new set of constants. Since 
these constants are frequently encountered in published papers, 
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their introduction will not be amiss at this point. It was found 


that in equilibrium C 2 = 


If one calls h = then 

o 3 nr 

C % = 2 ^* Since = 2 a *> therefore a “ The above 

equation then becomes 

N {U )du = ue~ hmu *du . 


While N( U )du represents the number of molecules striking unit 
surface per second with the velocity u, the fo&iZ number of 
molecules striking the surface with a velocity such that they can 
penetrate the surface is the integral of N{ U )du from w = 0 to 
u = oo. This number can be designated as rj and is 

= J o N( U) du = 2 (i )W 

This gives N the number of molecules per cm 8 of gas in terms of rj 
as 

N = 2s&r*m)W f 

so that one can write 

N( U )du = 2 7jhmue~ hmui du 

which is a convenient form of the equation. 

Hence the chance that a molecule will leave the surface in a gas 
with a velocity component between u and u + du is given by 
Ni^du/y] or 

F(u)du = 2 hmue~ hmu% du. 

It was shown in Sec. 40B that, in equilibrium, molecules 
escaping due to thermal agitation from a space across a boundary 
against which work is done, when once outside, maintain the 
Maxwellian distribution with the same average energy as before. 
Thus it is seen that the number of thermionically liberated 
electrons as a function of their velocity can be calculated at 
once from F(u)du by integration between proper limits, as crossing 
the boundary does not modify the distribution law. 

44. The Distribution of Velocities among Electrons Liberated 
from an Incandescent Source. — To calculate this distribution of 
electrons from an incandescent source on a classical basis one 
can proceed as follows. The number of molecules or electrons 
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of velocity components between u and u + du normal to the 
surface striking the surface per second was given in Sec. 43 as 
N( U )du — 7)2 h7nue~ hmui du f where rj is the total number of mole- 
cules or electrons striking unit surface per second. The number 
of molecules N^dv and N^dw with components v and w along 
the y - and 2 -axes parallel to the surface, which strike the surface, 
is not altered by the normal component and is thus given by the 
expressions of page 79 in the new terminology as 


N( V )dv = r)yj^e- hmvi dv = 7)f(v)dv, 
N (w) dw = 7j^^€~ hmw 'dw = r\f(w)dw. 


If the electrons, in order to escape, must overcome a potential 
of value <l> at the surface, due to the positive ions of the metal 
lattice, then only electrons with a normal component of velocity 

u 0 or greater, given by ^ mu 0 2 = <t>e = x will have the energy 

to escape, e being the electronic charge. The current per cm 2 
due to the escaping electrons will then be the charge e into the 
sum of all electrons out of the rj striking the surface per second 
which have an ^-component of velocity greater than u 0 or an 
energy along x greater than x (i.e., the integral of the number 
with velocity components u from u 0 to t; from — to +°° 
and w from — 00 to +°°). Hence the current i will be 


r°° r+“ /•+• 

r)€ I F{u)du I f(v)dv I f(w)du 

J«0 J - “ J-09 


= 

Nt jV 

- Vi 


WUo* JJ, 


= AT»e T 


_x 

kT 


where b * xA and A = Nt(k/2irm)M } a constant. N is the 
number of free electrons per cm 3 , which for Ag is about 5.9 X 10 22 . 
The constant b is the thermionic work function, and the form of 
the equation is that early deduced by Richardson 8 * 13 * 14 on a 
thermodynamic basis. In the form last given it has been 
accurately verified over a large range of values of i. The factor 
(T)H has not been verified in this range experimentally, as its 
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influence is so minute compared with the T in the exponential 
portion. 

The experimental test of the law is relatively simple. It was 
first accomplished by 0. W. Richardson 6 in the following manner. 
As has been shown, the energy distribution of the emitted 
electrons is derived from Maxwell's law and is that corresponding 
to the energy to be expected from this classical law at the tem- 
perature of the metal. The normal velocity component of 
the electrons which have escaped (Sec. 40B) is then that to be 
expected for escaping molecules inside the metal for the classical 
case. By placing opposite the hot metal source in vacuum 
as the other plate of a parallel plate condenser a plane electrode 
B connected to an electrometer or a galvanometer, electrons 
from the source will reach the plate B and give a current i 
(if the emission is not too great to cause space-charge effects). 
If between the source and B a potential of value V is applied 
opposing the flow of electrons ( i.e. } B negative to the filament), 
only those electrons with a velocity component normal to the 
plates of value greater than mu 2 / 2 = Ve will reach B. If 
then one plots the current to B as a function of V, one will get 
the current for all electrons having a velocity greater than 
u — \/2Ve/m. 

Now the current of electrons of these velocities exceeding a 
value of Uq was found on the classical theory to be 

Ne -~ 

i - -ZLL=(kT)*e kT 


where x = = Ve. Calling —^L=(kT)^ = i 0 the current 

z V 2wm 


7YI 

when Ve — ~ru 0 2 = x = 0, we can write at once i 


toe 


Vt 
" kT 


Ve 

If one multiplies the top and bottom of ^ by N Aj the Avogadro 


N A e 


N A e 


number, ^ ~ anc * one can wr * te t ^ ie * aw * n experi- 

mental form as log = — ^rLv. where N A e is the Faraday con- 

to tl A l 


stant and R A is the well-known gas constant. Thus, if the 
distribution law of escaping electrons derived from Maxwell's law 
has the same form as the distribution of electronic velocities, 
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log i/io plotted against V should give a straight line. Now 
Richardson and Brown carried out this measurement of i/io as a 
function of V , and the results of one set of measurements are 
shown in Fig. 22. It is seen at once that the relation between 
log i/io and 7 is a linear one, and careful measurements have shown 
this to hold within the limits of experimental error, which is 1 per 



cent. Later measurements were made to verify the law for the 
components parallel to the emitting surface, and sufficiently close 
agreement was found to make this seem true if the results were 
taken in conjunction with the very nice verification in the case 
of the normal component. 

Another equally important test to be obtained from these 
experiments was whether the average energy of the electrons was 
that to be expected from the distribution law and from the 
temperature of the filament, in other words, whether the elec- 
trons had the energy corresponding to the molecular energy of 
agitation at the emission temperature of the filament. 

This can be tested easily as follows: If log i/io be measured as 


a function of V , the constant factor 


Njl€ 

R a T 


can be determined 




THE DISTRIBUTION OF MOLECULAR VELOCITIES 121 

from the slope of the straight-line relation between log i/i 0 and 
V. If the temperature T be determined optically from the 
filament, then, since N A e is known, R A can be determined from the 
experiments and compared with the known value. 

Early experiments gave a fair agreement only in view of the 
great experimental difficulties to be surmounted. 16 * 16 Finally, 
Germer 17 made a most careful measurement for eight different 
temperatures from 1440 to 2475°K, which after correction for 
contact potential differences showed that the current varied 
with. the voltage in just the manner calculated on the assumption 
that the electrons leave the filament with velocity components 
distributed in accordance with Maxwell's law for an electron 
atmosphere in temperature equilibrium with the hot filament. 
At 2475°K the assumed Maxwellian distribution was verified 
up to a retarding potential so great that only one in 10 10 emitted 
electrons was able to reach the collector. The value of R A , 
as found from the slope of the line for the value of T above, 
agreed with the well-known value of R A within 1 per cent. Thus 
experimentally one can assert that the high-velocity side of the 
distribution-law curve has been verified with good precision over 
a rather large range. 

In view of this rather striking confirmation, the statement 
previously made that the distribution function for electrons 
in the metal is not of Maxwellian form requires further study. 
Although the theoretical investigation belongs more properly 
in the field of statistical mechanics, 39 it is of interest to give the 
new law and discuss its bearing on the problem of thermionic 
emission in view of its increasingly wide application. 

It has been shown by Sommerfeld 38 * 39 that, when at ordinary 
temperatures the light, free electrons 13 * 14 in a metal form a gas 
of numerical density 5.9 X 10 22 electrons per cm 3 compared 
with the 2.7 X 10 19 molecules per cm 3 ordinarily encountered 
in gases, one cannot assume that the ordinary distribution law 
holds. Applying the Fermi-Dirac statistics 38 * 39 and the exclusion 
principle of Pauli, it transpires that there is a limitation to the 
crowding of momentum and position vectors in the phase space 
representing the gas (see also page 449). This limitation says 
that no more than one molecular momentum vector, or two 
electron momentum vectors, can occupy a cell of volume A* 
in phase space. Here h is the Planck constant of quantum action. 
This means that with a low temperature and thus relatively 
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few Maxwellian momentum cells in phase space available the 
superfluous electrons take up cells of higher momentum than 
warranted by the temperature. Such electrons are called 
degenerate and have an average energy (temperature) well above 
that of the metal. They do not share in such typical tempera- 
ture-dependent phenomena as the specific heat. With these 
statistics the probability of an electron having velocity compo- 
nents between u and u + du , v and v + dv , and w and w + dw 
is 


O m 3 

f(u)f(v)f(w) dudvdw = -£ 3 - 


dudvdw 


m(u»+ v*+w ») 


e 


if 


kT 


+a 


+ 1 


When conditions comprising electron density, etc., are such that 
a is positive and much greater than unity, the value of a is 
given by 

tr* = ~(2wmkT)~^. 


The equation then at once reduces to the classical form of Max- 
well, the gas is non- degenerate, and one has the familiar form 


1 __!? 

f{u)J{v)f(w) dudvdw = 2 kT dudvdw. 


This occurs when e~ a is small and thus when n is small and T 
and m are large, i.e., for a normal gas. In this case one can plot 

f{u)f(v)f{w)dudvdw against ^(w 2 + v 2 + w 2 ) = as in Fig. 


23, curve A . This form of the distribution law for the chance 
of a molecule having a given vector velocity differs as is seen 
from the chance of it having a given speed irrespective of direc- 
tion as shown in Fig. 20. 

For the case that a is negative, the equation can be rewritten 
in a more convenient form by putting a = — tt™* 

rC A 

The distribution law then becomes 


f(u)f(v)f(w) dudvdw 


2 m 8 

~W 


dudvdw 


w*) — m "1 

2 kT . J 


+ 1 


where /u 


3 nV 
w ) 8m 


This equation takes a most interesting 



THE DISTRIBUTION OF MOLECULAR VELOCITIES 123 


form for small values of the variable -r v 2 + w 2 ), for the 

exponential then becomes small compared with 1 and one has 

f(u)f(v)f(w)dudvdw = -j^-dudvdw, a constant. At T - 0, the 

curve for f(u)f(v)f(w) takes on the form of the rectangle in Fig. 
23, curve B. In this case the electron gas is entirely degenerate. 

At values of (u 2 + v 2 + w 2 ) > n 9 the equation takes on a more 

and more Maxwellian form as the energy gets greater. The 
higher T y the greater the region of transition and for large T 



(e.g.y 1500°K for Ag) the curve takes on the form of the dotted 
line. In this case the higher energy electrons are not degenerate 
and the distribution is Maxwellian. At very high temperatures 
the curve must go over to the classical form of Fig. 23, curve A. 

Conditions in metals with high electron densities and the 
small electron mass are such that the electrons are largely 

degenerate and it is only for energies (u 2 + v 2 + w 2 ) > n that 

at higher temperatures there is an approach to a Maxwellian 
distribution. Now it is precisely just those electrons with high 
energies, greater than n, that will escape against the attractive 
forces, and these it is noticed are the ones that approach a 
Maxwellian distribution. 

To deduce the value of the electron current per cm 2 in the 
case of the new distribution law, the procedure is precisely the 
same as that resorted to for the Maxwellian case, except that 
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it is more complicated. The evaluation of the number of elec- 
trons striking the surface per second with a velocity u must be 
carried out, and this component together with the y - and 2-com- 
ponents is then to be integrated as before (see page 118). In 
this case the potential to be overcome by the electrons in order 
to leave the metal may be taken as </> a , where == W a . Integra- 
tion gives as a final result that 

a Wa — m jj> 

i = Z^.(kTye kT = AT 2 e~ T f 

where b — — - and A = ~~ 7 ^~ k 2 . 

k h 3 

For the case that y/kT = a, which is positive and greater than 
unity, one arrives at the equation deduced from Maxwell's 
law. If a is negative, the equation will be that given above. 
Comparing the latter equation with the classical equation, it 
is seen that it differs in several respects. The constant term A 
is radically different, containing the Planck h and not the con- 
centration of free electrons. The current varies as T 2 instead 
of 7 th , a point not amenable to experimental test. Finally, 
the symbol x is found to be replaced by W a — y- This is very 
interesting in that it says that x does not represent the height 
of the energy required to escape from the metal but represents 
this energy less y which is a measure of the average energy of the 
degenerate electrons that help push the electron out. The equa- 
tion here deduced is almost identical with an equation rigorously 
deduced by Dushman 40 on thermodynamic grounds. If this 
equation contained an added factor D of value between 0 
and 1, giving the average chance that an electron striking 
the surface would not be reflected back and would thus escape, 
and if D = the constant A of Dushman and the constant A 
above would be identical. 

It must, however, be noted that the electrons are emitted 
at high temperatures only and that those emitted are only the 
electrons in the Fermi distribution whose energy exceeds W a = 
y + Xt those electrons in the portion of the Fermi distribution 
which are not degenerate. They will then closely approach 

the Maxwellian distribution for energies \mC 2 greater than y. 

It 

Thus the experiments of Richardson 6 and Brown, and of Germer 17 
lead to no contradiction with modern theory. 
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A further check of the equation beyond that given by Germer 
comes from the values of the total emission currents when all 
electrons emitted are caught by the galvanometer plate. This, 
according to the wave mechanics, should be 

to = 2 ADTH"*™*, 

where A is the theoretical value of the Dushman 40 constant, 
which is 60.2 amp./cm 2 deg 2 . Now for a few pure metals the 
value of A observed is just this. For monatomic films of more 
electropositive metals the A observed is less than Dushman’s 
value, and for similar films of electronegative elements the A 
observed is greater. In part these deviations may depend on 
the factor Z), although there is at present no explanation for 
the very marked variation of some substances (e.g., Pt). The 
question as to whether the factor T outside the exponential 
term should be or T 2 has not been answered by experiment, 
as the range over which the equation can be checked is too 

_ b 

small relative to the large variation of e T to give a test. The 
small temperature range is due to the fact that emission begins 
only above about 1100°K for most metals, and the metals all 
vaporize too rapidly above 3500°K. However, both the A and 
the variation with T 2 are derived from classical thermodynamics 
as well as from the new theory and so can be assumed to be 
correct. The fact that x = b 0 /k = W a — n also receives some 
support/ The refractive index of the metals for electron waves 
allows W a to be roughly determined from electron diffraction. 
The value of m can be computed from the electron density in 
metals, and, assuming that there are from two to three free 
electrons per atom, a plausible value from other data, it is 
possible to get values of n which subtracted from W a give values 
of x in agreement with experiment. The values of x observed 
from both thermionic and photoelectric effects, where comparable 
surfaces are obtainable, also agree fairly well as they should* 
One may therefore accept the verification of the Maxwellian 
distribution of velocities from these data as fairly satisfactory 
within the limitations imposed by theory. 

46. The Verification of the Maxwell Distribution by the Dop- 
pler Effect in Spectral Lines. — As stated before, the Doppler 
effect causes a broadening of otherwise narrow spectral lines 
due to the components of molecular velocities toward and away 
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from the observer with the Maxwellian distribution of velocities 
imposed on the molecules. 7 If the original shape of the lines is 
known and if no other effects occur to cause a broadening, a 
measure of the broadening should give a means of comparing 
the observed broadening to one calculated on the basis of the 
assumption of a Maxwellian distribution of velocities. Unfor- 
tunately the shape of the spectral lines is not accurately known, 
and one must assume an approximate arbitrary shape. This 
is usually chosen as a uniform distribution over a small finite 
frequency interval for the sake of simplicity. Furthermore, it 
is very questionable whether the lines may not be broadened 
by other factors as well. Such factors would be the damping 
of the virtual oscillators through radiation (giving the natural 
line width), the mutual interaction of the atoms or molecules 
such as the Lorentz impact damping, the broadening and dis- 
placement due to fields of neighboring atoms, and broadening 
through the electromagnetic coupling of resonant atoms. The 
natural line breadth of course underlies all the phenomena. 
The effects of impacts and of interacting force fields can be 
reduced to a large extent by utilizing sources that have a maxi- 
mum time between impacts ( i.e long free paths) by working 
at low pressures. Thus conditions in a Geissler or glow discharge 
at low pressure furnish the most ideal circumstances for experi- 
mental study. 

Assuming that one can work under ideal conditions, the 
problem may be considered briefly as follows: If two mono- 
chromatic radiations of the same frequency v and amplitude 
a meet with a phase difference 0, the resulting intensity is given 

0 

by I — 4a 2 cos 2 y 7 ’* Since the path difference B which the 

waves have undergone to get a phase difference 0 can be written 

as 2 tt- = 0 (i.e., multiplied by the number of wave lengths 

in 0), and since X = V fv, where V is the velocity of light and v 
is the frequency, the above expression becomes / = 4a 2 cos 2 

yv. This means that the intensity of the light will vary as 
the path difference B between the two radiations varies but will 
vary as the cos yv for indefinitely great values of B. If, how- 
ever, the light from the source is not of a unique frequency but 
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varies continuously over a small range of frequencies in each 
case, say from v\ to v 2 , the ray must be divided into narrow 
portions corresponding to the interval Av, for which the above 
expression can be used. In this case the amplitude a may vary 
with each Av chosen. The total intensity of the fringes in this 

TT$V 

case is $Idv = 4/a 2 cos 2 -ydv, where a 2 is a f(v). If one 

choose a line of uniform intensity going from v x to v 2 , the value 
of the integral above becomes 


jl * ldv — 2a 2 (v 2 — vi) 


1 cos —~V 0 

*5, , V 

- v\) 


J/n _|_ y 

v 0 being the middle of the band, — ^ — = r 0 . It is seen that as 
5 grows large, the expression 


sin - ki) 


tt6 , 
Y (v 2 


^l) 


approaches 0, so that the $ldv instead of varying periodically 
2tt8 

with the cos ~yv 0 for indefinitely large values of 5 ultimately 

becomes constant as 8 increases. Thus for small values of 8 
an interferometer with slightly tilted plates will show visible 
interference fringes across its plates, due to the small differences 
in 5 as a result of the tilt. As 8 varies, these fringes will move 
across the cross hairs of the observing telescope in a uniform 
manner, due to the cosine term. If, however, 5 be made large 
so that a vanishes, there will be no change in intensity, for the 0 
value of a annihilates the cosine term. The plates will therefore 
show a uniform illumination and the fringes will vanish. The 
vanishing of fringes is a more or less subjective determination ? 
as it depends on the contrast or intensity difference between 
maxima and minima of the fringes. The ratio / 2 //i, the maxima 


to the minima of the fringes, is given by y 


1 - 


1 + OL 


Thus 


h - h 

I\ + I* 


which was defined by Michelson 9 as the visibility 
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of the fringes. If one can observe the value of 6 for which the 
fringes vanish and know what value of a (i.e., of 1 2 and I 1 ) 
disappearance corresponds to, one can evaluate v 2 — vi f the 
width of the line from a. Now Lord Rayleigh 10 set I 2 /I 1 = 0.95 
for the ratio of h and 1 2 at which fringes vanish. This makes 
cl = Mo. Fabry and Buisson 11 took this quantity as M6 * n 
their measurements. This choice, it is seen, introduces a some- 
what arbitrary interpretation of the measurements. Of course, 
this factor varies with individual observers and the judgment 
as to the value for vanishing could be tested by an artificial 
study of visibility with known values of I\ and 1 2 , which was 
actually done by both investigators. 

Since v, the changed frequency of light of an original frequency 
i'o, obtained by superposing on the source a velocity u, is by 

the Doppler principle given by v = v 0 (l + and since the 

values of u imposed on the molecules in a glow-discharge tube 
are given by Maxwell’s distribution law, it is possible to compute 
the value of 5 for which the fringes would disappear {i.e., for 
which a = Mo or Me> depending on who made the measure- 
ments). Here V is the velocity of light. This can be carried 
out for the case where the molecules have a uniform velocity u 
and for that where the velocity distribution is Maxwellian, of 

average value u. If one chooses a parameter p = ~ 

Ao V 

this limiting order of interference p (the number of waves in the 
path difference 5 for which the interference fringes disappear) 
is given by 

V = 1.03 X 10.,/f 
for a uniform velocity, and 

P = 142 X 10^/f 

for a Maxwellian distribution, using the Rayleigh value for a. 

If the Fabry and Buisson 11 value of a is used, the limiting 
order of interference becomes 


P = 1-22 X 
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in the Maxwellian case, the subjective criterion for disappearance 
corresponding to that value of a. In all these equations M 
is the molecular or atomic weight and T is the absolute tempera- 
ture. Thus, in the Rayleigh case the evidence for the existence 
or non-existence of the Maxwellian distribution depends on a 
variation of a constant numerical factor in the limiting order 
of interference, p = 6vo/V f of the order of 40 per cent. It is 
evident that the presence or absence of a distribution of velocities 
would be clearly demonstrated by the value of p. However, only 
a small divergence of p from the value computed, which could 
be well within the limits of experimental error, might indicate a 
serious departure from the Maxwellian distribution law. 

The actual measurement of p was first made by Mlchelson and 
seemed to bear out the theory fairly well. The later results of 
Fabry and Buisson, however, seem to give an even more satis- 
factory agreement. The light from Geissler discharge tubes 
which were immersed in thermostated baths to keep T constant 
was analyzed by means of an interferometer. The difference of 
path of the interfering rays was then increased until the inter- 
ference fringes ceased to be visible. This gave 5. The gases used 
were the inert gases, such as He, Ne, and Kr, as well as some ordi- 
nary gases like H 2 . Under the conditions of the experiment the 
frequencies used came from lines known to have only a simple 
structure — that is, no complicated lines were chosen. Such 
lines come from the atoms of the elements, as is well known, 
for molecules give broad bands. Further experiments were 
made with the Geissler tubes immersed in liquid air to gain 
another value for T. M was given by the atomic weight of 
the gas. The value of p obtained from the value of 5 at which 
interference fringes disappeared by dividing by X 0 is given in 
column 4 of the table following. The calculated value of p from 
the values of M and T for the gases are given in the fifth column 
for room temperatures. For liquid-air temperatures the values 


Gas 

Atomic 

weight 

Wave 

length 

A° 

Room temperature 

Liquid-air 
temperature 
p' obs. 

F 

V 

p obs. 

p calc. 

He 

4 

5,876 


144,000 

241,000 

1.66 

Ne 

20 

5,852 


321,000 

515,000 

1.60 

Kr 

83 

5,570 


597,000 

950,000 

1.58 
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of p' observed are given in the sixth column. The ratio of the 
value of p' observed at the liquid-air temperature to that at room 
temperature is given in the seventh column. The theoretical 
value for this, e.g ., \ZT/T f y is 1.73. Thus it seems as if the 
discharge warmed the gas slightly above the temperature of the 
bath. 

The results show definitely the following facts: First, that p 
varies experimentally quite accurately as ’s/m. Second, that 
it varies as \/l/T as accurately as the temperature conditions 
can be verified. Finally, p in order of magnitude agrees very 
well with the value computed from Maxwell's law. However, 
this agreement, which is within 1 per cent, is rather forced 
through the choice of a = Y\§. For a = 34o> as suggested by 
Lord Rayleigh, the value would be about 14 per cent higher. 
Thus a complete verification of the law which depends on an 
accurate agreement between the constants can hardly be said 
to have been achieved. The much more certain proof of the 
law would result from a photometric comparison of the intensity 
of the fringes, i.e ., of J 2 /J i and hence of a at different values of 
This would give a complete and accurate verification of the law. 
It may again, however, be added that this work does definitely 
prove the existence not only of molecular velocities but of a dis- 
tribution of velocities. 

For a discussion of the proof of the distribution law to be 
obtained from effusion the reader is referred to Secs. 41 and 79. 
The proof while indicating a distribution of velocities is not very 
rigorous as the constant factor varies little with the law. 

46 . The Direct Measurement of Molecular Velocities. — The 
direct and what will be the most complete and accurate verifica- 
tion of the distribution of velocities is the result of the 
development of the technique of molecular beams or rays. 
This relatively new development began with investigations of 
Dunnoyer, 47 incident to the improvements in vacuuifi technique 
in 1911. Using the straight-line free paths of molecules or atoms 
issuing from narrow slits in reservoirs at relatively low gaseous 
pressures into high vacua, and further defining the issuing 
jet by additional slits, beams or rays of molecules moving parallel 
to each other with rare collisions can be achieved. Such beams 
are ideal for the experimental study of many phenomena such 
as the measurement of molecular velocities, distribution of 
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free paths, magnetic and electrical moments of single atoms or 
molecules, problems of condensation and reflection from sur- 
faces, and finally the diffraction of matter waves. A very fine 
elementary treatment of this whole subject is given in Fraser's 
book, “ Molecular Rays.'' 

It was Otto Stern, 6 perhaps the leading experimentalist in 
this field, who in 1920 showed the way by making the first 
direct measurements of molecular velocities. The method used 
was exceedingly simple. A platinum wire W on the axis of a 
rotating system (Fig. 24) was heavily coated with silver in 
such fashion that when heated it emitted a stream of silver 
atoms in a high vacuum. Around the filament W as axis, there 
was rotated at high speed a rigid system consisting of a narrow 
slit S , parallel to W, and a plate P opposite the slit. The filament 
which gave a line source of atoms with the rotating defining 




slit some 3 mm away thus produced a sharp narrowly defined 
beam of silver atoms. If the system SP was at rest, this beam 
was caught on the plate P, distant some 6 cm from the filament 
and gave a line image I of the filament. When the slit S and 
plate P were rotated, the molecules in the beam from the filament 
to the slit, which succeeded in getting through the slit, started 
on their path toward the plate. In the finite time taken for 
them to cross the 6 cm from the slit to the plate, the plate rotated 
through a finite angle. If the molecules were all of the same 
velocity, one would expect the image of the slit, due to the 
deposit of silver atoms on the moving plate, to be displaced a 
finite distance in a direction contrary to the direction of motion 
of the plate. The amount of the displacement must depend on 
the distance of the filament from the plate, the molecular velocity, 
and the speed of rotation. Call L the distance of W from P and 
the molecular velocity v, then the time to go from the filament 
to the plate is r = L/v . If the frequency of the rotation of 
the plate is v , the plate moves 2rvLr cm while the atoms go from 
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W to P. Thus the image of the slit will for a line image be 

displaced S — — - — cm from the image obtained at rest, in a 

sense contrary to the direction of rotation. Hence, by measuring 

S, L, and v f the value of v can be determined. Actually the 

problem is complicated because the slits have finite width and 

by the fact that the atoms have a distribution of velocities. 

If the slits were infinitely narrow, then, what was a line for the 

system at rest would not only be displaced contrary to the 

rotation but would also be spread out into a series of images of the 

slit for each velocity present. In other words, the image with the 

rotating system would be drawn out into a velocity spectrum 

Af. By a photometering of the deposit of the silver on a glass 

slide G fixed to the moving plate, the position of the image at 

rest and the distribution law due to the distribution of the 

density of the deposit for the moving system can be obtained. 

Corrections must be made for the axial finite length of the 

filament and for the finite width of the slit, which slightly 

complicates the observed distribution law. Stern, at 2,700 

r.p.m., observed a deflection of the beam of 1.2 mm. From the 

deflection he calculated the value of Ci for the molecules of silver 

% 

evaporating to be 675 meters per second. The temperature 
of the filament used was about 1200°C., which corresponds 

ART 

to a value for C i, which on theory is of 672 meters per 

second. The resolution was, however, not great enough to verify 
the shape of the distribution curve. 

In writing the first edition of this text 48 the author was im- 
pressed with the necessity of a more complete verification of the 
distribution law and stated that he believed an extension of 
the Stern method could give much more perfect results. At his 
suggestion a modification of the Stern method with very high 
resolving power was designed by Prof. E. E. Hall and built by 
N. Herod under Hairs direction in 1927. Through the able 
technique of I. F. Zartman 44 the possibilities of the method 
were experimentally realized in 1930. Finally C. C. Ko, 45 
with great perseverance and skill, overcame the remaining 
inaccuracies and was able to achieve a really satisfactory verifica- 
tion the results of which will be given later. 

At the same time, about 1926, Costa, Smyth, and Compton, 42 
and also Eldridge 43 in America, and independently and perhaps 
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before them, 0. Stern 49 in Germany, devised a different method 
for accomplishing the same end. This method utilized the 
principle of the toothed wheel originally used by Fizeau for 
measuring the velocity of light. This method was finally brought 
to a sufficient perfection by Lammert 41 to enable a quantitative 
verification of the law to be achieved in 1929. In this method, 
atoms of Hg from a source and slit system, Si, S 2 (Fig. 25) fall 
on to the slots in a rapidly rotating disc D\. On the same shaft 
as this disc and 6 cm distant was a second disc D% with an inner 
row of slots, displaced 2 deg. relative to the slots in the first. 
In line with the first slit system and the slots in the discs but 



Fig. 25. 


beyond the second disc was a slit Sz backed by a fixed plate of 
glass, cooled with liquid air LA , which could be observed from 
the outside. With an outer set of slits on D 2 that were not 
displaced lined up and everything in position, the advent and 
condensation of the Hg atoms on the glass could be observed. 
By timing the appearance of a visible deposit, the intensity of 
the beam could be measured. Careful control experiments had 
shown that the appearance of a visible deposit always represented 
the arrival of the same number of atoms per cm 2 , and, since 
the density of deposit depends on the product intensity of the 
beam times time, an observation of the time of appearance 
gave the intensity of the beam as long as the source was operating 
under constant conditions. If the discs were set in rotation, 
the molecules entering at any slit passed through the inner 
slits in the second disc only if during the time of transit of 
the molecules with a given velocity the discs had turned through 
angles such that the first, the second, third, fourth, etc., slit of the 
farther wheel was opposite the receiving slit. Had only one 
velocity been present, then there would have been deposits 
occurring in a minimum of time only when the speed of rotation 
was adjusted so that the first, second, third, fourth, etc., receiving 
slit was opposite the receiver when the molecules arrived. 

With a distribution of velocities present, the arrival of the 
very fast molecules is registered for a speed just less than that 
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cutting off all molecules. By gradually decreasing the speed 
the various slower groups get through, and for still slower speeds, 
just before cut-off, the very slow molecules get through. This 
renders it difficult to obtain the fastest and slowest molecules 
as the appearance of the very fast molecules from the second 
slit begins to overlap the slowest molecules from the first. A 
greater range of velocities can be observed by using small slits 
and large distances between them, which reduces the beam 
intensity to impossible values. By properly adjusting the speeds 
used, bands of velocities between certain limiting values can 
be passed through due to the finite width of the slits. For each 
band the time of appearance of the deposit on the receiving 
plate corrected for the drop in intensity due to the teeth of the 
wheel was noted so that an estimate of the relative number of 



molecules in each limited velocity group was obtained. In this 
fashion, using 50 slots and from 12.1 to 40 revolutions per second 
velocity, bands differing by 50 m/sec. were separated out and 
their intensity was measured. The intensities of these bands 
plotted against the velocities observed are drawn in Fig. 26. It 
is seen that the curve drawn through the mid-points of these 
groups gives a fairly satisfactory Maxwellian curve. The use 
of the device by Stern and his school for obtaining more or less 
monochromatic velocity beams of molecules in later years is 
exemplified in the beautiful diffraction experiments of the De 
Broglie waves for He and H 2 . 

A very recent and accurate verification of the distribution 
law has been published by Meissner and Scheffers. 46 In this 
case a beam of potassium or lithium atoms was passed through an 
inhomogeneous magnetic field perpendicular to the path of the 
beam. The experiment was essentially to be a very accurate 
repetition of the early Stern-Gerlach measurement of magnetic 
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moments which is described in Sec. 103. This beam of potassium 
or lithium atoms, due to the magnetic moment of the atom, is 
divided by the field into two types of atoms, those having their 
magnetic axes parallel and those having their magnetic axes 
antiparallel (at 180 deg.) to the field (see page 539). In such a 
field those atoms with parallel moments are attracted to the one 
pole while the others are repelled from that pole by the divergent 
field. The magnetic force is constant so that a beam of atoms 
from a slit perpendicular to the axis of the field will be deflected 
toward or away from the position in the absence of the field 
by an amount dependent on the gradient of the magnetic field 
8HI8Z, the magnetic moment jjl of the atom, and the time t 
which the atom is in the magnetic field, according to an equation 


S = ~ a/ 2 , where a = ~ 

2 ’ m 8Z 

This time t is merely the time 
taken for a molecule of 
velocity c to traverse the 
distance l in the field along 
the face of the pole pieces. 
Hence, since c which is deter- 
mined by the Maxwellian 
distribution, varies, the value 

of t — - will vary and S c will 
c 

i . u e 1 n 8H l 2 
be given by & = 



Fig. 27 . 


For a finite width of slit, of course, corrections must be made. 
Hence the deflected beams will be spread out in intensity accord- 
ing to a Maxwellian distribution curve for molecules emitted 
with a velocity c to the right and left of the central image, in 
the absence of a field. The method of detection was to use a 
fine slit in a small chamber parallel to the original beam. In 
this chamber was a fine incandescent platinum or other wire 
parallel to the slit. It now happens that atoms of the alkali 
metals, on striking such a filament, are reemitted as ions. By 
measuring the positive ion current from the filament as the small 
chamber is moved by micrometer screw across the beam, the 
relative intensities of the beam at different displacements S c 
are at once determined. The result for Li is shown in Fig. 27 
for the right-hand deflection of the beam. The line is the 
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observed curve, the points are the calculated points assuming n 
to be one Bohr magneton (see Sec. 101). The rise at the center 
is due to a few molecules of Li, Li 2 which are present in the vapor 
and are non-magnetic (ju = 0) and hence are not deflected. It 
is seen that, except near the very high velocity region near the 
center, the distribution law is close to that calculated from 
Maxwell's law. The deviation there may be due to the presence 
of the Li 2 molecules. This agreement confirms the value of the 
Bohr magneton as well as the Maxwell law to an asserted accuracy 
of 0.5 of 1 per cent. 

The modification of the Stern method, developed at the 
University of California, 44 * 45 is as follows: As shown in Fig. 

28, the atoms or molecules 
emerge from an oven 0 heated by 
radiation from a filament F. 
The beam is then produced by 
the slits Si and S 2 in the highly 
evacuated space. The rapidly 
spinning cylinder C is rotated 
at about 6,000 r.p.m. or more 
by a high-speed motor housed 
in the same casing about an 
axis A. It has a slit S* on one 
side and opposite, on the other 
side of the cylinder, a clamp made 
for holding the glass plate G so 
that it can always be replaced 
in its former position after re- 
moval. The plate is bent to the curvature of the flange of 
the disc and coated with a thin uniform deposit of the metal 
to be used, e.g. f Bi. Then it is placed in position in the cylinder 
and the chamber evacuated. The furnace is heated and at a 
given time the slide B at S 2 is opened, permitting the beam to 
strike the plate at the forward (right-hand edge) for a sufficient 
time to give a good deposit. This occurs when the cylinder is 
at rest and O, Si , S 2 , Sz are all in line. The plate is removed 
and photometered on a recording microphotometer. It is then 
replaced, the chamber sealed and evacuated, the motor set 
into motion in a clockwise sense, and allowed to steady down. 
The slide B is again opened and a run of some 10 hr. is made in 
order to obtain a deposit of sufficient thickness on the plate. 
The plate is then removed and again photometered. The 
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differences between the ordinates of the initial deposit with 
fixed disc and those of the curves with the revolving disc on the 
two microphotometer plates are then measured. A picture of 
the two microphotometer curves superposed is shown in Fig. 29 



for Bi. In Ko’s apparatus the rotation of the disc was counter- 
clockwise so that the zero image and fast molecules are to the 
left and the slow molecules are to the right in Figs. 29 and 30, 
i.e.y the reverse of what they would be if the schematic revolution 
of Fig. 28 had been used. Correction for the absorption curve 
of the deposit then enables one to plot the distribution curve 



for the substance. The distribution-law curve, assuming 
Maxwell’s law, the temperature of the oven, and speed of rota- 
tion with correction for slit width, is then computed. The full- 
computed curve and the observed experimental points are 
compared in Fig. 30. As is seen, the agreement is good. Com- 
plete agreement is prevented, due to diffuse molecules, to the 
gradual change of slit width due to the accumulation of Bi at 
St, and due to the presence of Big molecules in the beam. 




CHAPTER V 


THE MORE ACCURATE EQUATION OF STATE, OR VAN 
DER WAALS' EQUATION 

47 Introduction. — In the discussion of the gas laws on the 
basis of the kinetic theory, which has preceded this chapter, the 
molecules have for the most part been considered as points 
which have no forces acting between them. In the deduction of 
the expression for the mean free paths in Chap. Ill it became 
necessary to consider that the molecules have a volume, and use 

4 

was made of a quantity b related to „7rrW, the total volume of 

U 

the molecules present in a cm®. In fact, the pressure of a gas 
as calculated by Clausius in Sec. 19 made an allowance for such 
a term. As was shown in the second chapter, the kinetic hypo- 
thesis leads to the expression pv = RT = *m(7 a for the type 

of gases postulated. This is commonly known as the Boyle’s- 
Charles’ law, and it holds true for the “permanent” gases under 
the experimental conditions usually employed in the common 
laboratory courses in physics, within the precision obtainable 
in such experiments. Even Boyle in his first measurements, 
however, noted that it did not hold rigorously, and stated the 
fact. As will presently be seen, accurate experiments show 
that this law does not hold at all accurately over large ranges and 
with a higher precision of measurement. The departures from 
this law, in part foreshadowed by Clausius* in his theoretical 
treatment of the pressure relation, lead Van der Waalstohisnow 
famous equation of state. The development of the latter equa- 
tion and its application to the interpretation of gaseous behavior 
will constitute the body of this chapter. 

It should further be pointed out that, in turn, the Van der 
Waals equation has its shortcomings. While in its present form 
it covers the general behavior of gases beyond the realms of 
Boyle's law satisfactorily for a large number of gases, it breaks 
down quite seriously when compared with still more accurate 
results. To replace it, various modifications or extensions have 

140 
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been made to correct the errors introduced by the simplifying 
assumptions underlying it. Thus, while specifically Van der 
Waals’ equation extends the Boyle’s law equation by endowing 
molecules with volumes and forces, it assumes these volumes con- 
stant and the forces independent of the state of the gas. Actually, 
these conditions are not fulfilled and the extensions of the equa- 
tion, some merely empirical in nature, attempt to correct 
this difficulty. They, in general, succeed in being of use for one 
set of phenomena involving the law, but none of them have the 
general applicability of the simpler equation. Necessarily, the 
better equations of this type reduce to the Van der Waals equa- 
tion in the limit when the factors causing the deviations from the 
equation are reduced to vanishingly small quantities. Again, the 
Van der Waals equation itself reverts to the simple Boyle’s- 
Charles’ law when the molecular volumes and forces approach zero. 

It is of interest to note in passing that the development of this law 
is a beautiful illustration of the progressive advance of physical 
science. First there is the discovery of a general regularity or 
law of nature through crude quantitative measurement. This is 
followed by a stimulating “ explanation ” in terms of a mechani- 
cal analogy. Then, as the result of more accurate measure- 
ments, what might be called second-order deviations come to 
light. F ollowing these appears a brilliant extension of the mechan- 
ical theory to include the deviations. It is to be noted that such 
a change in the theory is not revolutionary in any sense. Nothing 
is upset and no errors have been made. The further investiga- 
tion merely indicates the limitations of the fundamental assump- 
tions. Such limitations being discovered, a further extension is 
possible, and the accuracy of the theory is extended perhaps to 
another significant figure. Following this improvement still 
more precise measurement again reveals deficiencies which require 
extension of the theory. Thus the knowledge and comprehen- 
sion of the phenomenon can continue indefinitely, new improve- 
ments in technique making further experiment possible, new 
extensions in mathematical treatment also making perfection of 
the theory possible. It might seem as if this process could go on 
ad infinitum . Unfortunately, as accuracy advances progress 
becomes increasingly difficult, owing to the increase in mathe- 
matical complexity. Thus.it soon becomes almost impossible to 
handle some of the resulting involved expressions. A simple 
example of this also appears in the practical application of the 
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equation of state. To this day most engineers are, for simplicity, 
forced to assume the Boyle’s law equation, since the complica- 
tions introduced by the more accurate Van der Waals equation 
already begin to increase the complexity of their calculations 
more than the increase in accuracy would warrant. 

The Van der Waals equation, accordingly, besides furnishing 
an admirable second approximation to the true behavior of gases, 
can be of value in indicating the manner of advance of scientific 
thought. From what has preceded, it is seen that, while it has 
its limitations, it is perhaps the most serviceable equation, for, 
owing to its still considerable simplicity, it makes it possible to 
deduce the values of the constants involved ( e.g ., the size of the 
molecules and the constant of attraction) to a first order of 
approximation. With the more accurate modifications the 
increasing complexity of the quantities renders such evaluations 
more difficult, and the loss of generality in application renders 
correlation between the constants of the equation obtained from 
a variety of phenomena impossible. Thus by its means, as will 
be seen in this chapter, the molecular constants a and b can be 
determined and can be found to agree from three apparently inde- 
pendent sets of data, to wit: (1) deviation from the gas laws, (2) 
critical constants, (3) the Joule- Thomson effect. 

48. Deviations from Boyle’s Law and the Deduction of Van 
der Waals’ Equation. — If the product pv = RT = constant is 
plotted as ordinates against p, the pressure, as abscissae, the 
resulting curve should be a straight line parallel to the axis of 
abscissae as long as Boyle’s law holds. This is shown in curve 1, 
Fig. 31. There are, however, no gases for which this is true if 
the measurements are accurately made. For the gases H 2 and 
He the product pv plotted against p gives nearly a straight line, 
which rises gradually as p increases. The behavior for these gases 
is seen in curve 2, Fig. 31. For most gases, however, the curve 
for the product pv at first falls below pv equals a constant, as p in- 
creases, and later rises above this line. For 0 2 and N 2 the decrease 
is slight, while for the more condensible gases the initial drop is 
more pronounced. Such a curve is shown in curve 3, Fig. 31. 

The explanation of these phenomena is qualitatively simple. 
In the first place, if Clausius’ deduction of the pressure relation 
which allows for the volume of the molecules is correct (Sec. 19), 

i.e., if p(v — b) « RT = ^ mvC 2 , then pv — pb — RT , or, better, 
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pv — RT + pb. Thus, as p increases pv increases linearly with 
it. Its rate of increase is then determined by 6, the coefficient 
of p ,and the greater 6 the more rapid the rise. This b is nothing but 
a function of the volume of the molecules, which was taken as four 
times the total volume of the molecules present in the volume 
v of the gas, so that it should be possible from such devia- 
tions to evaluate b and hence the size of the molecules. Thus 
the deviations of the type-2 curve is satisfactorily explained 
by taking account of the volumes of the molecules. The initial 
fall of the curves of the third type in Fig. 31, however, still 
requires explanation. This curve demands that, as p increases, 
the product pv must first decrease, that is, v must decrease more 



Fig. 31. 

rapidly than p increases. Such a change in v can only take place 
if some pressure other than p is active in changing the volume. 
Now the fact that molecules condense to form a liquid or a solid 
under the proper conditions indicates very definitely that the 
molecules attract each other. Thus the forceless molecules pre- 
viously assumed must for all gases be replaced by molecules which 
attract each other. If this be assumed to be the case, and if it be 
further assumed that the attractive forces of the molecules extend 
over limited distances only, then the more molecules there are in 
a given volume the greater will be the attraction. Hence it 
would be expected that, as the volume decreases, the internal 
pressure due to the attractions of the molecules would increase. 
Thus it is to be expected from the behavior of the pn-p curves 
that, besides the external pressure p on a gas, there is an internal 
pressure p' due to mutual attraction of the molecules. This 
pressure p' is a function of the volume of the gas and must be 
added to p in any correct gas-law equation. 

Van der Waals, in 1873, had the insight to derive an expression 
for the value of this pressure p ' and thus to deduce an equation of 
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state which stands today as the most generally satisfactory 
approximation to the gaseous behavior. His evaluation of the 
pressure p f was based on an analogy to Laplace’s famous equation 
of surface tension. Surface tension is again a phenomenon due 
to the mutual attraction of molecules, and hence it is not surpris- 
ing that the type of reasoning successful in one case should be 
equally successful in a similar case. If one considers the outer 
layer of gas in a containing vessel, one notes first the external 
pressure p on this layer exerted by the walls. If, however, the 
gas molecules attract each other, those on the outside will 
not be attracted outward, as there is no gas present to attract 
them. They will, however, suffer an attraction inward by all 
inward lying molecules. Now it is obvious that the attractive 
forces of molecules on other molecules must vary with the dis- 
tance. Hence it is conceivable that molecules lying far away 
from a given molecule will suffer negligible attraction from it. 
It must, accordingly, be assumed that, in general, there is a dis- 
tance x in a gas beyond which the attraction of one molecule for 
another is negligible. What the magnitude of this distance is is 
not of material importance for the present discussion. Possi- 
bly it is of the order of a mean free path at N.T.P. One can, 
therefore, consider a layer of gas x cm thick, over the outer 
surface of the gas, in which each molecule has an inward com- 
ponent of force exerted on it by the molecules lying within x cm 
interior to it, for the inward components of force on these mole- 
cules are not balanced by outward components of force, since 
there are no molecules more than x cm outside of this layer to 
attract them. 

Since the pressure on the layer is due to the molecules, it must 
be proportional to the number of molecules v per unit volume 
in the outer layer. It must also be proportional to the number 
of molecules v ' per unit volume in the body of the gas attracting 
the outer layer. Thus the pressure is proportional to the product 
of the concentrations w' in the two attracting parts of the gas 
considered. In a gas in equilibrium, v = v' so that p' « ? 2 .* 
For a given number of molecules, n, in the gas, v = n/v, where 
v is the volume of the space with n molecules. If n is constant, 
v is proportional to 1/v . Hence the pressure p' a 1/v 2 and one 
may write p' * a/v 2 where a is a constant. It is to be noted 

* This at the outer surface is not strictly true but is legitimate in this 
discussion. The question is more fully discussed on p. 146. 
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that nothing was said concerning the laws of force assumed to 
exist, except that the force decreased so rapidly with the distance 
that the forces were negligible at distances of the order of the 
dimensions of the vessel. Experiment has shown that the shape 
of the vessel has no effect on the pressure p'. This fact can be 
shown to preclude laws of force that decrease as slowly or more 
slowly with the distance than / « 1/r 4 . Hence the attractive 
forces must fall off as rapidly as / « l/t m f where m is equal to 5 or 
more. Again, when p' is written as equal to a/v 2 , the quantity 
a taken as a constant of proportionality is so taken with a disre- 
gard of the fact that the concentration v must be influenced by 
the attractive forces. A consideration of this omission has the 
effect of making a a function of temperature as will be seen later. 
For the present, a may be assumed to be essentially constant. 
It is obvious that a must be a constant characterizing the 
attractive forces for each particular kind of gas and should be 
independent of the volume v of the gas. Thus the equation 
properly describing the behavior of a gas must contain the cor- 
rection both for the volume of the molecules and for the value 
of the internal pressure. Thus Van der Waals 7 equation may 
be written 


( P + - b) - RT = inmC’.* 

It is this equation which, in general, most conveniently fits the 
behavior of a gas to a second degree of approximation. By its 
application to gaseous behavior the values of a and b may be 
found for different gases. 

Thus in the explanation of the curves of type 3 of Fig. 31, 
which was discussed, the equation takes the form 

pv - RT + pb - 2 + jf. 

Since a and b are both small db/v 2 is a small quantity of higher 
order and may be neglected. Hence the expression for the quan- 
tity pv becomes pv = RT + pb — a/v. This equation very satis- 
factorily explains the initial drop of the pv curve as p increases. 
For if a is greater than 6, as v decreases the a/v term increases 

* The n here used represents the molecules in the volume v. It will here- 
after be used in place of the v formerly used. 
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more rapidly than pb increases. It seems as if the resulting 
decrease of pv should go on indefinitely. As the pressure goes 
still higher, however, the volume becomes so small that the 
molecules become crowded together and the spaces between them 
become of the same order of magnitude as the molecules them- 
selves. When this point is reached, further changes in p produce 
comparatively small changes in v (i.e., 1/v is no longer propor- 
tional to p). Thus the pb term increases more rapidly than 
the a/v term and soon becomes the important factor causing the 
curve to rise again. With H 2 and He, however, the a is so small 
as to cause little or no change in the slope of the curve due to pb, 
and the type-2 curves result. Hence one may already qualita- 
tively see the differences in gaseous behavior due to a difference 
in the constant a. 

The expression for the internal pressure of the gas due to 
attractive forces may be deduced rigorously from the attractive 
forces. The deduction will follow one due 
to R. H. Fowler 11 as this procedure gives 
a far better insight into the nature of the 
Van der Waals a. 

Consider an infinite plane slab of gas of 
thickness df shown in Fig. 32,*and calculate 
the average force dF exerted by all the 
molecules in df on a molecule at a point P 
distant Z cm from the slab. As collisions 
do not enter, one may regard the molecules 
as point centers of force. Assume n molecules in a volume v 

of the gas. Then in unit area of df there are ~c?/ molecules 

in the absence of the molecule at P. However, if a molecule 
is at P, the field of force at df due to the molecule at P will so 
alter the distribution that there will be a change in the number 
of molecules due to the force field. In Sec. 36 it was shown that 
the number of molecules finding themselves at a point in a 
force field where the potential energy was u, was given by 

n u = nAe~Md r , 

In the present case, the number of molecules in the volume of 
unit area and df thick at a distance r from P will be ^dfe~ Ur/kT , 
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where Ur is the potential energy due to the force field of the 
molecule at P and is a function of r. 

To obtain the force on the whole slab, choose an annulus 
of width dr at a distance r from P and determine the force due 
to this annulus at P . This annulus contains n x = 2irr sin 6 

? r _ -dfe~ Ur/kT molecules as seen from Fig. 32. The force on 
sm 6 v 


these molecules due to P is then cos 0, for the resultant 

or 

force must be along the normal PO of the slab. Inserting the 
value of rii in the equation and writing r cos 6 = Z f one obtains 

the force as 2ir -dfz( ^\~ Ur/kT dr. The total force dF on the 


molecule at P due to the whole slab is obtained by canceling 
the differentials in r and integrating for all values of r from Z 
to infinity. This process gives dF as 

dF = 2w- v kTZdf(e~^ - 1). 

71 

In a slab of unit area of thickness dZ at P there are -dZ mole- 

v 

cules acting like the one at P. Thus the two slabs separated 
by a distance Z attract each other by a force per unit area in 
amount 

n 2 

2w^kTZdZdf(e kT - 1). 

To determine the total pressure of the gas, the force per unit 
area between the two slabs must be integrated from 0 to <» 
over both df and dZ. The distance Z between the slabs df and 
dZ must be taken as f + Z. Then the pressure is given by 

2^rJ o J o (Z + f)(e~ - 1) dZdf. 

Changing the origin for integration so that (Z + f) = x, and 
df = dy } the integral becomes 

n 2 C* n* C a -Hi 

2r^cT x(e kT - 1 )dx dy = 2 i^-.kT x*(e ^ - 1) dx. 

^ Jo Jo v Jo 

This gives at once the force per unit area due to the attractions 
of the molecules on two sides of a bounding plane in the gas. 
If a sufficiently thick slab of gas be regarded between two 
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infinite parallel planes in the body of the gas, this gas mass will 
be in equilibrium due to the forces per unit area of equal mag- 
nitude but opposite directions across the two planes. If now 
the layer of gas above the upper boundary be removed, and if 
the section be of such thickness t that the force 8u x /8x approaches 
0 at distances of the order of t , the gas between the two planes 
exerts an unbalanced pressure p f on the interior layer. This 
pressure p' is just the Van der Waals internal pressure and is 
the force per unit area between thick gas layers whose value is 

2 f OO 11, 

p' « 2*~kT I x 2 (e w - l)dx. 

Hence, since p f — a/v 2 , one has 


a 


— 2wn 2 kT x 2 (e 


Ux 

kT 


l)dx. 


There may be some question as to whether at a real gaseous 
boundary the pressure on the boundary layer is that arrived 
at above, owing to the fact that due to the variation of force 
with distance the distribution of molecules in the surface layer 
is not that ideally assumed above. Fowler 20 has shown, however, 
that the pressure p' can be calculated from the work done in 
carrying a molecule through the surface, taking into account 
the change of density at the surface. The result of this calcula- 
tion turns out to be the same as that given above, so that there 
is no question of the accuracy of the result. 

It is seen that the value of p' and hence a differs from that 
given by the elementary theory in that a is much more specifically 
evaluated and that a here is a function of T. Were the force 
function and hence u z known as a function of distance x, the 
exact value of a could be determined in terms of T. That a 
is really not a constant as assumed by elementary theory but 
depends on T is here theoretically justified and is in agreement 
with experimental fact. As regards the function u x it is inter- 
esting to note that the function probably varies as an inverse 
power of x, i.e., u x « 1/ x m , and that the exponent m must be greater 
than 4 in order that the a be independent of the size and shape 
of the vessel, an experimental observation. 

49. Note on the Value of Van der Waals’ b . — As has been 
stated in several places, b is a correction term in the pressure 
equation for the finite volume of the molecules present. At 
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first sight it might appear to be the total unavailable space for 
molecular motion, i.e ., the total volume of the spheres of exclusion 
of the molecules, 


“7r<rW or 

where r = <r/2. This was shown in Sec. 18 to be incorrect, as 
in any collision only that hemisphere of the volume of exclusion 
is involved whose base is perpendicular to the direction of motion , 
so that 

b = = |nr*JV = = 4». 

This can be more rigorously deduced as follows. In a gas at 
pressures around that of the atmosphere the chance of collision 
between molecules is some tens of thousands of tiines more 
probable than with the walls of the containing vessel as shown 
in Sec. 15. Thus one regards the potential impacts as taking 
place with the irregular surface of the spheres of exclusion 
surrounding the molecule whose collisions are being studied. 
Owing to the finite volume of the spheres of exclusion, the volume 
available for the motion of the molecule in question is not a 
volume V described by the highly irregular surface made by 
joining the centers of all the surrounding molecules. It is instead 
a volume described by the hemispherical surfaces of all the spheres 
of exclusion of the molecules delimiting the available volume F, 
and facing the molecule in question, since this volume is denied 
to the single molecular center in question in its motion. This 

l/4 \ 

reduces the available volume V by a quantity b 2 \Jf rril<T * )’ 

where n x is the number of molecules delimiting the volume V . 
Thus the volume available is V — 6. Hence the volume avail- 
able for motion in the usual cases considered is V — 6, where 
b = 4a ). 

In classical kinetic theory, many attempts have been made to 
compute this volume 6, utilizing the shortening of the mean 
free paths of molecules due to the effect of collisions \>etween 
molecules of finite volume having definite spheres of exclu- 
sion. 1 ' 2 * 3 ’ 4 ' 6 While this method furnishes a useful tool, it is 
strictly not relevant as the correction occurs at equilibrium, 
irrespective of the existence of mean free paths. In the attempt 
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to deduce a proper value of 6, a number of erroneous deductions 
have crept into the classical literature of the past, which were 
treated at length in the first edition. Suffice it to say that an 
early faulty deduction of Van der Waals based on free-path 
considerations, gave the proper value of 6. A later deduction 
of Van der Waals 1 corrected the blunder and obtained a different 
value. By including the distribution of velocities in the deriva- 
tion, a factor neglected in earlier work, Van der Waals found that 
the correct deduction again gave the value of b = 4a> initially 
erroneously deduced. In view of the fact that the more accurate 
deductions of the equation of state from the theorem of the virial 
yield the same value of b — 4co, obtained above, a further con- 
sideration of the subject is superfluous. The value of 6 may 


thus safely be taken as b 



and will so be used here- 


after. It should again be noted that in all these deductions, the 
molecules are taken as solid elastic spheres of radius r and diam- 
eter a. Actually, a? will be shown later, this is not the case. 
The quantity a is determined by the repulsive forces due to the 
interactitfn of repulsive interatomic force fields of the form 
f i = — «i /r n , reduced in value by the superposition of attractive 
force fields / 2 = +a 2 /r m , where n ranges between 9 and 14 while 
m is of the order of 5 or 6. The resultant increase of repulsive 
force fi — f 2 causes the forces of repulsion to become so large 
with small changes in r that the molecule acts much as a hard 
elastic sphere of radius a/2 = r h not much less than r 0 , the value 
of r at which fi = f 2 . For violent impacts the centers of the 
molecules will approach to less than r 0 and to smaller distances 
the more violent the impacts. Thus ri = a/2 is a very slowly 
changing function of temperature. It must further be noted 
that while the correction for the volume of the molecules, 6, 
has the value deduced above for total available volumes V which 
are much greater than 2b, when V becomes comparable with 26 
or less, the correction to V for the volumes of the spheres of 
exclusion must take on a different value. Of the limitations 
imposed by this fact on the equation of state, much more will 
be said at another point. 

It is thus again clear that the volume correction 6 is only 
approximate, that it may vary with the velocities of the molecules 
(temperature), and that it is only correct for values of V some- 
what exceeding 2b, below which b is a function of the volume V 
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and takes on a different value. At very low pressures and 
practical volumes the effect of molecular spheres of exclusion 
becomes entirely negligible in comparison with the volumes V 
available for motion. 

60. Deduction of Van der Waals’ Equation from the Theorem 
of the Virial. — A more rigorous and perhaps more satisfying 
deduction of Van der Waals' equation comes from a consideration 
of Clausius' 6 well-known theorem of the virial. As it is not 
readily accessible to the reader, it may not be out of place to 
discuss it at this point. 

It is first necessary to deduce the theorem of the virial in order 
to understand its function. The derivation here used is taken 
from the admirable treatment of Clemens-Schaefer.* Let it be 
assumed that the equations of dynamics may be applied to the 
centers of gravity of each of the molecules of mass m of a homo- 
geneous gas. Then one can write for the equations of motion of 
these molecules 


w4t? = X : ra~| = K, and mf Z 


dt 2 


dt 2 


- Z . 


In these equations the coordinates of the molecule along the three 
axes are x } y ) and z, while X y Y , and Z are the three components 
of the external forces acting on the molecule. Multiplying these 
equations through by x, y 7 and z, respectively, 

d 2 x v d 2 y v d 2 z 

mx w = * X ’ my dt> i = Yy ’ mz W = * 2 - 


d 2 x 

Since, however, the quantity mx ^2 ma y expressed by 



and similarly for the y - and z-components, these equations of 
motion may be written in the following fashion : 
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Adding these quantities together, 
m d* 


4 dt* 


(** + y* + *) + (f ) + (f*) } 


= ±(X* +Yy + Zz). 


The equation applies to one molecule, and it must now be 
summed up for all molecules of the gas. Thus, 


%%%(** + V* + - \X™ 2 = \X^ Xx +Y V + 


This equation can now be multiplied by an elementary time 
interval dt and integrated over a comparatively long time inter- 
val r. * 


rXfar.<*‘ + *• + *■>* - Sj>» - jXjf + 

Yy -f- Zz)dt. 

Dividing this quantity by r, 

+ + «’>r. - . i XXr'" - + 

Yy + Zz)dt. 


If, now, the values of all velocities and coordinates are conceived 
of as remaining within finite limits, then for a relatively large r 
the first term will become vanishingly small while the others 
remain finite, for the first term is divided by r but contains no r 
while the other terms contain r as well as being divided by r. 
The first term that does not vanish under the above conditions is 
nothing but the total kinetic energy of agitation of the molecules, 

— mT 1 

averaged over a finite time. This may be written 
The term on the right-hand side of the equation is the average 


• This time interval need be long only in the sense of the average times 
between disturbances of the motion of a molecule. Since the mean free 
path is of the order of 10~* cm and c is of the order of 10 4 cm /sec., the time 
for such an occurrence is 10~ 9 sec. Hence for the integration in question r 
need not be a great fraction of a second. 
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value of the sum Xx + Yy + Zz ), taken over a finite time 

interval, and it can be written as + Yy + Zz). Now 

g-c 2 is really nothing but the average total 

kinetic energy of the molecules present in a given volume, to wit 

~nmC 2 , where n is the number of molecules present. 

£ 

Then the equation becomes 

inmC s + ^{Xx + Yy + Zz) = 0. 


The quantity — ^%{Xx + Yy + Zz) was ca ^ e< i by Clausius the 

u virial” of the mechanical system; and the above equation states 
that the total kinetic energy of the system is equal to the virial 
of the same. This constitutes the famous theorem of the virial. 

This theorem may at once be applied to deduce the expression 
for the equation of an ideal gas. Consider the gas enclosed in a 
parallelepiped of volume V = abc , the sides a, 6, and c being 
parallel to the coordinate axes. For the ideal gas, no forces act 
between the molecules at all and merely the forces experienced 
by the molecules in impact with the walls need be regarded. 
Consider the two walls of the paralellepiped which lie parallel 
to the yz-plane, the one wall having the x coordinate equal to 0, 
the other wail the x coordinate equal to a. Now, denote the time 
average of the force on the wall per unit area by p. For the 
wall at x = 0, p is in the direction of the positive x-axis; for the 
wall at x = a, it is in the direction of the negative x-axis. Thus 

for the first-named wall = +pbc 0 = 0, and for the 

second-named wall ” ~P bca ~ ~~?V. Exactly the 

same value is obtained for each of the other two pairs of walls, 
whence Xx + Yy + Zz )* = Thus the theorem of the 

virial at once gives = inmC 2 , or p = " ^NmC 2 . 

This is the simple equation for an ideal gas which was deduced 
in a very elementary fashion in Sec. 5. 
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It now becomes necessary to carry this deduction over to the 
case of the non-ideal gas. This treatment due to Reinganum is 
found in Jellinek and in Jaeger. 17 In this case intermolecu- 
lar forces act on the gas molecules beside the forces assumed 
above, i.e. y those of the walls. These forces must be taken 
account of in the virial. 

Let it be assumed that the molecules are hard elastic spheres 
between which forces act which are functions of the distances between 
the molecules. Let it be further assumed that these forces decrease 
rapidly to 0 when the distances between the molecules exceed a^ 
certain value. Call <f>(r) the force between two molecules 
located at the points x> y y z , and x' y y' y z\ It then follows 
that r, the distance between them, is given by r 2 * (x — x') 2 + 

(; y — i/)* + (z — z') 2 . The force components X y Y , Z and 
X', Y\ Z' acting on these molecules are then given by the 


following relationships: 


A' = 4>{r) X ~ r ~ 

A' = 

II 

-1 1 

II 

^ 1 

1 *■ 

II 

z } - z 

Z> = 


{i.e. } they are the projections of <f>(r) on the X-, F-, and Z-axes). 
The unaveraged virial for these two molecules thus becomes 

- - 

On rearranging these terms one arrives at the relation 

- - *') 2 + (y- v'Y + (2 - m = -\rm 

One may then sum up the value for one pair of molecules over 
all the pairs of molecules and obtain the virial of the interatomic 

forces as simply — It is therefore clear that this 

virial must be taken into account in arriving at the correct 
expression for the whole virial in the case of a real gas. That is, 
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the appropriate terms of this form for interatomic forces must 
be added to the expression for the virial of an ideal gas. Thus 
the virial for the ideal gas, 

\pV - \nmV « 0, 

must have terms of the form above added to the left-hand side, 
if applied to a real gas. In order to insert these terms correctly, 
a more careful consideration of the properties of the molecules 
of a real gas must first be undertaken. 

As has clearly been intimated in the previous deductions of 
Van der Waals’ equation, the molecules are assumed to have a 
finite diameter <r and at the same time to exert attractive forces 
falling off rapidly (as fast as 1/r 6 or faster) with the distance. 
When one asserts that a molecule has a diameter a, one merely 
states that in impact, when the centers approach within a of each 
other, there are abruptly manifested repulsive forces of a high 
order falling off exceedingly rapidly with the distance (z.e., 
repulsive forces of the type of 1/r 9 to perhaps 1/r 14 ). In an 
average impact the molecular centers, under such conditions, 
cannot approach much more closely than a. This distance of 
approach will vary slightly with the energy of impact, but, owing 
to the high order of the exponent of r, the variation may in 
some cases be neglected and <r then taken as constant. Likewise, 
at distances greater than a the repulsive forces fall off so rapidly 
that they can be neglected. Nevertheless, there are repulsive 
forces at distances of the order of a which must be included 
in the virial. At distances greater than a the attractive forces 
come into play relative to the repulsive forces. These again 
fall off rapidly with the distances but extend with appreciable 
magnitude over distances much greater than do the repulsive forces . 
These also require a term in the virial and both the repulsive 
and attractive terms must be added to the simple expression 
for the virial of an ideal gas to make it applicable to a real gas. 
Since these terms are both due to interatomic forces, both will 
have the same form as that deduced above, i.e., r<p(r). How- 
ever, <j>(r) in the virial for the repulsive forces will be represented 
by/(r), where /(r) is of the form l/r n , n lying between 9 and 14; 
while for the attractive forces <t>(r) will be represented by F(r ), 
where F(r) is of the form l/r™, m being of the order of 5 or 6. 
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Hence the complete virial for a real gas takes the form 
\pV - £ nmC 2 - * °- 

In order to derive the equation of state from this expression, it 

becomes necessary to evaluate anc * 2^* ^ * n ^ erms 

of properties of the molecules. The solution of this problem in 
the most general case applicable to all pressures, especially the 
high pressures, is quite difficult. The problem is very much 
simplified for the case of gases at ordinary pressures as Rein- 
ganum 17 has shown. He considers pressures so low that on the 
average but two molecules at a time come within the regions 
of attraction of each other. Thus the form of the theorem 
deduced above for pairs of molecules is strictly applicable. If 
the volume V of the gas were of the order 2b or less, the condition 
mentioned above would no longer be true, but for ordinary pres- 
sures, such as atmospheric, it is readily applicable. In this deduc- 
tion the general form of the derivation of Reinganum’s equation, 
as given by G. Jaeger and also K. Jellinek, will be used. 

In proceeding one may follow Reinganum in assuming that: 

1. The time of the impacts may be neglected, i.e., one is dealing 
with the instantaneous forces of elastic impacts. 

2. The forces of attraction decrease continuously yet rapidly 
with the distance and are independent of the molecular velocities. 

Both of these assumptions are compatible with Van der Waals’ 
theory. 

3. It is further assumed that, unlike other approaches, the 
molecular forces in the interior of the gas are not mutually 
compensated. That is, during and between impacts the forces 
between two molecules are appreciable. This means that one 
must take account of the mutual planetary influences of the 
molecules on each other in the equation of state. 

In this matter one deviates distinctly from the original theory 
of Van der Waals. In doing so, one is, however, taking account 
of a feature of the attractive forces which is known to exist 
and which turns out to be of significant magnitude. Thus the 
equation to be deduced should in this respect be more accurate 
than Van der Waals’ original equation, as will be seen^to be the 
case. It was, in fact, the neglect of this factor which made 
the corresponding deduction in the first edition of the Kinetic 
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Theory faulty and gave a value of Van der Waals’ a which was 
constant instead of being a function of T , as is actually the case. 
The effect of this assumption is virtually the same effect which 
was observed by realizing that the number of molecules per unit 
area in a slab of the gas in the rigorous deduction of the pressure 

TV 1% 

p', Sec. 48, was not -df but more correctly 

In the deduction it will be necessary to assume for the purposes 
of integration that the repulsive forces become indefinitely great 
at distances r = <r — 8, where 8 is very small compared with a. 
Again in accord with what has gone before, one must assume a 
gas at such a pressure that no more than two molecules interact 
together at any time. This means that the density of the gas 
must be such that the chance of three or more molecules finding 
themselves at such distances that the attractive forces are active 
is vanishingly small. It is now essential to gain a cleaner concept 
of what is meant by a pair of molecules. Assume that about 
each of the n molecules, in the volume V considered, two spheres 
of radii r and r + dr be drawn. The volume between these 
two spheres is then 4t r 2 dr which gives a total volume for the n 
molecules of 4w r 2 ndr. If the volume of the gas is V, the chance 

that an arbitrarily chosen point lies in this volume is — y — 

The number of the centers of the n molecules that happen to 

4 7rn 2 r 2^ r 

lie in these regions in the gas is — y — . A pair of molecules is 

then defined as any two molecules which belong to this number 
which lie within the spheres of some other molecule. Since the 
chance of more than two molecules lying in this relation to each 
other is assumed vanishingly small, the number of pairs of 
molecules lying between r and r + dr of each other is 


dn 


2i rn 2 r 2 dr 
V 


At this point, one must bring in the third assumption of 
Reinganum, i.e., the assumption that the molecules of a pair 
are always exerting forces on each other. As in Sec. 48, one 
must then take account of the fact that the potential energy 
of a molecule in the force field of the other influences the con- 
centration. Thus dn must be corrected by the factor e~ Ur/kT 
as was the case in Sec. 48, where u r is the potential energy of a 
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molecule in the force field of another molecule r cm away, k is 
the Boltzmann constant, and T is the absolute temperature. 
Hence one can write 


, 2vn 2 r 2 , 
an « — ~ — e kT dr. 


To obtain the repulsive virial for the gas, the quantity r/(r) 
must be multiplied by dn and integrated over all the regions 
for which the repulsive forces are active. That is to say, one 
must integrate the quantity dnrf(r) from <r — 8 at which the 
repulsive force becomes infinite to a at which this force ceases 
to act. 

Thus one writes that 

%rf(r) = J°_r>f(r)e~%dr. 

Now, by definition, 

u; = J^°°F(r)dr + Jjf(r)dr f 
so that one can set 

~Vr= e 'M“ nr)dr X e ~^f’ mdr 

- e? X e~^f- t{r)iT 


since the definite integral jF(r)dr is a constant. Again, since 

<r and <r — 6 are so close together, the r under the integral sign 
where it does not occur in a functional expression may be set 
equal to a, a constant. One thus obtains 

Boltzmann evaluates this integral as follows: 

Set f'f(r)dr = y , which permits one to write the integral as 

JT e~ v/kT dy , since at r =* a, y ~ 0, and, at r = cr — 6, ?/ = » . 

The expression JT a> e~ v/kT dy = kT. 

Whence one has for 2r/(r) the value: 


- 2 t ™H 2 kT | 
fl (r) * y — e T 


V 
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_ 3RTbe T , 

V 

if one set b = %irrur 3 and nX = .ft. 

The virial of the attractive forces can be set as 


2}rF(r) = r 3 F(r)e kT dr f 

following the procedure for the repulsive virial with the appro- 
priate changes. In this case one finds that u r = *F(r)dr, since 
beyond a only attractive forces act. Hence 

2* rF(r ) = r 3 F(r)c ^ (r)dr rfr* 

If F(r)dr is known in a specific case, the integration can be 
carried out. As, F(r) in the general equation of state, is not 
specified or known, one can not proceed further with its evalua- 
tion in detail. It is, however, clear that in general the integral 
will be a constant containing <r, but, in view of the 1/kT in the 
exponential term, it is clear that the integral will be an expression 
containing T in some form. For the purposes of obtaining the 
equation of state in a more general form, this evaluation suffices 
and one can write 


j r 3 F(r)e M *' (r) *<*■ = *( T ). 

2tt 

Thus 2/F{r) = -y-<t>(T). Placing this and the expression for 

the repulsive virial into the appropriate places in the virial 
equation for a real gas written above, one has the equation of 
state for a real gas as 


I pV - i nmC 2 


J 

3 RTbe T 

2V 


2irn : 

~2V 


<t>(T ) - 0 . 


Rearranging and calling |nmC s = RT, one obtains 


pV rt(i + 
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which to a first approximation gives 


P 


i 

be T 


= RT. 


— 2 irn 2 

If one sets a = — ^ — 4>(T) y and 0 = 0, one arrives at the usual 

u 

form of the Van der Waals’ equation, 

( V + - b) = RT, 

where b was defined as %r<r 3 n = 4w. 

The Reinganum equation is, however, more accurate, and it 
is of interest to note that it makes a a function of T and the term 
called b in the Van der Waals form also a function of T. It 
must again be emphasized that this equation is not applicable 
to high pressures where b is comparable with F. It is, however, 
an equation deduced on strictly proper assumptions, and, while 
in itself not perfect, it gives an equation of state based on theory 
which is more accurate than Van der Waals’ theory but to 
which Van der Waals’ theory is a first approximation. 

51. Determination of a and b from Measurements on the 
Expansion Coefficients of a Gas. Evaluation of the Absolute 0 
of Temperature. — Since the deviations of the true gases from the 
behavior of an ideal gas are caused, to a first approximation, by 
the constants introduced into the more correct Van der Waals 
equation, a study of these deviations should make it possible to 
evaluate these constants. Experimentally, the deviations appear 
in the behavior of gases with change in temperature. If the 
volume and pressure changes with temperature are evaluated 
experimentally, comparison with the coefficients for the ideal 
gas will permit the values of a and b to be determined from 
the relations to be deduced. Incidentally, it will be found essen- 
tial to evaluate a, the coefficient of expansion for an ideal gas. 
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The value of this quantity a leads at once to the establishment 
of the experimental value for the absolute zero of temperature 
in terms of the centigrade scale. 

In proceeding to the deduction, it is well to recall the definition 
of the coefficient of expansion for an ideal gas. As was shown in 
Sec. 1, the equation for an ideal gas pv = RT follows at once from 
the experimental relation giving the volume or pressure change 
of an ideal gas with temperature which reads 

v = t> 0 (l + at) 
or p - p 0 (l + at). 

Since the ideal gas has forceless molecules and the molecules 
have no volume, a is the same in both cases and both p and v van- 
ish when t = — - 
a 

In the present case (i.e., that of a real gas), however, the gas 
does not have the properties of the ideal gas, and its equation of 
state is expressed by 

(p + 5 ) <» ” *) - RT-' 

Now as RT was derived from the value of a for an ideal gas, RT is 

ap 0 Vo^~ + ^ where a is the expansion coefficient for the ideal 

gas. Since p 0 v 0 on the kinetic theory is ^nmC 0 2 , the RT may be 
replaced by the expression l inmC 0 2 ( 1 + at). For the sake of 
simplicity in this deduction the value of C at 0°, which is denoted 
as Co, will be written merely C. Hence the equation of state 
(for a real gas) for the present purpose takes the form given by 
the equation. 


(» - b) = InmCHl + cd). 

Now for a real gas the volume and pressure at 0° abs. will not be 
0, for the molecular volumes and intermolecular forces exist at 
0° abs. Thus the coefficient a will no longer typify the volume 
or pressure coefficient of expansion of a real gas. 

* For convenience from now on the volume of the gas V will be repre- 
sented by r. 
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The pressure coefficient of expansion is defined as /3 = — — — > 

that is, the pressure at t° less the pressure at 0° divided by t times 
the pressure at 0°. It is the rate of change of pressure with 
temperature divided by the initial pressure. To obtain this for 
a real gas, p t and p 0 must be introduced from Van der Waals' 
equation: 

(p‘ + ~ h ) ~ \nmC\l + at) 

(po + ^)(v b) = | nmC*(l + 0 X a). 

Subtracting to get p t — p 0 , one obtains 

nmC 2 ^. 

XT p< — po . . v Q ol 1 nmC 2 , , / . a\ 

Hence * = iff lsslven by/3 - 7 =? but ( Po + 7) - 

1 nmC 2 . . , - 

an( j therefore 

3 r — o 

0 - U ?' + «■) OT + £)■ 

If a were known, then, since & is measured experimentally, 
knowing v and p 0 , a could be determined for the gas. 

Hence this equation can be of some use if a is known. To get 
further information, the volume coefficient of expansion must be 
evaluated in terms of Van der Waals* equation. 

The volume coefficient of expansion for a gas is defined as 

v t - v 0 

Ctv = 7 

tv 0 

Thus in analogy to the case for the pressure coefficient, 

V + W * |nmC 2 ( 1 + a X 0) 

(p + v?)^ Vt ~ ^ “ | wmCr2 (l + at) 
p(v t - Vo, + a(L - - ab(l - = (p + £)(* - b)at 

and Vi — Vo = a«M> 


(p t - Po) 0 — b)~ ta\ 


o 
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therefore 

+ "-w’ 1 * ~( p + £) ( ’° - lu 

dividing by v<jt , 

“( p _ (^.X 1 _ ?!? )] ‘ ( p + SX 1 _ *)“ 

and therefore 



p 0 in a4mosphere$ 
Fig. 33. 


Thus a v is a much more complicated function of a, a, and b than 
was /3. It is seen, however, that if the constant a for an ideal gas 
can be evaluated for certain gases, and if, from the expression 
for p, a can be found for gases other than those used in getting a, 
then b can be found from a v . 

These two expressions for a v and ($ in terms of a, 6, and a merit 
some discussion. 

First the expression leads to one result which has been verified 
experimentally and is hence interesting. 
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Thus p plotted as a function of p 0 should vary in the following 
fashion: a is a constant, a is also a constant, while p 0 v is nearly 
constant for some pressures. Hence over the range where p 0 v is 
constant, and since as p 0 increases, the remaining v in p Q v 2 
decreases therefore ft should start from a given value and increase. 
At the point where the volume becomes so small that, owing to 
the size of the molecules, v does not decrease as fast as p 0 increases, 
i.e., where p 0 v 2 starts to increase, then P should begin to decrease. 
Thus a curve for P as a function of p 0 of the form shown in Fig. 33 
should be obtained. The curve shown is actually one found 
experimentally for oxygen gas. 

Again writing the expressions for a v and p, the following cases 
may be discussed: 

“*> _ _ h v J±A 

\VtV o/\ V t v 0 / 

Case I. — If o==0 = 6. 

The gas is ideal; P = a and a v = a. 

Case II. — If a = 0, b > 0. 

Then ft = a and a v = a( 1 — —]• 

V 

Thus a is greater than a v . If a is obtained from 0, and if 
a v is measured, b may be evaluated. This case is nearly fulfilled 
by the gases He and H 2 . 

Case III. — If a > 0, b = 0. 



Whence a v > & > a. Such a case might be covered by a con- 
densible gas. 
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Case IV. — If, as is really the case for H 2 and He, b > a > 0, 



whence 0 > a and a > a v for 1 — — < 1. 

Vo 

Therefore for the gases He and H 2 

0 > a > a v . 

The inequality in Case IV serves as a means of evaluating a 
practically. For H 2 , a v and 0 have been measured. Thus for 
H 2 the accurate older values for these constants found are 
0 = 0.003662 and a v = 0.003660. a was taken, With a fair 
degree of certainty, to be 0.003661. This value of a gives a value 
for the absolute zero on the centigrade scale of -^273.15°C. 
The present value is given as —273.18 ± 0. 03 °C. from other data. 

Thus having a , a and b can be obtained. As a matter of fact, it 
is possible to get a and b much more accurately from other data, 
for the differences in a v and 0 are small, and these small differences 
are very important in evaluating a and b . As a and b can be 
determined very much more accurately by methods to be dis- 
cussed later, these more accurate values are at the present time 
inserted into the equations above and thus serve to evaluate a. 
Thus an accurate value of a is obtained and hence the value of T 
may be accurately determined. T is, however, also more accu- 
rately determined today by the Joule-Thomson effect on thermo- 
dynamic reasoning. 

It also happens that both a v and 0 vary with temperature in 
some gases. Since these equations show how a v and 0 depend on 
a and 5, the variation of a and b with temperature may be investi- 
gated. Actually, these quantities were assumed to be constants 
independent of p, v, and T in deducing Van der Waals' equation. 
A study of the variation of a v and 0 with temperature indicates 
that neither a nor b is constant with temperature for all gases. 
These deviations and their significance can be much more profit- 
ably discussed in connection with other work, and it will be seen 
that the variations of a and b with conditions lead to a still more 
profound understanding of the nature of molecular collisions and 
structure. 
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62A. The Graphical Representation of the Equation of State 
and the Evaluation of a and b from Critical Data. — In the preced- 
ing section Van der Waais' equation was used to determine the 
absolute zero of temperature. In using it no attempt was made 
to plot it or to determine the form of the equation. Since it 
represents the behavior of the gases, it is best to analyze it graphi- 
cally. It is seen at once that the equation 

(p + £)(■ ~b)=RT 

is an equation in three independent variables, p, v , and T, having 
two constants whose relative and absolute values vary from 
gas to gas. To plot it for a given set of values of a and b 
would not give the general view of it required, particularly if a 
and b are not known. With the use of the calculus, a very good 
general idea of its shape and its significance can be obtained. 

To simplify the discussion, T could be considered a constant 
and the attention concentrated on the relation between p and v . 
Then to gain a more perfect picture, this could be done for a whole 
series of different values of T . The curves plotted with p as 
ordinates and v as abscissae, holding T a constant, are called 
isothermal curves, or isotherms, the term coming from the Greek 
iso, meaning equal, and theYme (heat) temperature. They are 
curves of equal temperature. It is seen at once that the Van der 
Waais equation regarded in this way and multiplied out has the 
form 

v s p — v 2 (RT + pb) + av — ab = 0. 

It is thus a cubic equation in v. Such an equation is known from 
elementary algebra to have either three real roots or only one 
real and two imaginary roots, depending on the values of the 
constants — that is to say, for one value of p there will be either 
three real values of v or only one real value. The conditions 
determining these will be found later. 

The Van der Waais equation may be written in the form 

RT a 
^ v — b v 2 

It is seen from this that for values of v near b the pressure p 
approaches infinity. For values of v smaller than b the equation 
has no physical meaning, as p is then negative. Furthermore, if 
v becomes very large, p becomes vanishingly small. Thus the 
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two extremes of the curves are definitely determined, for, as v 
approaches b, p becomes infinite, and as v approaches infinity, 
p approaches zero asymptotically. In the extremes the curve 
descends in p as v increases, approaching zero in the limit. It is 
therefore part of the way concave upward. In between, it may 
have maxima and minima, and, in fact, the three roots lead one 
to expect, under some conditions, a complex course. 

The maxima and the minima are found by setting the first 
derivative equal to zero, and solving the equation; that is, in 
finding the points where dp/dv is zero. 

dp — RT 2 a 

Tv (v- 6) 2 + t; 3 ' 

In the expression above, dp/dv is negative for values of v that are 
very small, for near b the term RT/(v — b ) 2 can become greater 
than the 2 a/v 2 term. Again, dp/dv is negative for very large 
values of v, for in this case, since v 3 increases more rapidly than 
v 2 , the second term becomes less than the first. Thus for large 
and small values of v the first derivative is negative, meaning that 
the curve slopes toward increasing v. Between large and small 
values of v the dp/dv term is positive under some conditions and 
hence the curve slopes to the decreasing v’s. 

The values of v for maxima and minima are given by solving 
the equation above when dp/dv — 0. This solution yields an 
equation in a, 6, v, and T of the form 

T » 2a ^ v ~ 

Rv 3 

This is a cubic in v and thus has three real roots or one real and 
two imaginary roots. That is, there are either three values of v 
which satisfy this equation for maxima or minima, or there is 
only one. Thus two conditions exist for the curves, that is, 
they have either three points where dp/dv = 0 or only one. 
Now the course of the equation which was deduced from the 
value of the sign of dp/dv for values between v = b and v « <» 
indicates that the curve descends with increasing v to a minimum, 
rises when dp/dv is positive to a maximum, and finally descends 
asymptotically to 0 at v ~ « . There appear to be between v * b 
and v = a> then only one maximum and one minimum. The 
three roots of the equation for maxima and minima indicate, 
however, three points at which dp/dv ~ 0. 
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Thus one of the three points must lie at values of v less than 6, 
It is therefore of no importance for the present analysis. That 
the third root lies in this region can be shown by transforming the 
equation for maxima and minima to one whose origin is not at 0 
but at b . If this is done the expression becomes RT(b + w ) 3 
— 2 aw 2 = 0, where w « v — b. This equation expanded gives 


w » + (sb - -I- 3 b*w + b s = 0. 


Now a well-known relation in the theory of equations says that 
for a cubic the product of the three roots must be equal to the 
negative value of the last term, that is, that the three roots w% 9 w 2 , 
and w z multiplied together should be equal to —b z . But in 
the equation above the last term is positive and hence one of the 
three roots must be negative. In such an equation for the case 
that two of the roots are imaginary and one only is real the rela- 
tion further indicates that the real root is negative. Hence 
referred to b as origin, one of the three points at which dp/dv is 0 
must always lie at negative values, that is, one of the three 
maxima (or when there is only one real maximum or minimum 
that one) must lie at values of v smaller than 6. This agrees 
with the conclusions arrived at from the slopes, namely, that the 
isotherm has either no maximum or minimum or only two. 
The shape of the isotherms must therefore take the form either 
of the curve marked 13.1° or 100.1° in Fig. 34 for the cases where 
there are three real roots and one real root respectively. It is 
seen that this curve also fulfils the condition for three real roots 
of Van der Waals , original equation, for a given value of p will 
intersect the curve in three places. To find the values for the 
maxima and minima, numerical values for a, 6, and T would be 
required. By evaluating d*p/dv 2 for these points, one would 
find, from the sign of d 1 pjdv % 9 to which value of v the maximum 
belonged. Letting d*p/dv 2 equal zero would determine the 
position of the point of inflection between the maximum and 
minimum. 

Now the expression for the maxima and minima, 


T _ 2a(v - b)\ 
Rv* 


is a continuous function of v. For values of v small enough to 
approach b it has a small value, and for values of v which are 



THE MORE ACCURATE EQUATION OF STATE 


169 


very great, since v* increases more rapidly than ( v — 6) 2 , it has 
small values. Between the two extremes it has a maximum 
value. Physically, there exist values of T above this maximum 



Volumes in terms of ! cm* N, T R 
o=Q007/fl b* 000190 


- Andrews Experimental Results 

- Computed from \bn der Woah'Equation 

Fig. 34. 


which must, lie above this curve, that is, there are conditions of 
temperature in which the three maxima and minima do not exist. 
At such temperatures, however, the isotherms still exist, but 
they can have only the one minimum; and this one has values of v 
less than 6. In such curves the sign of dp/dv is always negative, 




170 


THE KINETIC THEORY OF GASES 


T being so large that 2 a/v z can never exceed RT/(v — 6) 2 . The 
curve then slopes down continually to higher values of v. The 
particular temperature at which the curve ceases to have one 
minimum and one maximum above v = 6 can be called the 
critical temperature. The value of T c when the function is a 
maximum is found by setting dT/dv equal to zero and solving 
for v. 

dT — 2a(v 2 - 4 vb + 3 6 2 ) _ 
dv Kv 4 ~ ' ’ 

v 2 - 4bv + 36 2 = 0, 

(v - 36)0 - b) = 0, 
v c = 36, 

or v c — 6. 

For v c = 6, T is zero and this is a minimum. Thus the maxi- 
mum is at v c = 36. 

Accordingly, T c can be found at once to be 

2o(36 - 6) 2 Sab 2 = 8a 
lc f?(36) 3 “ 27f?6 3 " 27#6 

Hence there is a value of T depending on the ratio between a and 6 
for which the curves pass into curves having no point of inflection. 

Thus if a family of isotherms were plotted for the Van der 
Waals equation at different values of T, it would be found that 
above the value T c the curves were simple curves dropping 
down to 0 at great values of v with no points of inflection as in 
the curve for 100.1° and 48.1° (Fig. 34). Below this value of T 
the curves have a minimum, a maximum, and a point of inflection, 
i At the temperature T e the curve passing through it has the 
maximum, minimum, and point of inflection lying infinitely 
close together. Hence this condition should make it possible 
to find a series of relations between p c , v Ci and T c and the con- 
stants a and 6 at this point. To find these, merely three equa- 
tions need be used: 


V = 


RT 

{v - 6 ) 


a 


a) 


the original equation. 


dp = -RT 2a 
dv (v — b)* ’’ v s 


0 , 


( 2 ) 
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the expression for the maximum and minimum which now lie at 
the same point. 


d 2 p _ 2RT __ 6a 
dv 2 ~ (v — 6) 3 t; 4 


(3) 


the expression for the point of inflection. 

Since maximum, minimum, and point of inflection lie together, 
Eqs. (2) and (3) may be written in the forms 


RT C = ^iv e - b)\ 

v c 

RT C = f% - by, 

v c 


where T c and v c now correspond to the same isotherm, the critical 
one. For this isotherm Eqs. (2) and (3) can be combined, since 


RT C = RT C . 


Therefore 


2a 


3 a(v c — 6) 
v c 


Therefore v c = 36. 

This was found before as the condition for a maximum T c for 
which three maxima or minima ceased to exist. From Eq. (2) 
and the value for v c above, 

dp _ — RT C 2a 

dv ~ 46 2 + 276 3 ~ 


Therefore T c = ^ 

Finally, from T e and v c one has p e = ^- 2 - ^ ^ i • 

Thus one has a set of three equations between T e , v e , and p c and 
a and b. 

v c « 36, T c « and = 276* 

and if T e , v C} and p c can be measured one ought to get a and 6. 

Now the question arises, Do real gases follow these laws? If 
this is so, it should be possible to evaluate a and 6 either from the 
isotherms or from values of p c , T ey and v c taken from observations. 

Van der Waals, who as a mature man left business to undertake 
scientific study, deduced his now famous equation in his doctor's 
dissertation at Leyden in 1873, Attempts at bettering the 
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ideal gas equation had first been made by Clausius (see Sec. 18), 
who introduced the correction for the volume of the molecules 
into the equation by writing v — b in place of v , and by Hirn, 
who in 1864 added an expression to the pressure term to take 
account of the attraction of the molecules. This term, however, 
did not give the variation of the force with the volume. It was 
by a consideration of Laplace’s theory of surface tension that 
Van der Waals supplied the missing relation and completed the 
theory. About ten years previous to this, Andrews studied a 
peculiar phenomenon first observed by Cagniard de la Tour. 
This was that if ft tube containing liquid carbon dioxide were 
heated gradually, /a temperature was reached (31.1°) at which the 
meniscus dividing the liquid and gaseous phases disappeared. 
Investigation showed that no matter what the pressure became 
above this temperature the C0 2 which had been partly in the 
gaseous, partly in the liquid phase below this point changed to a 
homogeneous, transparent state in which there was no indication 
of the gas and liquid. The temperature at which this occurred 
was called the critical temperature.) This curious observation 
directed attention to the behavior of gases in general at the higher 
pressures, and other gases like S0 2 were found which showed this 
behavior near ordinary temperatures. Today, this temperature 
has been determined for most of the well-known gases and vapors. 
Andrews began a series of measurements extending from 1863 to 
1876, in which he studied the behavior of the isotherms of C0 2 at 
various temperatures and up to pressures of 200 atmospheres 
(atm.). These data gave Van der Waals the material upon which 
to test his theory. 

Van der Waals first used the accurate measurements of 
Regnault on the isotherms of C0 2 which were carried to pressures 
of 27 atmospheres. Solving for a and b , using the methods 
depending on the pressure and volume coefficients, he estimated 
a to be 0.00874 atm. cm 6 , and b to be 0.0023 cm 3 . Intro- 
ducing these values into his equation, he was able to obtain a 
closer agreement between his curve and Regnault’s experimental 
points than Regnault obtained with his empirical equation. He 
then applied this equation to the computations in the region of 
Andrews’ measurements. In this case the agreement was not so 
striking. In fact, the comparison of the computed curves and 
the observed curves of Andrews are not given in texts because of 
the discouraging nature of the agreement. It seems, however, 
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that the direct comparison is of sufficient value in indicating the 
strength and the deficiencies of the theory to merit reproduction. 

To compute the isotherms it is best to use the values of a and 6 
given by the critical data obtained by Andrews, since these are 
more accurate than the values deduced from Regnault's curves. 
Using these values, it is then equivalent to fitting the system of 
theoretical isotherms to one point , the critical point , on the 
observed system of isotherms. Andrews obtained for C0 2 the 
following values: T c = 31.1°C.,p c = 73 atm., and v e ** 0.0066 cm 3 
for a cm 3 of gas at N.T.P. Before using these one might 
compare these values with those computed by Van der Waals 
from the equation using the a and b taken from Regnault's 
data, namely, a = 0.00874 and b = 0.0023. 
v c — 3 by v c = 3(0.0023) = 0.0069 cm 3 computed f 0.0066 cm 3 
observed. 


T = -- P - I! 
* 27bR 273 


8(0.00874) 

27(0.0023)^73 


307°abs. 


T c — 34°C. computed; 31.1°C. observed. 

a 0.00874 „ , , , „ J 

pc = 27^2 = 27 (0 0023) 2 = atm ' com V u ted; 73 atm. observed. 

For the computations of a and b from Andrews’ results it is best 

to use the equations, T c = and p c = since v c was 

difficult to obtain with certainty from the measurements, while p c 

27R 2 T 2 

and T e could be accurately measured. These give a ... N c 

04 \p c ) 

RT 

= 0.00717 atm. X cm* and b - = 0.00191 cm*. As a 

OPc 

partial check on these values, b can be compared with the 
observed v c = 0.0066. Since v e = 36, the data give 0.00573. 
Thus there is some discrepancy between the values which may be 
attributed to errors in measuring v c as well as errors in the theory 
of the equation to be discussed later. 

With the aid of these constants, the isotherms may be com- 
puted from Van der Waals' theory as follows, taking 0.00718 
for a and 0.00190 for 6 : 



0.00718 


)(» - 0.1 


RT. 


* This follows since pv * RT if p is 1 atm. and v * 1 cm*, R 


1 J_ 
T * 273* 
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Now if the gas were ideal (f.e., a and b were 0) and p were 
expressed in atmospheres while v was taken as 1 cm 3 , pv would 
be unity. Thus RT would be unity. At 0°C. and 760 mm pres- 
sure R would be J ^7 3 for this gas. Thus for the ideal gas 
T 

pv = For the real gas with a and b finite, however, at 

0°C. and 1 atm. the true p and the true v are given by the above. 
Hence, the above equation for 1 atm. and 1 cm 3 becomes 

(1 + 0.00718) (1 - 0.0019) = 1.0053. 

Therefore, in order to compute p and v the equation becomes 

(p + - 0.0019) = 1.0053^- 

Hence, by putting in the values of T , the absolute temperature, 
and introducing values of v, the equation may be solved for p . 
Taking the values of T and v corresponding to Andrews’ experi- 
mental isotherms for 13.1, 21.5, 31.1, 35.5, 48.1, and 100.1°, 
the Van der Waals isotherms were computed from the above 
equation. The resulting dashed curves may be seen in compari- 
son with Andrews’ actual curves in full lines in Fig. 34. 

It is observed at once that in this region the close agreement 
that Van der Waals found for Regnault’s results does not exist 
between the observed and computed values. It is, however, seen 
that, leaving a certain feature of the low- temperature isotherms 
aside (t.e., the maximum and minimum), the general shape of 
the curves and the evolution of their form with temperature are 
strikingly similar. The nature of the similarities indicates that 
qualitatively the phenomenon is represented by the Van der 
Waals equation. The cause for the agreement of Regnault’s 
values together with the apparent failure here can be easily seen 
by looking at the equation as used for computation. 

0.00718 

H (v~- 0.0019) 

It is seen that p is given by the difference of two terms. These 
terms for small values of v are especially large and a small change 
in a or b will make an enormous change in p. Thus unless a and 
b were closely constant and known to several significant figures 
an accurate superposition of the curves in this region would be 



THE MORE ACCURATE EQUATION OF STATE 175 


impossible. When v f however, is larger, say near 1 or 2 atm., 
the corrections a and b become insignificant. Errors in their 
values are negligible and a close agreement is to be expected. 
Van der Waals, who was interested in establishing his theory, did 
not publish curves of this sort. Instead, he assumed the value of 
a taken from Regnault's values. Then, taking p and v from 
Andrews' results, he computed the value of b. The values found 
for b varied between 0.0025 and 0.0015 in extreme cases, while 
they lay close to the value 0.0023 from Regnault's work, when 
data taken for v greater than 0.004 cm 3 were used. Now it can 
be seen from Secs. 19 and 49 on the value of Van der Waals' b that 
if v is less than 26, the spheres of exclusion of all the molecules 
must interpenetrate. Thus, on a collision, the average distance 
of approach of molecules is decreased and the shortening of the 
free path is changed. This change is of such a nature that b is no 
longer 4a>, but less. Hence, the rapid decrease of b with values of 
v below 0.004 cm 3 is a direct consequence of the kinetic theory and 
was to be expected. Thus Van der Waals' initial assumption 
that b was constant independent of v was not quite correct in the 
extreme case of Andrews' measurements. Neglecting this devi- 
ation, it can be seen that the values of b computed by Van der 
Waals from Andrews' results show a fair constancy, and the sen- 
sitiveness of the plotted curves to these small deviations is 
demonstrated.! 

Before going on to discuss more in detail the causes for devia- 
tion, the apparently most glaring discrepancy must be discussed. 
The experimental curves of Andrews below the critical tempera- 
ture do not show the maxima and minima exhibited by Van der 
Waals' equation. Below the critical temperature the flat por- 
tions of Andrews' curves mark the point at which visible con- 
densation was taking place. In the theoretical equation this 
discontinuity does not occur. In looking at the physical signifi- 
cance of the region lying between the maximum and the minimum 
of the theoretical curve, it is seen that it represents a region where 
with decreasing volume the pressure is falling. Thus the maxi- 
mum is a region of unstable equilibrium, for as soon as it is 
reached the volume decreases of its own accord, since the pressure 
is not needed to maintain the small volume. It is not surprising 
that this region cannot be studied experimentally. Neither can 
the other regions near the maximum and the minimum be studied 
because of the instability of the gas in contact with its environ- 
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ment. In this case, however, it is the adhesive forces of the walls 
which act to cause condensation of the liquid on them before the 
maximum is reached. Actually, in certain cases where great care 
is used in reaching the condition the curves can be followed 
beyond the straight linear portions observed by Andrews, that is, 
in certain cases, with supersaturated vapors and supercooled gases 
condensation is avoided temporarily. These represent points 
along the isotherms reaching into the region discussed but not to 
the maximum or minimum. This state is, however, so unstable 
that sudden mechanical shocks, particles of dust, or any slight 
disturbances cause almost explosive condensation. It is obvious 
that it is impossible to carry on accurate measurements in this 
region. Thus the failure to find the maxima and the minima 
of the theory is not a weakness of the theory but lies in technical 
difficulties involved in making measurements where external 
agencies such as the walls do not intervene. Above the critical 
temperature, of course, this difference disappears. No liquid 
can exist there and the theoretical and observed isotherms could 
be made to agree with remarkable precision by properly evaluat- 
ing a and b for these conditions. 

Aside from the deviations of the Van der Waals equation 
due to conditions not envisaged by the theory and to experi- 
mental difficulties (effect of volumes less than v — 2b and 
condensation on the walls), certain other difficulties make 
themselves known through the inconsistencies of the order of 
tens of per cent in the values of a and 6, as derived from different 
sources (t.e., isotherms and the quantities p c , v c , and T c ), and 
the failure of the data fitting a curve at one temperature to 
apply at another temperature. These are the real deviations 
of Van der Waals’ equation from the true behavior of gases. 
Such deviations lie in a true variation of both a and 6 with 
temperature and perhaps volume. As was seen in the derivation 
of a from the theory of surface tension, and of a and b from the 
theorem of the virial, both a and b are temperature dependent. 
This effect in a is due to the action of the attractive forces over 
finite distances in changing the concentrations of the molecules. 
The higher the temperatures the less effective these concentration 
changes, and thus a is a function, <t>{T), decreasing as T increases. 
The changes of b logically arise from the assumption that the 
diameter of the molecules in impact is not just a. It comes from 
the fact that the repulsive forces become indefinitely great only 
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at — 5 where 6 is a small quantity, while they extend to o- 
(see Sec. 50). That an effect such as is found from this assump- 
tion must occur for real molecules follows from the fact that 
the repulsive forces on approach, while varying rapidly with 
decreasing distance between molecular centers, do not vary 
infinitely rapidly. Hence the closeness of approach is a function 
of the energy of impact, and a and thus 6 is slowly but definitely 
temperature dependent. Thus it is to be expected that values 
of a and b for one isotherm will not fit those for another isotherm 
at a different temperature. Furthermore, since both/(r) and F(r) 
are different for different individual gases, the nature of the 
variation will not be the same for different gases. Hence it 
is here that one must depart from a single equation of state for 
real gases applicable in general form to any gas and use individual 
equations differing in detail and applicable only to single 
gases. 

Again it is quite probable that variations of a and b may not 
be caused by temperature alone. It was seen that b certainly 
varies with volume when v approaches 26, and that Reinganum’s 
equation was deduced for gases where there were only two 
molecules interacting at any one time. Hence certainly 6 and 
possibly a may be volume dependent over large ranges of volume 
or pressure. Thus one can explain the major features of the 
departure of the Van der Waals equation curve from the real curves 
for gases. While it is perhaps futile to discuss these deviations 
more in detail, an idea of their nature can be gained by regarding 
a table prepared by Jellinek 9 in his “ Physical Chemistry/ 7 
vol. 1, Part I, page 391. A similar table prepared more recently 
by Jabloczinski (. Phys . Z., 33, 536, 1932) covers the same ground. 
In Jellinek 7 s table, given below, are shown the values for a 
computed to cause a fit of the observed and calculated isotherms 
for a fixed value of 6 at different pressures, using Andrews 7 data 
for CO 2 . Next them are shown the values of 6 required to 
cause a fit at a constant value of a for the same temperatures. 


Temperatures, 

b - 0.0023, 

a = 0.008497, 

degrees C. 

curves fit for a 

curves fit for b 

6.6 

0.008497 

0.0023 

64 0 

0.007529 


100.0 

0.006798 

0.0032 
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Thus the equation fits for either b constant and a varied, or 
a constant and b varied. From 6.5 to 100° the a values vary. 
20 per cent when b is constant, and for a constant the b values 
may vary by 30 to 40 per cent in this same range. It is seen 
that for constant 6, a decreases as T increases as was inferred 
above, while for constant a, b increases as T increases. Doubtless 
both a and b vary with T and it is futile to speculate further 
as to the relative importance of variations of a and 6, though at 
lower pressures in C0 2 a might be assumed to vary more rapidly 
than b. 

It is thus seen that considerable caution must be used in 
comparing values of a and 6, and the molecular constants derived 
therefrom when they come from different methods of measure- 
ment. First, one must be assured that the conditions of p, v f 
and T are comparable. Then, one must be sure that the methods 
are capable of attaching exactly the same meaning to the con- 
stants involved as yielded by different measuring procedures- 
Thus it is to be expected that given the same conditions of 
p, v , and T, the values of a and b from the isotherms and from 
the Joule-Thomson experiment might agree, while it is impossible 
that the values of a and b from critical data should agree with 
values inferred from the first two procedures. Again, it is 
possible to deduce the value of a from transfer data such as 
viscosity. Care must be taken to make sure that the quantity 
called a in viscosity measurements is the same quantity a as 
inferred from the values of a and b derived from the equation 
of state. 

Probably the safest procedure in the use of molecular data is 
to forego recourse to the approximate values of a and b and thus 
also the approximate values of molecular diameters, etc., and 
to utilize the laws of force of the particular molecular species. 
Studies of the temperature variation of the coefficients of Van 
der Waals’ equation in its extended form by Kammerlingh-Onnes 
and Holborn and Otto have led to an evaluation of the laws of 
repulsive and attractive forces [/(r) and F(r)] for individual species 
of atoms and molecules. A similar evaluation for the repulsive 
forces f(r) from the coefficient of viscosity resulted from the 
remarkable studies of Sutherland, Chapman, and Enskog. The 
laws of force obtained are in application distinctly more accurate 
than are the approximate constants discussed, and their use gives 
a better insight into the real mechanisms occurring. At times, 
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however, they lead to unnecessary mathematical complications 
where only approximate results are required. It is therefore 
appropriate that a brief discussion of the nature of atomic force 
fields be given at this point. 

52B. Nature of Atomic Force Fields. — Atoms are structures 
consisting of a massive nucleus responsible for 99.9 per cent 
of the inertia of the atoms, having minute dimensions (< 10~ 12 cm) 
and carrying Ze units of positive charge, where Z is the number 
of the atom in the periodic table and e is the unit electrical 
charge, 4.77 X 10~ 10 electrostatic unit (e.s.u.) (see also Chap. 
IX, Sec. 91, and Chap. X, Sec. 101). In molecules, which are com- 
binations of atoms, the nuclei of the constituent atoms occur sepa- 
rated by distances comparable in order of magnitude with the 
molecular radii. In neutral atoms or molecules the nuclear posi- 
tive charges are surrounded by Z negative electrons. In atoms 
these Z electrons are distributed in various regions about the 
nucleus which can be called shells ( K , L, M shells giving the 
K , L, M X-rays) whose boundaries are rather indefinite but whose 
average locations are found at rather widely different distances 
from the nucleus when several shells are present. Thus in 
argon, Z = 18, the nucleus is surrounded by an inner shell of 
two electrons about 2.5 X 10~ 10 cm from the nucleus, a shell 
of eight electrons in two subgroups about 1.2 X 10“ 9 cm distant, 
and another shell of eight electrons distributed like the first eight 
at about 1 X 10~ 8 cm from the nucleus. 

In each of these shells the electrons in turn appear in regions of 
indefinite outline but whose average position would closely 
resemble an orbit of elliptical or circular type, different orbits 
being oriented in various specified directions in space. In some 
atomic configurations such as the inert gases, these electron 
shells and individual paths are quite symmetrical. In other 
atoms this is not true. When atoms unite to form molecules, the 
nucleii are generally separated by distances of the order of 
5 X 10~ 9 cm so that the inner shells of electrons belong to the 
individual atoms. However, the outermost shells, in part at 
least, are held by the atoms in common. Hence in the outer 
shells quite a range of possible asymmetries are found, owing 
to the distribution of positive charges as well as of electrons. 
They range in asymmetry from such unsymmetrical configurations 
as HC1 to the rather highly symmetrical N 2 molecule. Between 
the electrostatic charges in the atoms the law of force is 
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the Coulomb law, i.e., the individual charges e attract or repel 
each other according to the law / = ±e 2 /r 2 . In addition, owing 
to electronic motions, there are magnetic moments in the atoms 
which in many cases are not canceled out (see Secs. 100 and 101). 
The magnetic forces are, however, subordinate in importance 
to the electrical by an order of magnitude or more in most 
cases. Were atoms perfectly symmetrical arrangements of 
electrical charges about the nuclei, i.e., so that the electrical 
shells were uniform spheres surrounding the positive nuclei 
as centers, there would ideally be no electrical forces between 
atoms at a distance. As in fact this is never exactly true, there 
are electrical asymmetries. These lead in some cases to what 
is the equivalent of a positive and a negative charge e, separated 
by a finite but small distance l. Such an arrangement may be 
considered as an electrical dipole or doublet which, in close 
analogy to the magnetic dipole or magnet, has a moment y = el. 
Thus for instance, in HC1 there is a dipole of moment /z = 1.03 X 
10" 18 e.s.u. X cm equivalent to a charge +e and a charge — e sepa- 
rated by 0.2 X 10~ 8 cm in a molecule with nuclei 1.276 X 10“ 8 cm 
apart. As is known, magnets having a moment ml = M when 
they are coaxial with their centers r cm apart, where r >> l, 
attract or repel each other by a force F = 2M/r z . In an exactly 
similar manner two electrical dipoles would attract or repel 
each other at a distance r with a force of the form / = ay. /r 3 , 
where the constant a and the sign depend on the orientation 
of the axes. In free atoms or molecules of a gas such forces 
would mainly be attractive as the repulsive forces due to anti- 
parallel orientations would cause rotations tending to give 
attractive alignments of lower potential energy. In more 
symmetrical molecules alternate charges at the corners of a 
square or at the corners of a cube would give arrangements 
called quadripoles and octopoles. These exert attractive forces 
which fall off more rapidly with r, i.e., of the form Oi/r 4 and 
Gi/r*, respectively. All these types of forces were at one time 
in general held responsible for the attractive forces between 
molecules. Lately it has become apparent that, while dipoles, 
quadripoles and octopoles do perhaps exist and play a part, the 
attractive forces are arrived at in a slightly different fashion. 
Consider such a symmetrical configuration as argon. Two 
argon atoms despite their general symmetry are not continuously 
or completely symmetrical. As they near each other, a slight 
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asymmetry of one atom giving a weak dipole will produce a 
field at the other atom proportional to 1/r 3 . This field will 
in turn distort atom 2 so as to produce a weak dipole in it. This 
dipole will in turn react to increase the original dipole in atom 1 
and perhaps make it more lasting if only transitory. Thus 
the two atoms will mutually induce dipoles in each other and 
thus attract even in the absence of any net permanent dis- 
symmetry. It is seen that such forces will vary as 1/r 6 , for 
in this case the inducing fields vary as 1/r 3 and the force between 
dipoles produced by these fields will vary as 1/r® so that the 
resulting force will vary as 1/r 3 X 1/r 3 = 1/r 6 . Such a law 
actually appears to be the attractive law of force inferred from 
experiment for many gases. Doubtless the inverse-fifth-power 
law would serve nearly as well, but the inverse-sixth-power law 
appears today to be more nearly theoretically correct and to 
have more basis in fact. In many cases an inverse^fifth-power 
law has been used as it leads to greater mathematical simplicity. 

The repulsive forces between atoms and molecules must be 
ascribed to a different type of action. As two atoms approach 
to distances between centers of from 2c r to <r, where a is the 
molecular diameter, the distances between the outer negative 
electronic shells decrease from about a to 0, while in the same 
time the positive centers of force, of course, approach from 2<r 
to <7. Thus the repulsive forces of the electron shells rapidly 
increase toward infinite values as the centers approach to a 
distance <r, if there is no distortion of the shells. Actually the 
repulsive forces somewhat distort the outer shells, but even 
here limits are reached so that ultimately for any impact the 
potential energy of distortion equals the kinetic energy of 
impact and the centers start to recede. It is clear that repulsive 
forces of this nature which are feeble at a distance of 2<r and 
reach indefinitely large values at a distance slightly less than cr 
must vary very rapidly with r. Thus the repulsive forces 
have in the past been set as following a law of the form fir) — 
l/r n where n varies from 9 to 15. Such laws have been found 
to give relatively satisfactory values when used in equations 
applied to actual gases. There is, however, little if any theo- 
retical justification for their use except that of mathematical 
simplicity and that they are convenient for representing very 
rapid increases of the repulsive force with distance at a certain 
distance <r of separation. The applications of the new wave 
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mechanics to the study of the interactions of simple atomic 
systems have shown on very general grounds that the law of 
repulsive force must be more of the form /(r) = De~ Xr , where 
the constants D and X are not defined but can be evaluated 
from experimental data. At the present writing little has been 
done in the application of this law to the case of individual 
gases, but the little done appears to yield satisfactory results. 



Fio. 35. 


To sum up then, one can assert that in general the attractive 
and repulsive interatomic forces are largely of an electrical 
nature; that the attractive forces are of a polar or induced polar 
nature of the form F(r) = +D/r m where m = 5 or 6, and that 
the repulsive forces are also electrical and of a form /(r) = — G/r n y 
where n is high and of the order of 9 to 15, or perhaps even 
better that they have the form f(r) = — Die~ Xr as indicated 
by the wave mechanics, the inverse power law being a first- 
order approximation to the more correct wave-mechanical 
expression. To gain an idea as to how repulsive and attractive 
forces simultaneously acting on two molecules cause the mole- 
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cules to behave, one can plot the nuclear distances r as abscissae 
against the positive attractive forces F(r ) = +D/r m and the 
negative repulsive forces f{r) = — G/r n > as ordinates, for example, 
setting m = 6 and n — 9. On plotting these laws, one sees 
that the resultant force <t>(r) = D/r* — G/r 9 takes the form of 
the dashed curve of Fig. 35 which is simply the difference of the 
two terms. It is seen at once that is negative and very 
great for values of r but slightly less than r 0 where <t>(r) cuts the 
axis of abscissae. From r 0 on, to greater values of r, <f>(r) increases 
to a maximum to decrease thereafter asymptotically to 0. The 
distance ro is the equilibrium distance of the two nuclei at 
4>(r) = 0. It represents the “ diameters” of the molecules at 
rest. If the molecules collide so that they exert a force due to 
the energy of impact, the centers will approach to a point n 
determined from the energy at impact and the force <f>(r ). As 
the repulsive force increases very rapidly with distance, a great 
change in energy of impact will bring the nuclei but little closer 
together. Thus the distance rir 0 is really the 8 used in the deri- 
vation of the equation of state from the theorem of the virial. It 
is slightly temperature dependent and quite small. Thus the 
molecules appear to have a fairly definite but not precisely 
fixed “diameter” of the order of r 0 . Another feature of the 
curve for 4>(r) is that it is asymmetrical about ?*o. Thus for 
atoms or molecules bound together at r f . any disturbance of the 
system by kinetic impacts will cause the two units to experience 
a force that is not proportional to the displacement, and the 
oscillations of any considerable amplitude will be anharmonic. 
Finally since the force increases less rapidly to the right of r 0 
than it increases in a negative sense to the left, as oscillations 
become more and more violent, the swings to the right, which 
have an energy equal to those to the left, will carry the center 
farther to the right of r 0 than they do to the left. Hence the 
center of oscillation will be displaced toward greater values of r than 
r 0 . In the rows of molecules or atoms in a solid this means that 
the spacing of the centers of oscillating pairs at higher tempera- 
tures will be greater than at low temperatures and the body will 
expand on heating. For a study of the solid state, and especially 
for molecular vibrations, it is most instructive to plot not only 
the force curves but also the potential-energy curves which are 
given by E r - / +F(r)dr and e r = / — /(r)dr, and plot the 
resultant curves. This is very simply done, as in the energy curves 
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the powers of the exponents m and n are only reduced by unity, 
the signs are reversed, and the resultant energy curve has 
a form somewhat similar to that for <j>(r) only that it is negative 
and inverted. In this case the minimum of the resultant 
potential-energy curve falls at the r 0 for the force curves. 

63. The Joule-Thomson Effect Interpreted by Van der Waals* 
Equation. — The values of the constants a and b of Van der 
Waals* equation may be determined in still another fashion. 
This is by means of the so-called “porous-plug” experiment of 
Joule and Thomson. Inasmuch as the interpretation of this 
effect by means of Van der Waals' equation leads to a clear expla- 
nation of an otherwise complex phenomenon, it is of considerable 
value to give the analysis. 

If a gas expands by a volume v against an outside pressure p 
it does work equivalent to the product pv. The energy for 
doing this work comes from the heat energy ( i.e ., the kinetic 
energy of the gas molecules). The expanding gas then does work 
but loses heat energy in the process. If the process is so con- 
ducted that no heat flows in, the gas is cooled. This external 
work performed would be the only work performed by an ideal 
gas. In a real gas, however, the molecules attract each other and 
the expansion of the gas against the internal pressure also con- 
sumes energy. In this case the gas would also be cooled and the 
work it did would result in increasing the potential energy of the 
gas, for if the gas were left to itself so that the attracting forces 
alone could act it would contract and the work of contraction 
would again come out as increased heat energy of the molecules. 
Thus for real gases an expansion against external pressure would 
result in a cooling, due to two causes — one the external work done, 
the other the work done against the internal pressure. To see 
whether the ideal gas law held or whether there were internal 
forces of attraction, Gay-Lussac performed the following experi- 
ment: Two carefully heat-insulated vessels A and B of Fig. 36 
were connected by a valve V . One was filled with compressed 
air, the other was evacuated. A thermometer was placed in 
each. When they had reached the room temperature, the valve 
was opened and the air in A flowed into B . After the first air 
had entered B } the succeeding air expanded from A and com- 
pressed the air in B . If the process was done so quickly that heat 
did not flow into or out of the system, the air in A should have 
cooled and the air in B should have been warmed by the work of 
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compression. Since the heat of compression in b came from 
the heat which was present in the gas in A, no loss or gain from the 
environment having occurred, the heating in B should equal the 
cooling in A if no internal work was done. If work had been done 
against molecular attractions, then, since before expansion the gas 
had the volume A while afterwards it had the volume A + B, 



Fig. 36. 


there should have been a cooling due to the internal pressure p 
acting against the expansion from A to A + B . The gain in 
heat in B plus the loss in heat in .4 should not then have equaled 
zero but should have been less than zero, by an amount depend- 
ing on the specific heat of the gas, the volume changes, and the 
magnitude of the p' = a/v 2 pressure term of intermolecular 
attractions. Since a/v 2 is small, and since the thermometers 



available to Gay-Lussac had a high heat capacity and were 
inaccurate, it was to be expected that he found the sum of the 
temperatures in A and B equal to zero. 

A similar result was also obtained by Joule. In this experi- 
ment the vessels A and B were placed in a water bath. Thus 
if the heating in B were less than the total cooling due to the 
expansion in A and the work against the internal pressure, the 
net cooling should have lowered the temperature of the bath. 
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Again, because of the large heat capacity of the bath and the 
inadequacy of his thermometers, no cooling was observed. 

Later Joule again attacked the problem with the help of William 
Thomson, Lord Kelvin. On this occasion they used a method 
involving the continuous expansion of the gas through a porous 
plug of cotton wool. In this instance they obtained a positive 
result and the experiment has become famous in history as the 
Joule-Thomson “porous-plug” experiment. 

The theory of the method is as follows: Consider a cylinder with 
a partition E in which there is a small hole. Also imagine two 
pistons A and B , one on each side of the partition E in Fig. 37. 
If a gas be in the volume AB and the piston A be moved in 
slowly, the air in AE will be compressed. As a result, it will 
flow through E into EB. If B be connected to some mechanism 
so that it exerts a constant pressure on the gas E which is less 
than the pressure on A, the gas will flow from AE to EB and will 
move B outward, that is, it will do external work on B. Experi- 
mentally, this is accomplished by letting air in an external 
reservoir flow through a small opening continuously; the pressure 
difference between AE and EB causing the flow, and the pressure 
in EB giving the constant back pressure. If 0 is the area of the 
cylinder then p Y 0 is F h the force on A, and p 2 0 is F 2y the force on 
B. If A moves x x cm and B moves x 2 cm, then the work done is 
F 1 X 1 = piOxi = piv i. Likewise, F 2 x 2 = p 2 0x 2 = p 2 v 2 . After this 
process the work done on the gas is piv x and that done by it is p 2 v 2 . 
If the initial internal energy in A per unit mass of gas was U i and 
the final internal energy of the gas per unit mass of gas in B was 
U 2 , then, by the law of conservation of energy, the energy change 
per unit mass of gas is given by 

Q=~Ui+U 2 — p x vi + p*v 2 . 

The convention of signs used in this equation, and in what follows, 
makes the work done by the gas positive and that done on the 
gas negative . U 2 is greater than U i, for the gas has gained internal 
energy, and U 2 — Ui is positive, for it is the work done by the gas 
in expanding against its internal pressure. It now becomes 
necessary to evaluate C/j, t/ 2 , P\v Xl and p 2 v 2 by the use of Van der 
Waals' equation for a real gas. 
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Writing the equation for the gas in AE and EB, 

(pi + (*» - « = RTt 

and z + (»* — b) — RT t . 

Hence Pi»i + ~ ~ b Pi - ^ 

and pjfs + — — 6ps — 71 = RT t . 

V% V 2 * 

Combining these to get p 2 v 2 — pit>i, 

Pit> 2 - pi^i - - (~ - ) + b(p 2 — pi) + 

\t>2 t>i/ 

Now 06 is a small quantity of the second order, and so may be 
neglected. The expression for Q then becomes 


Q = U% - Ui + p 2 v 2 - pm = -2a^~ ~ ^ + 

6(p 2 - Pl ) - /2(T! - r 2 ). 

To reduce the expressions in v into terms of p for practical use in 
the equation, the ideal gas relation pv = RT may be utilized, 
for l/v 2 — l/vi is a difference of the first order. An ideal gas 
differs from these by one part in a thousand or so. The error 
introduced in the difference between these two quantities 
expressed in terms of the pressure would be made one-tenth of 1 
per cent by neglect of the corrections, since both V\ and v 2 are 
volumes differing by a large amount. Thus v 2 — RT 2 /p 2y and 

V\ = RTi/pi and the expression 2a( — — becomes 

\V 2 V\ J 

n J Ps _ Pl \ _ W JjPi - PiPl \ 

Z \RT, RT d T * T > / 

Now T 1 and T 2 differ by only a minute amount, as the early 
experiments of Gay-Lussac and Joule showed. In fact, T\ — T 2 
is of the order of 0.2°C. The factors multiplying p 2 and pi are 
of the order 

273.2pj - 273. Opi 
(273.2) (273.0) 
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An error of less than one-tenth of 1 per cent would be introduced 
in this quantity by writing this (p 2 — Pi)/T, where T could be 
chosen as the average value between T 1 and TV Thus 

7 ) - w ’ 3 ’ 1 - p °- 

Therefore Q is given by 

Q = - ~ (p* - pO + b(p t - Vi) - R(Ti - T t ) - 

(I? - b ) (pl - Pi) ~ R ( T1 ~ Ti) - 

Now per unit mass of gas Q — JC v (Ti — T 2 ), where J is the 
mechanical equivalent of heat and C v is the specific heat at 
constant volume. Thus each unit mass of gas which goes from 
AE to EB is cooled or heated by T 1 — TV and, as it has a specific 
heat C V) the heat consumed in raising that mass from T 1 to T 2 is 
( T\ — T 2 )C v . Since the right-hand side of the equation is in 
work units, Q must be multiplied by J to make the equation 
uniform. Also an ideal gas has C p — C v = R/J , and in this 
experiment, since the gas is expanding, it is C v which is needed. 
The error produced by using this approximation is negligible, 
for the heat consumed in overcoming molecular forces is small 
compared to the external work involved. Accordingly, the equa- 

R 

tion can have Q replaced by Q = JC V (T 1 — T 2 ) = — j(J) 

(T\ - TV + JC P (T t - TV 
and one obtains 



This equation says that if the gas in AE at a pressure p\ be 
allowed to expand against a pressure p% in EB there will be a 
difference of temperature T\ — T 2 set up on the two sides of E 
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Van der Waals constants, T is the absolute temperature, R 
the gas constant referred to the units in which a and b are 
expressed, C p is the specific heat at constant pressure, and J is 
the mechanical equivalent of heat. 

It is now of interest to discuss this result. According to the 
equation, the difference in temperature should be directly pro- 
portional to the difference in pressure. For pressure ranges 
which are not too great, this holds quite well. For higher pres- 
sures, the neglect of some of the terms in the derivation lead to a 
disagreement which is taken care of in a more perfect equation 
to be studied later. Furthermore, it should vary with 1 /C P> 
which is not surprising, for the higher C v the less the rise in 
temperature produced by a given amount of work. If 2 a/RT 
is greater than b the gas should be cooled, for T i — T% will be 
positive, indicating that T\ is greater than TV For some gases 
where b is larger than a, one obtains 7\ — T 2 negative, that is, a 
heating of the gas. It is obvious also that for high values of 
RT the 2a/ RT will be less than b . Hence the effect should show a 
reversal in sign on reaching a certain temperature. The value of 
T for this reversal (the inversion temperature T\) is given by 
setting 


2a 

7?T\ 


= b or Ti = 


2a 

Rb 


These conclusions may now be tested by comparison with experi- 
ment. Since a and b are usually expressed in cm 6 X atmospheres 
and cm^, it is necessary to transform the equation to the proper 
units. C p , which is given per gram of gas, must be multiplied 
by p, the density of the gas. J , which is in ergs, must be con- 
verted into cm 3 X atmospheres by division by 1.013 X 10 6 . 
R is in this case JV 73 for RTq = 1 when p = 1 atm. and v = 
1 cm 3 . The equation then is 


A T = T , - T 2 = 0.0242 / 2a 
AP Pi - p 2 pC p ( JT 

\273 

For CO 2 , a = 0.00874, b = 0.0023, Van der Waals' values for 
Regnault's data taken at low pressures, comparable with the 
experiments for AT of Joule. 

pC P = 0.000399, T * 273. 

Therefore AT/Ap = 0.925; Joule observed AT/Ap = 1.05. 
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For air, taking a « 0.00257 and b » 0.00156 from critical data, 
using C p * 0.000307 and T = 273, one obtains AT/Ap « 0.274, 
Joule observed a mean AT/Ap of 0.259 with values ranging 
from 0.244 to 0.288. For H 2 gas in which b is greater than a, 
using more recent values for a and b given by Jellinek, 12 and 
transformed to fit the equation as here given, one has a = 0.00038, 
b * 0.001025, C P - 0.000305, and T = 273°abs. These give 


AT = (T\ - r 2 ) 
Ap (pi - p a ) 


0.029. 


Joule observed a value of AT/Ap = — 0.039 , that is, the gas 
was heated on the side EB by an amount equal to 0.03°C. above 
the side AE per atmosphere pressure difference. 

From the values for a and b the inversion temperature T x of 
this heating effect can be estimated for H 2 . 


T t 


2 a 
Rb 


or Ti 


2 a 


273°abs. 


T x - 


0.00076 

0.001025 


273° - 202°abs., or -71°C. 


Hence, at — 71°C. the heating effect in hydrogen should change 
to a cooling effect. Actually, Olszewski 12 found a reversal at 
— 80.5°C. 

All these results show that, in general, there is agreement 
between the observed and theoretical values. Again, as in the 
critical constants, the effect depends on differences of small varia- 
ble quantities. Thus the numerical agreement is not entirely 
satisfactory. Further errors are introduced by the simplifying 
assumptions used. A careful thermodynamic treatment of the 
case, for which the reader is referred to Jellinek, 13 gives the more 
exact result that 



Writing Van der Waals' equation in the form 

t- = — - -+^ + 6 
p pv pv* 

and amplifying it by replacing pv by RT, 
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RT a . abp , L 
* " ~p “ R t + Wr* + b 

( dv \ _ R , a _ 2 abp 
dT) p ~ p + RT* WT* 

and 

T (te\ _ „ _ 2 a _ 3 abp _ . 

\dT) v ~ RT R*T* • 

Thus 

dT _( 2a _ 3a6p _ 1 

P^F 2 b )Jc 

This differs from the former equation in that it has the negative 

term in it. Thus for large values of p, dT/dp should 

decrease with increasing pressure, as it is observed to do. dT/dp 

becomes zero for the condition that ~ — 6 = 0. 

This is a quadratic equation in T and there are thus two tem- 
peratures at a given pressure at which the effect disappears. 
This makes the pressure-temperature curve for the disappearance 
of the Joule-Thomson effect a parabola, and its course is more 
complicated than the simple theory which holds only for low 
pressures. 

The Joule-Thomson effect is used in determining that tem- 
perature on the centigrade scale which represents the absolute 
zero of temperature. The method is, however, thermodynamical 
and finds no place in this text. 

64 . Other Equations of State. 28 — As has been seen, Van der 
Waals' equation is but a first-order approximation. Its imperfec- 
tions have spurred various workers on to improve its agreement 
with experiment. In studying the improvements proposed, one 
might, with Jeans, 14 use two deviations as criteria in discussing 
the equations. It was found in Sec. 52 that v e = 36 for gases 
from Van der Waals' equation. In general, v c is more nearly 26. 
Also it should follow from the theoretical values of p c , v e , and T e 
that p c v c = %RT C ‘ Actually, RT e is more nearly 3.7 p e v e than 
2.66 p c v e as the theory demands. 

It is possible to write Van der Waals' equation in another form 
known as the reduced equation of state . If for the variables 
p, v } and T one substitute the variables P, V, and T\ related to 
p, v, and T by T\ = T/T e , P = p/p c , V = v/v c , then, from the 
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values of the critical constants (Sec. 52), one obtains Van der 
Waals* equation in the form 

( p+ fX F_ 0 i n 

This equation is the same for all gases, for the characteristic 
constants a and b have been eliminated. It is merely necessary 
to find Pc,y n and T c to express the equation in the reduced form. 

There are two ways in which the improvements of Van der 
Waals’ equation have been attempted. The first is by means of 
added constants of an empirical nature. The second is by the 
more rigorous deduction of the equation allowing for temperature 
and other variations of a and b. 

With the relations above in mind, one may go to a typical 
attempt to modify Van der Waals’ equation to agree with facts 
more closely by the use of empirical relations. Kammerlingh- 
Onnes 18 uses a quantity K defined by the relation K — RT c /p c Vc, 
which characterizes the deviation from Van der Waals’ equation 
as suggested above. This K is dimensionally a pure number. 
Calling Vk = V/K the Van der Waals equation above in this 
new notation reduces to 

( p + - 1) - r " 

This can be transformed into 


PV K - 



27 

64F*’ 


which expands into 


PV K - Tx 


1 + 


III _ , 

V K \S 64 Tj + 


1 


+ 


1 


64 W 1 512F k 3 


+ 


This equation is, however, not satisfactory even when the 
experimental value of K has been introduced, for it was seen that 
it was not only the position of the theoretical isotherms but their 
actual shapes which deviated from the observed ones. In other 
words, making the critical isotherm agree in one point with experi- 
ment did not insure agreement of the other isotherms. Kammer - 
lingh-Onnes assumed a purely empirical form of the equation 
above and wrote it 



THE MORE ACCURATE EQUATION OF STATE 193 


PV i 


=K 


i+ ^ + 


+ V K 8 + 


L) 

v/ 


where B, C, D are themselves series of the form 


B - h + + 


6s 

TV 


6 4 

TV 


+ — + 
TV T 


This gives at least 25 adjustable constants. Such an equation 
has no basis in theory. With that many constants it should be 
possible to obtain close agreement with any observed curve. 
For a discussion of the success of this equation one may be 
referred to Jeans. 14 It serves as an example of one of the most 
successful attempts at an accurate empirical representation. 

Clausius 15 attempted an empirical modification of Van der 
Waals* equation. This takes the form 


(" + - »> RT '• 

He introduces in place of the old constant a a new constant a', 
which is divided by the absolute temperature. Thus he makes 
the old a inversely proportional to the absolute temperature. 
Besides this, an adjustable constant c is added to the v in the 
expression for the internal pressure of Van der Waals. The 
introduction of a temperature correction into a is not quite 
empirical, for a is theoretically expected to depend on tempera- 
ture. This correction alone improves the fit of Van der Waals’ 
equation to the data leaving c out. Better agreement is obtained 
for a properly chosen c. The formula fits Andrews’ results in 
C0 2 better than the original equation at high densities; at low 
densities it gives a poorer fit. For other gases it is even less 
successful. Clausius then devised a still more elastic equation 
containing one more constant and putting an undetermined 
exponent on the temperature correction. This gave better fits 
for some gases, as was to be expected, but again failed when 
extended to more gases. Thus it appears that the agreements of 
empirical equations obtained by extending Van der Waals’ equa- 
tion can, by choosing enough constants, be made to fit exper- 
imental data more or less accurately. They, however, teach 
nothing about the phenomena and do not suggest further investi- 
gation. They serve a useful purpose in expressing the true 
behavior of a gas in a condensed and serviceable form which 
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permits of the introduction of such accurate relations into 
applications demanding the relations which they yield. 

An attempt at a theoretical improvement of the equation of 
state applicable to limited ranges of volume has met with a suc- 
cess that merits discussion. This attempt results in an equa- 
tion first empirically proposed by Dieterici which has been 
placed on a rigorous theoretical basis by Jeans. 16 The latter 
deduces this equation from a generalized calculation of the 
gaseous pressure. This general expression for the pressure is of 
an exceedingly complex character, involving the molecular densi- 
ties due to different conditions existing. Jeans evaluates the 
expression for the gas pressure, assuming spherical molecules 
having a definite diameter <r. He allows for the existence of forces 
of cohesion, the method of attack involving a study of the changes 
in molecular densities at and near the surface of the gas produced 
by these forces. Making certain approximations he arrives at the 


expression p ~ -^ e RTv which is Dieterici's equation. It is 

seen that it is the same as Van der Waals' equation except that 


the p -f a/v 2 is now replaced by pe R ^ v . This equation gives Van 
der Waals' equation when a and b are small. Theoretically, as 
Jean points out, this equation has a range of validity no better 
than Van der Waals' equation at great pressures. It gives for v c , 
however, a theoretical value of 2b, which is more nearly in accord 


Ri 1 

with experiment, while K = - ^e 2 , or 3.695, which fits the 

VcVe * 


experimental values more closely than does the value 2.66 from 
the original equation of Van der Waals. In fact, it was to 
obtain these numerical relations that Dieterici set up his original 
equation, this equation being the best of several proposed. It 
agrees well with the data for isopentane for pressures less than 12 
atm. and holds fairly well beyond this range. In general, it 
is numerically slightly more satisfactory than the original Van 
der Waals equation, although it is far from correct. 

It is seen that with increasing experimental accuracy the 
difficulty of finding any one equation of state for real gases 
becomes exceedingly great. Van der Waals' original equation 
with its constant coefficients a and b is but a second-order 
approximation. Attempts such as those of D. Berthellot, 
Dieterici, and Reinganum, making a and b functions of T , offer 
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some improvement* Here again difficulty is encountered in 
giving a universally proper form to the functions, for the form 
giving a satisfactory result for one gas does not give such a 
result for another gas. This merely means that each gas has 
different laws of force between its atoms or molecules, so that 
general equations become unserviceable for the case of individual 
gases in precise studies. In discussing such laws of force, it 
was found that in general a law of the form *= Dr~ m — (?r~ n 
sufficed to a first approximation with the first member the 
attractive term, and the second member the repulsive term, 
the latter being perhaps more accurately of the form a 1 e~ Xr , where 
<ii and X were constants. In applications of this law to indi- 
vidual gases, the exponents m and n need to be determined 
for each gas. Obviously the immediate task of finding the 
proper equation of state for a given gas to a first oWer resolves 
itself into the problem of evaluating m and n for the individual 
gases. To solve this problem, one may find aid in the empirical 
equations which yield accurate agreement with experiment. 

When one turns to purely empirical expressions, the equation 
of Kammerlingh-Onnes which for this discussion may be written 
as 


pv = A v + 


B* 

v 


. C v , D v . E v . 
^ v 2 ^ v 4 * i " V ^ 


K 

t/ i 


is completely satisfactory for describing the behavior of any gas 
as accurately as experiment yields it. In this equation the 
coefficients A v , B Vf . . . are functions of T, and, for reasons 
that will soon become clear, they^ are termed respectively the 
first, second, . . . virial coefficients. While such an equation 
is of use, it is unsatisfactory because it is quite empirical. As a 
result of the initial work of Kammerlingh-Onnes 21 and later 
Keesom , 22 Holborn and Otto , 23 and finally Lennard-Jones , 24 it 
has been possible to relate this empirical expression in certain 
parts to the theoretical expressions deduced for the equation 
of state. As a result of this interrelation it has been possible 
to arrive at a semi-empirical equation of state which enables 
one, from the experimental values of the constants for the second 
virial coefficient in Kammerlingh-Onnes equation, to infer the 
coefficients of the attractive- and repulsive-force laws of any gas 
to a first degree of approximation. 
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In order to study this question, one may rewrite the simple 
Van der Waals equation 


(' + S> 


b) = RT 


in an expanded form obtained through division by v — b, as 


= RT + 


RTb - a RTb* 


+ 


In this equation the terms a and b were assumed constant. As 
shown by the deduction of Reinganum’s equation, however, 
both a and b are functions of T. Hence one should more properly 
express this relation in the form 


pv = RT 


f(T) 



Fowler 25 has shown that from the theorem of the virial the real 
gas law for moderate pressures is given in a general form by 
the equation 


pv = NkT 


1 




In this equation, Nk = It ; and E is defined as the potential 

dE 

energy of the molecules at a distance r. Thus <t>(r) = — ^ = 
Z)r~ m — Qr~ n , if the repulsive-attractive forces as suggested 
above are used. It is seen at once that the second term, ~~ — ? 


= — is equivalent to the term — ~~ ~ N J r 2 {er E/kT — 1 )dr. 

This last term comes from the second virial in the deduction of 
the gas law, whence from its relation to B v the latter can be 
termed the second virial coefficient. Writing the Fowler expres- 
sion beside the Kammerlingh-Onnes equation 


pv * RT — 


2wRTN 


r / \ 

r 2 i e kT — 1 Jdr 


pv - A v + y + 


one observes at once that the second virial coefficient can be 
readily related to the force integral by the expression 
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Hence, if one assumes some general law of force 


dE 

dr 


Dr~ m — (7r~ n , it is possible to evaluate Z), G , m, and n from the 

1 j S 

variation of -r= -j- with temperature. It is of importance to note 


that, if 


1 B* 
NA V 


is to remain finite with the law assumed, m and n 


must both be greater than 4, a point of some importance, 
previously mentioned. Assuming this relation, it is shown by 
Fowler 26 how the complex equations obtained by inserting the 
expression for E as a function of r into the relation above can be 
solved for the constants. The solution is simplified by a graphi- 
cal procedure which enables the most suitable combinations 
of values of m and n to be chosen for a given set of observed 
values of B v /A v plotted against log T. Having chosen m and n, 
the constants D and G can readily be determined. As may be 
imagined from the magnitude of the exponents used and the 
relatively low range in values of T , the decision as to the most 
suitable combination of exponents is not very simple nor is it 
unambiguous. In addition, the number of gases for which 
complete data are available is very limited. Kammerlingh- 
Onnes and, later, Holborn and Otto have, for the inert gases, 
reduced the observational material to a suitable form for analysis. 
Where these data overlap, they are fairly consistent except at 
the lower temperatures. The nature of the results obtained 
from the more self-consistent data of Holborn and Otto are 
shown on page 198. 

The study of the repulsive forces is also possible by an analysis 
of the viscosity (see Sec. 62) thanks to the analyses of Chap- 
man and of Enskog. 27 Assuming vanishingly small attractive 
forces, it is possible from the temperature variation of viscosity 
to evaluate the exponent n in a repulsive law, assuming f(r) = 
Gr~ n and an attractive law of the inverse-cube type. This law 
has given values for n in close agreement with those from the 
equation of state for He and H 2 where the attractive forces are 
very feeble. The comparison of the computed values for n 
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from (1) the equation of state and (2) the viscosity data are 
given in the table on page 199, together with the “diameters” 
of the molecules computed from the data. The numbers in bold- 
faced type indicate the values that have been selected from these 
results together with data from other sources as the most suitable 
values, since, as seen above, these data alone do not give a unique 
solution. 


This Force Constants op Gases ( D and G) prom the Equation of State 
The figures in brackets are the ‘‘diameters” in Angstrom units 


Gam 

n - 9. 

tn «* 5 

« *■ 1 1 , m “ 5 

n - 14 K." 

' m ** 5 

n * ®, 

, m — 5 

D X 10*< 

ax io<* 

D X 10®° 

G X 10« 

D X 10>*5 

1 

O X 10“ 

V 

G X 10“ 

Helium .... 

1 .31 
(4.10) 

5.25 

6.97 

(3.57) 

3.56 

1 

2.35 

(3.12) 

i 

2.33 



Neon .... 

6.32 

(4.99) 

22.3 

43 8 

(4.29) 

17.2 

1 

22.2 

(3.70) 

13.3 

i 

(2.42) 

7.3 

Argon .... 

101 0 
(7.05) 

162.0 

1,310.0 

(6.03) 

138.0 

1,640.0 

(5.11) 

113.0 

(3.13) 

70.4 

Hydrogen. . 

9.19 
(5 23) 

25.4 

73.8 

(4.52) 

19.8 

48 9 
(3.92) 

15.6 

(2.59) 

8.5 

Nitrogen. . 

158.2 

(7.46) 

182.0 

2,245.0 

(6.36) 

151.0 

3,610.0 
(5 42) 

123.0 

j (3.38) 

77.0 


* This fractional number has advantages in the numerical work. 


It is seen that repulsive forces of the inverse fourteenth power 
appear to give the best results for He, while for Ne it is the 
inverse eleventh, for argon the inverse ninth, and for H 2 the 
inverse eleventh power. The values used for m } the attractive 
force, at the time these tables were compiled, is the inverse- 
fifth-power law. It now seems probable that this is not correct 
and that the attractive forces of an inverse-sixth-power type 
are more likely. Until greater experimental accuracy can be 
achieved, these values must, however, suffice. In any case, 
despite the uncertainties discovered, it is quite clear that the 
semi-empirical procedure has materially aided in the advance 
of understanding of the problem and leaves the question one 
of finding the appropriate laws of force appertaining to each 
individual molecular species in the measure that advances in 
experimental technique permit. 
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Repulsive-force Constants and “Diameters” (in Parentheses) of 
Atoms and Molecules of Gases* in Angstrom Units 


Gan Method 


1.31X10* 74 6.97X1 O'* 
(4.10) (3.57) 


2.35X10'“' 
(3 12) 


5.74X10“ 113 

(3.12) 


632X10 74 
(4.99) 1 

6.66X1 0“ 74 
(5 02) 

4.38X10"* 8 

(4.29) 

4 45X10“* 

(4.30) 


2 22X10-" 4 
(3 70) 

1 76X10"“* 
(3 60) 

3.89X10 »“ 
(3 153) 

1.01X10 72 

(7 05) 

131X10 87 
(6 03) 

3.92X1 0 _fW 
(5 35) 


1.64XI0' 112 
(5 11) 

3 57X10' 
(4.70) 


2.34 XI O' 182 
(4 34) 

2 82X10" 183 
(3 99) 


(n = 10) 
7.34X10 * 

(6.98) 


6.21 X10' 87 
(7 05) 


9 19X10' 7 * 7.38X10 "» 

(5 23) (4 52) 

7.19X10 88 
(4.51) 


4 89X10 
(3 92) 


15 82X10 73 22 45X10 88 
(7 46) (6.36) 

7 59X10 73 9 08Xl0-*> 


3 61X10 
(5.42) 


(1) From equation of state. 

(2) From viscosity. 

♦This and the preceding table are reproduced with the permission of R. H. Fowler 
from his admirable text "Statistical Mechanics ” 





CHAPTER VI 


TRANSFER OF MOMENTUM, TRANSFER OF ENERGY, 
TRANSFER OF MASS THROUGH A GAS. THE KINETIC 
THEORY OF THE COEFFICIENTS OF VISCOSITY, 
HEAT CONDUCTION, AND DIFFUSION 

56. Introduction. — In Chap. Ill it was shown that, in spite of 
their high speeds, gas molecules liberated at one point in a space 
did not instantaneously appear at points at moderate distances 
from the origin. The reason for this was shown to be due to the 
effect of collisions with the myriads of molecules present in unit 
volume which prevented a molecule traveling for wore than a 
very short distance in any given direction. This led at once to 
the concept of the mean free path, which was discussed in detail in 
that chapter. The correctness of this concept was there demon- 
strated by direct measurements of the mean free path and distri- 
bution of free paths all of more or less recent date. When the 
kinetic theory was developing, the experimental technique and 
the knowledge in such fields as electronics had not developed to 
the extent necessary to permit these verifications. In fact, no 
direct test of the mean-free-path concept was then possible. In 
attempting to demonstrate the correctness of the hypothesis, it 
was natural that the workers should have turned for its verifica- 
tion to the striking discrepancy with the notion of rapidly moving 
molecules (i.e., the slow diffusion and heat transfer) which had 
led to the mean-free-path concept. Thus at a very early date the 
three phenomena depending on molecular velocities and free paths 
vrhich could throw light on the low values of the latter were care- 
fully analyzed. These three phenomena depend on the transfer 
of matter, of momentum, and of energy through a gas. They 
lead in an experimental study to three constants depending on 
the nature of the gas, called the coefficients of diffusion, viscosity, 
and heat conduction. 

The analysis of these three constants from the kinetic-theory 
point of view led to predicted variations of the constants with 
pressure, temperature, and masses of the molecules. Some of 
these variations were at the time unknown. Their verification 
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afforded a striking proof of the correctness of the assumptions 
involved. They also led to predicted relations between the 
coefficients of heat conduction and viscosity, which were found 
to be approximately correct. Some of the predictions, notably 
the temperature variations, were not fulfilled. Where this was 
the case, it was found that the theoretical simplifications and 
some of the assumptions ( e.g. y that of forceless molecules of fixed 
diameters) were not strictly true, and that to this extent the 
theory had to be modified. 

The deductions also led to relations which enabled the mean 
free paths of the molecules L to be evaluated. These values 
are in excellent agreement in order of magnitude with those 
estimated from the Van der Waals equation (Chap. V) and from 
the more direct measurements of Chap. III. The lack of com- 
plete numerical agreement must be ascribed to two causes: first, 
to the fact that, as the free path L is a function of the tempera- 
ture, the results of the measurements are not strictly comparable; 
and second, to the uncertainty as to the value of the numerical 
constants resulting from differences in the manner of averaging 
the velocities ( e.g ., the Maxwell and Tait free paths (Sec. 39) or 
Jeans’ persistence of velocities). 1 At the time, however, the 
agreement between theory and experiment was most striking, and 
today, in spite of the more complicated analysis necessary for a 
satisfactory treatment, the study of these coefficients in the light 
of the kinetic theory furnishes an inspiring example of this type 
of analysis. It is the purpose of this chapter to give both the 
elementary treatment of the problems and some of the later, more 
accurate findings. For the proper treatment of the subject, it 
seems best to derive the expressions in an order which places the 
coefficient of viscosity first, heat conduction second, and diffusion 
last, because of the relative mathematical simplicity of the cases 
of viscosity and heat conduction compared to diffusion. The 
chapter will be divided into three parts: Part I, Coefficient of 
Viscosity; Part II, Coefficient of Heat Conduction; Part III, 
Coefficient of Diffusion. 

56. Irreversible Phenomena. — Before proceeding to a discus- 
sion of Parts I, II, and III, it is of interest to point out a marked 
difference in the case of these phenomena compared to the 
phenomena which formed the basis of the discussions of all pre- 
vious chapters. In those chapters the discussion was limited 
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chiefly to the cases of gases in equilibrium. In such cases the 
temperature and the partial pressure of the gases remained 
constant throughout. In fact, the deductions of Chap. IV 
depended on this equilibrium. Thus in the cases treated there 
was no streaming motion in the gas and one part of the gas was 
like another part as regards constitution, momentum, and energy 
distribution. Part I and the following parts deal with gases 
which are not in equilibrium and which are striving to attain that 
state. 

It is a fact of common experience that, if a gas is set in motion 
in its container, the motion will be gradually dissipated until the 
temperature and the pressure of the gas are uniform throughout 
and there is no directly observable motion in the gas. The 
phenomenon of the dissipation of internal motion is known as 
“ viscosity.” It is perhaps the simplest of the irreversible 
phenomena. 

Again, if the gas in a container is not at a uniform temperature 
throughout, differences of density arise, and so, owing to the 
buoyant action arising from gravitational force and governed by 
Archimedes’ principle, convection currents arise. These motions 
are dissipated by viscous friction, and so, ultimately, temperature 
equilibrium is attained. But there is a more direct process by 
which the temperature equilibration is carried out, and which is 
present in arrangements where convectional streaming is pre- 
vented. This process is that of heat conduction. 

The third principal irreversible phenomenon is that of diffusion. 
In this a gas consisting of a mixture of different varieties, the 
composition of which is initially variable from point to point, 
gradually becomes uniform. As different gases do not have the 
same density at the same temperature and pressure, there is also 
convective action which results in mixing when the gas is, as is 
usually the case, in a gravitational field. The phenomenon of 
diffusion, properly speaking, is, however, one which takes 
place independently of this convective action. It is due, as are 
the other two real processes, viscosity and heat conduction, to 
the eternal and chaotic random heat motions of the molecules. 

The designation 4 "irreversible” for these phenomena arises 
from the fact that all three are conditioned by the second law of 
thermodynamics, being processes in which the energy is degraded 
(i.e., in which the molecular chaos (“ mixed-upness ”) of the 
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universe is increased). It is important to note that the second 
law of thermodynamics tells merely the direction of the phe- 
nomena — that is, that the streaming motions will be dissipated, 
that the temperature will become uniform, and that the compo- 
sition will become uniform. Thermodynamics does not offer any 
information about the time rate, or speed, with which these 
processes take place. Experiment and the kinetic theory, by 
giving information about the time rates of these phenomena, 
thus make a great advance over the doctrine of energetics. 

I. VISCOSITY 

67. The Experimental Definition of Viscosity. — Consider a 
gas in a container having plane parallel walls infinite in extent. 
Assume, now, that one of these remains fixed while the other one 
moves relative to it with a velocity u. Let the distance between 
these two walls be z. An arrangement of this sort could be 
realized experimentally by having the moving wall a long, flat 
belt moving endlessly over two rollers, and considering a small 
region far from the rollers. Experime nt has shown that the gas 
will be set in motion in the direction of the moving belt, that it 
will be at rest relative to each boundary, at the boundary (except 
for a slight slipping to be discussed later), and that the motion of 
the gas between the plates will fall off linearly from the moving 
plate to the fixed one — that is, the gas next the moving plate will 
be set into motion by it, momentum being lost by that plate in 
transmitting motion to the gas. The outer layer of gas will then 
set the next inner layer into motion, suffering thereby a loss of 
momentum, so that its velocity will be less than that of the plate. 
Thus a gradient of velocity will be set up across the gas space, 
which experiment shows is a linear one. If the velocity of the 
layer of gas at the plane z = 0 is designated as 0, and at z = Zo 
as v,Qj the rate of increase of speed with z, or the velocity gradient, 

is When the steady state of motion is reached, the upper 

*o 

plate is losing momentum to the gas, and as a result experiences 
a viscous force or drag which is equal to the rate of loss of momen- 
tum. Thus the viscous force of the gas is measured by the rate 
of change of momentum involved. 

Experimentally, it was found that the force was proportional 
to the area of the moving plane exposed to the gas, and to the 
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velocity gradient in the gas. That is, if / be the force on the 
clw 

plane, A its area, and -j- the velocity gradient, then 



and if F be the force per unit area, 



Here tj is a constant of proportionality characteristic of the gas, 
the coefficient of viscosity. The negative sign denotes that the 
force opposes the motion u. It is the significance of ^ in terms of 
the molecular quantities which it is desired to derive from the 
kinetic theory. In the c.g.s. system of units tj gives the force in 
dynes per cm 2 acting on the surface when the velocity gradient is 
1 cm/sec. in a cm taken normal to the surface, i.e. f along the 
2 -axis. To orient oneself, it may be of interest to note that rj for 
air is 1.8 X 10“ 4 dyne/cm 2 per unit gradient, while v for H 2 is 
0.9 X 10~ 4 , rj for water is 0.01 at 20°C., and rj for glycerine is 
8.5 at 20°C. In mentioning the value of tj for liquids whose 
definition and experimental measurement are precisely the same 
as for those of gases, it becomes essential to point out a funda- 
mental difference between the interpretation of tj for the two 
classes of substances on the kinetic theory. In gases the inter- 
molecular forces are considered as completely negligible, or at 
least relatively small, in their effects compared to the peculiar 
type of transfer assumed. In liquids, the intermolecular forces, 
as evidenced by cohesion, play an entirely dominating r61e. 
Hence viscosity in liquids is largely governed by cohesive forces 
and shows little dependence on density, molecular velocity, or 
mean free path. It is, therefore, not surprising that liquids whose 
cohesive forces rapidly become weakened as temperature in- 
creases should show reduced viscosity with increasing temperatures. 
In gases where, as will be seen, the viscosity depends on the rate 
of transfer of momentum, the viscosity increases as temperature 
increases. 

58. The Simple Kinetic Analysis of Viscosity. — The first 
analysis of tj from the point of view of the kinetic theory was due 
to Maxwell in I860. 2 From the discussion of the previous sec- 
tion, it was evident that the viscous drag exerted by the gas on 
the plane was due to a loss of momentum of the plane to the gas. 
This transfer of momentum from the faster layer to the adjacent 
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slower layer was then found to take place throughout the gas, 
leading to the establishment of a velocity gradient from one plate 
to the next. It also leads to the manifestation of a viscous drag 
on the stationary plane which could be detected by a suitable 
measuring device, showing that some of the momentum of the 
moving plane is being transmitted through the gas to the fixed 
plane. 

This transfer of momentum through the gas may be pictured 
by the kinetic theory in the following fashion: According to the 
distribution law, the molecules are moving in the gas in a com- 
pletely random fashion with average velocity components equal 
along the three axes. The streaming motion of the gas merely 
indicates that there is a minute average additional velocity of 
all the molecules in the given directions. This additional 
velocity, a few crn/sec., is so small compared to C (about 40,000 
cm/sec.) that it may be assumed to be of little influence on the 
Maxwellian law of distribution. If the velocity gradient exists 
in the gas, the molecules in one of the upper, more rapidly moving 
layers (that is, one having a small additional component u x in the 
x direction) will move from this layer to one of the lower 
and slower layers, carrying with it its initial component Ui in the 
x direction. If in this lower layer where the speed of the mole- 
cules along the x direction is lower ( i.e ., where the average velocity 
of the molecules in the x direction is u 2 < Ui) the first molecule 
suffers collision, its added momentum will be given up to the lower 
layer. Thus the lower layer will move faster as a result of this. 
On the other hand, some molecules from the lower layer will, by 
their heat motions end in the upper layer, and being slower, will 
decrease the average momentum of the molecules in the upper 
layer. It is then by such a process that the momentum is trans- 
ferred from layer to layer of a gas and it is from a precise analysis 
of this process that it should be possible to derive the expression 
for 17 . 

To this end the following simple assumptions may be made: 
Let it be assumed that an average molecule traverses a distance 
equal to the mean free path between impacts. The length of this 
path is then a rough measure of the thickness of the layer of gas 
in which viscous action occurs. On the two sides of a layer of 
gas L cm thick, whose plane is parallel to the plates, the differ- 
ence of streaming velocity in the gas is given by L for the 

dz 
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velocity gradient normal to the motion of the gas is 

Thus molecules of mass m coming from the upper side of this 

layer to the lower side carry an excess of momentum 

from the upper to the lower side. Now, on the average, one-third 
of the molecules are moving with paths that are up or down. 
Thus the number of molecules of speed c going up or down across 
unit area per second will be one-third Nc, where there are N mole- 
cules per cm 8 . The momentum transferred across this layer up 
and down by the molecules is thus 

~ NmcL “ 

3 dz 

Now this calculation was made on the assumption of a uniform 
gradient. This presupposes a steady state.* That means that 
momentum is being passed on from one layer to the next as 
rapidly as it is received. Thus the transfer of momentum across 
the layer L is the same as that given to the gas by the moving 
plane at z 0 or given to the stationary plane at z = 0. This 
momentum transfer in the gas thus results in a force —F being 
exerted on the moving plane at z 0 , the reaction a force equal in 
magnitude but opposite in sense being exerted on the lower plane 
at z = 0, of magnitude +F. Hence 

F - ^ NmcL p- 
o dz 

• • d'Xt 

By the definition of r\ y this force F — per unit area as 
regards the lower plate. Therefore 

v = g NmcL. 

This equation also follows in exactly the same form from a dis- 
tinctly more rigorous deduction to be given in the following sec- 
tion. For a discussion of this expression for 17 as compared with 
experiment the reader is referred to Sec. 60 at the end of 
the deduction of this expression. 

59. Maxwell’s Deduction of the Value of vj . — Assume a gas 
in which a uniform velocity gradient is set up by some adequate 
* It is to be observed that by “equilibrium in a gas” is meant uniformity of 
temperature, velocity, and composition throughout the gas, whereas the 
term “steady state” merely means that the temperature, velocity, and 
composition at a given point do not vary with time . They may, however, 
vary from place to place. 
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experimental arrangement. Choose a point in the gas stream and 
set up a system of coordinate axes such that the gas moves along 
the x-axis with a velocity u 0 , while the velocity gradient lies along 
the 2-axis. Thus at z = 0, u will be u Q . As the velocity gradient 

is jg* the velocity at any point 2 = 2 will be 

, du 

u = u 0 + -7-2. 

az 

Owing to this gradient, the molecules which are continually 
moving from positive values of 2 through the xy plane are carry- 
ing with them momentum corresponding to the region where they 



last suffered an impact. The validity of this assumption is ques- 
tioned by Jeans 1 on the basis of his theorem of persistence of veloci- 
ties. Similarly, the molecules moving from negative values of 2 
are moving through the xy plane, transferring their low momenta 
along x to the upper layer and decreasing the average momentum 
of the layer. The net momentum transfer per unit time through 
unit area gives the force per unit area due to the velocity 

gradient across the xy plane. To get^ us. ont,|&ke#a small ele- 
ment of volume dv (Fjg. 38) and finds the rale cSr transfer of 
momentum downward through a squall area dxdy due to this 
volume. The Mm^ may^ be done for the upward; transfer 
of momentum through dxdy due to a small volume dv f below the 
x^j plane. By integrating these over all the space above and 
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below xy the net momentum transfer through dxdy per second, 
and hence the force exerted, may be found. 

Assume a small volume dv having N molecules per cm 3 in it. 
Assume, further, that, on the average, a single molecule experi- 
ences l collisions in unit time. This quantity may, for purposes 

£ 

of simplification, be considered as j> a constant, where c is the 

average velocity and L is the mean free path. As was seen in Sec. 
39, this is really not the case, and in later work the accurate 
expression for the mean collision frequency will be used. In a 
time dt the Ndv molecules in dv experience N2 dv dt collisions — that 
is to say, in the time dt, N2 dv dt molecules start new paths, leaving 
dv. As all directions are equally probable, the number which 
leave dv and move towards the small area dxdy is the number of 
paths starting in dv during dt multiplied by the ratio of the sur- 
face cut out by the solid angle subtended at dv by dxdy, dxdy cos 
0, to the surface of the sphere of radius r drawn about dv. Here r 
is the distance from dv to dxdy and 0 is the angle the line r makes 
with the 2-axis. Of this number of molecules moving towards 

__ r 

dxdy, only the fraction e L goes the distance r or more without suf- 
fering a collision and being diverted. Thus the total number of 
molecules leaving dv during dt that pass through dxdy is 

m ^y c ? e e-l d vdt. 


Now if, on the average, it is supposed that a molecule possesses 
the x component of velocity appropriate to the scene of its last 
collision, each of the above molecules carries an amount of 
momentum 

m (u 0 + r cos 0 


from dv through dxdy. Hence the momentum transfer is 



dv — 


du r 

Nmr cos 2 0-^e~Zi dxdy dv dt 


JM 


4rr 2 


The" negative sign indicates that &e rfiom^itmn is being carried 
from greater to lower values of e: This quantity must be inte- 
grated for r from r =* 0 to r = <*>. It' must also be integrated so 
that dv covers all the Space abo^e the xy plane. To dp this, 



210 THE KINETIC THEORY OF GASES 


dv must be replaced by dr(r sin 6d<t>)(rd6) and $ integrated from 

0 to and <t> from 0 to 2ir . Thus the momentum transfer. 

going through dxdy downward from the space above the xy 
plane is given by the quantity 


N — — * dxdydt\ 


' dxdy 4 


4tt 


£ u 0 J e L rJrj' cos 0 sin OdO ^ d<f> 

f re dr ( cos 2 0 sin Odd I d<f> • 
Jo Jo J 


du 
+ dz 

In a similar manner, the momentum transfer from below the 
xy plane upward from a volume r 2 cos 6d$d<j>dr in a time dt may 
be found as 


N dxdy 7 


Nm z dxdy dt 
4 7T 


[ u 4' e ~' dr i 

r°° _ r r\ 

I re L dr I 

Jo Jo 


cos 6 sin Odd I d<f> 




du 

dz. 


cos 2 0 sin Odd 


r -} 


the — sign inside the bracket being due to the fact that below 

the xy plane u = (u 0 — r cos 0 Adding the two terms 

N dxdy i and Ndxdyi to get the net transfer Af, it is found that 
the first members of the two expressions cancel and there is 
obtained on integration for the net transfer per unit area per 
second, i.e., the viscous drag, the quantity 


_M_ 

dxdy dt 

since 

Thus one has 


4t N mzL 2 du 
3(47r) _ dz 


1 - r _ r du 
- NmcL j— 
3 dz 


du 
** dz * 


z = 


r} = £ NmcL . 


This was precisely what was found in the preceding section. 
The integration here was carried out assuming I to be a con- 

c 

stant. Its assumed value j was the value which one would 

have obtained using the Maxwell value for the mean collision 
frequency which is assumed independent of the velocity c as 
shown in Sec. 39. To take account of the variation, the Tait 
expression for the mean collision frequency must be used. 
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The treatment given by Tait, which is the more rigorous one, 
differs from the one given above only at the point where the 
integration of the free paths takes place. In this treatment, 
Maxwell's law of distribution is assumed to hold even though it 
applies strictly only to equilibrium. However, the quantity 

c 

which before was written as z = ^ is no longer so. L is a 

function of c. If the free path for a given c be taken as l and if 
one writes for N not a constant N, but N C) giving the number of 
molecules with velocities between c and c + dc , the equation 
found above for M becomes 


M - 


2m dxdy dt du\ 
4i r dz 


[ f 2 cos 2 0 sin ddd F'd* P 
L Jo Jo Jo 


Tie l dr 


f- 4 N 1 

J. "*} 


The integral with respect to d and <f> leads to the factor 


2ir 


Again, in place of the collision frequency z = y, one now writes 
£ 

z = ^ where l is a function of c, which is given by the Tait 


free-path equation (Sec. 39^ as 



where L is the Maxwell free path. Thus the equation for M = 
N dxd v i + Ndzdvi becomes 


M * 


~ Nm dxdy dt ^ 


’J> 



£* 

a 'dc 




or, calling ~ = x , 

M - -g Nm dxdy dt ~ lcx 2 e~*'e~‘ r ^dx. 

\Z2ttx 1 L 

Integrating this for dr first, setting c xa and l , > then 

i(x) 

Af du _1 „ du oL/\/2t ('°°4x h e~*'dx 

dxdy dt ~ 11 dz * 3 dz yfa J o ~<£(xT 
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This complicated integral was evaluated by Tait and led to the 

value 0.838. 

Jo Hx) 

Therefore tj = i Nma (0.838 y/2 L) 

or = g NmcL ^0.838 

1.051 {^NmcLy 

that is, the Tait value for the viscosity is 5.1 per cent higher than 
the value deduced by the Maxwell form of averaging. Phys- 
ically, this difference is caused by the fact that the faster moving 
molecules have longer free paths and thus carry more momentum. 
This, if taken account of in averaging, as was here done, leads 
to the viscosity being greater because of the added effect of the 
longer free paths. 

In his masterpiece, “The Dynamical Theory of Gases , ” 
Jeans 1 investigates what he calls the “persistence of velocity 11 
after collision in the impact of elastic spheres. This analysis 
carried out for elastic spheres of equal mass and of velocities c 
and c' evaluates a, the average component of velocity of one molecule 
c along its initial direction after impact , for all values of the 
velocities c and c\ Dividing this average component by the 
initial velocity c the average “ expectation ” a/c of a velocity 
after collision is obtained. It is seen from the table below how 
a/c varies with the ratio of c/c\ The average persistence 




(a/c), in a molecular collision under a Maxwellian distribution 
is 0.406. For elastic spheres of different mass one can write 



m i — m 2 

771 1 -*f- 7712 


2 m% / a\ 

rrii + m 2 \c J / 


where (a/c) m is the expectation with a mass mi of velocity c 
colliding with a mass m% of velocity c', and (a/c), is the expecta- 
tion for equal masses given before. A series of average values 
of ( a/c) m for different values of the ratio m%/m\ in a gas is given 
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below. It is clear that under these conditions c and d are also 
functions of mi and m 2 . Hence one can express (a /c) e in terms 
of the values of the ratio m 2 /mi, corresponding to d/c . 


Ms/TOl 

0 

Ho 

H 

H 

B 

2 

5 

10 

CO 

(a/e) m 

(«/c). 

1.000 
0 . 333 

■ 

jf 


8 

0.243 

0.432 

0.152 

0.491 

■ 



This persistence of velocities must now be taken into account 
in the analysis of the coefficient of viscosity. Jeans considers 
the expression for the coefficient of viscosity including the Tait 
free path (page 212), which is here expressed as 


v = 


1.051 


NmcLi 


in order to see what effect the persistence of velocity has on it. 
Now on the average each molecule has experienced a path whose 
projection on the 3-axis is f. In its previous path it had a 
velocity component along z of w, of which the expectation 0 
leads one to assume that it retains on the average a component 
of velocity 9w along z. Hence the expectation of the projection 
of this path along z may be taken as 6 $ . Going back one colli- 
sion farther, the expectation of its projection along z in the path 
of the projection f considered is given by 0(0f) = 0 2 f. Thus 
going back to earlier and earlier paths, each one contributes a 
diminishing amount to the expectation of f . Thus the motion 
of the molecule due to past motions will have come with a 
velocity component along z not of w but of w + 6w + 6 2 w + 
6*w + ... , and hence the projection of its path on z will 
not be f but 

f + 0f + 0 2 r + r/d - 0). 

Hence the molecule will not on the average have come with a 
momentum appropriate to the plane z = z 0 ± f but from a point 
z = Zo + f/(l — 0), where 0 measures the average expectation 
of persistence. Now actually one cannot increase the amount 
of momentum transferred across the boundary by a projection 
like f in the proportion to the persistence of the path, for the 
intervening impacts have disturbed the transfer of a momentum 
in a succession of paths. Jeans assigns one-half of its excess 
momentum to each colliding molecule. Thus the effect on 
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the momentum transfer is that of the particle having come 
undisturbed from a region of last impact not f / (1 — 0) away but 
a distance given by 



+ 



As 0 * 0.406 for a uniform gas, this expression becomes 1.255f. 
This factor 1.255 Jeans then feels justified in multiplying into 
L m in the viscosity equation, as it represents the effective increase 
in the free path as far as momentum transfer due to persistence 
goes. Hence, according to Jeans, 

v = l~NmcL M ( 1.255) 

1.317,, 

= — — NmcL M . 

A more accurate calculation in which the factor 1/(1 — 0/2) 
is introduced into the integrand for the mean free path in the 
Tait calculation gives a factor 1.382 instead of 1.317. Hence 
Jeans, as a result of his persistence of velocities correction, 
writes 

V - —~NmcL u = OA&lNmcLu. 


Jeans, recognizing the approximate nature of his equation 
for persistence, points out that attempts at improving the equa- 
tion from this point of view are useless in that the more powerful 
mathematical methods used by Chapman and by Enskog yield 
more justified and accurate values. As a result of Chapman’s 
analysis the constant in the equation for ij for elastic spheres 
turns out to be 0.499 instead of 0.461 as computed by Jeans. 
Thus one can accept as the best value of the expression for the 
coefficient of viscosity, on the assumption of elastic solid spherical 
atoms, the equation 

r) = 0A99NmcLtf 

80. Agreement between Elementary Theory and Observation 
for the Coefficient of Viscosity. — The expression deduced for % 

if m i NmcL , with some uncertainty in the value of the constant 
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y z depending on the method of averaging, can be transformed for 
discussion as follows. Since 

L = -jJ — » 
y/ 2 tu 2 N 

it follows that 

me 

V ~ 3V2ir(r J 

1. It is seen at once that, since c <* yj l/m, 17 should vary as 
\/m. For gases this holds quite accurately if account be taken 
of the variation of a, which is comparatively small for most 


2. Furthermore, the expression is independent of pressure, for 
neither m, c, nor <r is a function of pressure. This Surprising rela- 
tion was deduced before the value of rj as a function of pressure 
had been measured. Investigation 3 showed it to be true for pres- 
sures from a few mm of mercury up to several atmospheres, con- 
trary to expectation, for it seemed absurd that the viscous drag of 
a rarefied gas should be the same as for a dense one. At low pres- 
sures the relation fails, since the mean free path then becomes 
comparable to the dimensions of the apparatus and the assump- 
tions used in deducing 77 no longer hold (see Sec. 77 ). At very 
high pressures, where attractive forces between the molecules 
become appreciable, the relation might again be expected to fail, 
for momentum transfer of the liquid type begins to occur (see 
Sec. 64 ). 


ISR T 

3 . Again, the c above can be replaced by where 

Na is the Avogadro number, m the mass of a molecule, R A the gas 

2 

constant, and T the absolute temperature. Thus 17 = 2 


\/ mkT where k = Ra/Na , the Boltzmann constant. This pre- 
dicts that rj should vary as the square root of the absolute temper- 
ature. Experiment 4 shows that 77 increases with temperature 
more rapidly than this and does not follow a simple power of T. 
The failure of this prediction to hold depends on the erroneous 
assumption that <r is independent of T. The value of <r depends 
on the mean distance of approach of the molecules on impact. 
This depends on the repulsive and attractive forces between 
molecules and their energy of agitation. Since increased T 
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means an increase in kinetic energy, and hence a lessened effect 
of attractive forces on the free paths of the molecules, as well as a 
closer approach on impact, it is not surprising that ij is found to 
increase more rapidly with T than the y/T. If r\ were found 
proportional to T ) then <r would only have to vary as 1 /\/T to 
cause this. This is not a very rapid change. It seems, however, 
worth while to point out that the deviation is not serious from 
the point of view of the establishment of the kinetic theory, for 
it predicts an increase in rj with T which is nearly fulfilled, whereas 
previous experience with liquids showed the reverse effect. The 
deviation is, however, very welcome, as it makes it possible to 
test the variation of a, the apparent diameter, with T and thus 
leads to an evaluation of intermolecular forces. This will 
be discussed more at length in Sec. 63, under the theory of 
Sutherland. 

The measurements of rj afford the best values of L obtainable. 
Thus a check of the theory from the point of view of a prediction 
of the value of rj from theory and a comparison with the observed 
values is meaningless, for L otherwise determined is far less exact. 
It is interesting to compute rj at 0°, 760, for N 2 from a derived 
from Van der Waals* b and compare it with the observed value. 
For air, a = 3.53 X 10~ 8 cm, 

to = 28.0 X 1.66 X 10 ~ 24 gram c = 4.54 X 10 4 cm/sec. 

= 28 0 X 1.66 X 10~ 24 X 4.54 X 10 4 
~~~3y/2n t 1.245 X 10~ 15 
17 = 1.27 X 10~ 4 . 

The value of rj observed for N 2 at 0° is 
i? = 1.66 X 10- 4 . 

The values agree in order of magnitude but differ by about 23 
per cent. Part of this discrepancy would be taken care of by the 
Tait free path. If a constant in the equation computed by 
Jeans, 1 including a correction for what he terms the persistence 
of velocities, were used, a very good agreement would result in 
this case. It is seen, therefore, that, while the result is approxi- 
mately correct, the question of the constant factor is an important 
one. Again, it must be pointed out that it is questionable to 
apply values of a obtained from critical data to viscosity theory , 
for the real significance of a value of a depends on the measure- 
ments from which it is deduced. Thus it is quite probable that 
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the value of a entering into b is not the same as the one used for 
viscosity. 

61. Criticisms of the Simple Theories. — In what has preceded, 
certain points were passed over as sufficiently accurate, with little 
or no comment. Two of these merit further discussion and will 
be taken up in this section. 

The first limitation of the development is that it postulates 
that the state of motion is nearly steady, i.e., that the speed of 
the gas stream at any point does not vary much with the time. 
This requirement is introduced by the fact that no distinction is 
made between the time at which the molecules leave the volume 
element dv and the time at which they cross the surface element 
dxdy. The numerical magnitude of this limitation will be 
estimated later. 

A second point bears on the validity of the assumption that 
on the average , a molecule possesses the x-component of moment 
turn appropriate to the scene of the last collision . The analysis 
of this assumption and associated ones occurring in the theory of 
heat conduction and diffusion have been treated by Jeans 1 under 
the designation of persistence of velocities . The analysis pertain- 
ing to this correction is given in his 4 4 Dynamical Theory of 
Gases,” and only the results will be given in this text. 

Passing now to the more detailed study of the first of these 
corrections, it is important to determine the thickness of the gas 
layer in which practically all of the viscous action takes place. In 
the theory of Maxwell the momentum transfer is integrated over 
all space. Actually, however, the distant volume elements con- 
tribute practically nothing to the viscous action across dxdy. 
The expression for n after integration over the polar angles 6 and 
<t> is 


\ Nn i 


f 


e L rdr 


: NmcL. 


If one consider the viscous action of those molecules whose last 
collision occurred at a place less than d distant from the place of 
crossing dxdy, this will be less than the total amount by the follow- 
ing fraction of the total viscous action: 


jTY^-r% + .> 
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This shows that all but about 4 per cent of the viscous action 
across a surface is effected by the crossing of molecules within a 
distance of five times the mean free path from the place of cross- 
ing, while all but 0.3 per cent is gained by including molecules 
from distances up to eight times the free path. The conclusion 
is that virtually all of the viscous action in a gas occurs over an 
extremely thin layer of the gas. 

The result of the preceding analysis makes it possible to form 
an estimate of the amount of the error made in neglecting the 
distinction between time of leaving dv and time of crossing dxdy. 
Molecules coming from a greater distance than 8 L need not be 
considered and the time for the average molecule to go this dis- 
tance is given by 8 L/c, a quantity whose order of magnitude is 
10~ 9 sec. Thus the deviations from the steady state occurring 
in practice are unimportant in their effect on the theory. This 
is especially true, since modern methods utilize only the steady 
state. 

62. Viscosity and Intermolecular Forces. Repulsive Force 
Fields. — In Sec. 59 the expression for the coefficient of viscosity 
was deduced assuming molecules that were elastic spheres exert- 
ing no attractive forces on each other. In Bee. 60 it was inti- 
mated that the failure of the equation deduced in Sec. 59 in 
regard to the observed temperature variation of rj was due to 
the fact that the molecules (1) exerted attractive forces on each 
other and (2) that the molecules were not rigid elastic spheres 
but centers of repulsive force which varied rapidly with the 
distance. It was in fact shown in Chap. V that molecules 
interacted approximately as configurations that had forces 

D G 

between them of the form <j>(r) = — — > where m was of 

r x ' ytn yH 

the order of 6, and n of the order of from 9 to 14. To date the 
problem of the effect of such a law of force on the value of 
rj has not been very completely studied, due largely to the com- 
plicated nature of the problem. It is clear that if one regards 
the molecules not as elastic spheres but as centers of repulsive 

G 

force of the form f(r ) = — the distance of approach of molec- 
ular centers a in impact must be a function of the energy of 
impact such that the apparent molecular diameter a is a function 
of the temperature. Again it must be recognized that as 
molecules exert attractive forces on each other the collision 
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frequency must be greater than if no attractive forces existed. 
Furthermore such forces must also cause deviations from the 
straight-line free paths without elastic solid impact which result 
in energy and momentum exchanges affecting the coefficient 
of viscosity. Such actions are governed by the law F(r) = 



and, as the energies and hence velocities increase with 


increasing temperature, the effect of such forces must decrease. 
Both the decrease in the value of a for repulsive forces and the 
decrease in the alteration of free paths, with consequent reduction 
of collisions due to attractive forces, must in the end cause an 
apparent decrease in the molecular radii as temperature increases. 
Hence the mean free path and therefore also ij must increase 
as temperature increases, aside from any change in t\ due to 
the quantity c in the simple expression for tj. It i$ this apparent 
variation of tr and L with temperature that causes rj to vary 
more rapidly than \/T which is predicted by simple theory. 
It must also be clear from the material given in Chap. V that 
the variations of a, L , and therefore rj , for different gases must 
be different as </>(r) is so widely different for different gases. 
Thus in H 2 and He it was seen that Chapman 27 was able to 
calculate the law of repulsive force in good agreement with data 
from the equation of state from the variation of t? with tempera- 
ture, although the law of attractive force was used in a convenient 
but inexact form, i.e. f m = 3. This lay in the fact that in these 
cases the attractive forces were negligible and the variation of a 
could be accounted for almost entirely by the repulsive terms. 
The agreement in the case of more strongly attracting gases 
was, on the other hand, not so satisfactory. It is thus clear 
that until the complete law of attractive force as a whole can be 
used in the study, it is necessary to account for the variation 
in rj with temperature on the basis either of attractive forces 
alone or of repulsive forces alone. Thus it happens that in 
most cases two approaches to the problem are possible for 
approximate studies of the phenomenon: some gases being best 
treated by a consideration of repulsive forces, others by a con- 
sideration of the attractive forces. It will accordingly be of 
interest to regard both of these approaches in order to gain a 
clearer insight into the problem. 

Repulsive Forces.— Jeans, 29 in the third edition of his “ Dynami- 
cal Theory of Gases,” shows that in molecular impact the kinetic 
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energy of motion which has been consumed in overcoming the 
repulsive forces at <r , the closest distance of approach, is %mC 2 
or kT . Hence the mutual potential energy of two molecules at 
a distance cr, corresponding to the repulsive force occurring at 
an impact at a temperature T 7 , will be kT. The force of repulsion 

dT 

at the distance <r is therefore -k- 

aa 


If the repulsive force is of the form <7r“ n , one can then write Gr~ 


dT 


dc 


[ Q -Jl/(»-l) 

7cT( n ~ 1) J 


In such an encounter, the distance <r\ is not the same as the diam- 
eters of two equivalent spherical elastic molecules colliding after 
straight paths in such a way as to give the same angular deflec- 
tion. o\ will exceed this diameter by a factor depending on n 
and will only equal that of the solid molecules when one has 
elastic solid impacts n* = . °° . Ignoring this difference, it is 
seen that, in any case, a will vary as (l/2 1 ) 1/(n ~ 1> so that l /a 2 


will vary as 7 72/(n “ 1) , whence rj will vary as T s where S = ~ 
2 

+ i It has in fact been found that for many substances 
n — 1 

ri does vary as T s . 

In general, then, one can introduce this variation of <r into the 
equation for the coefficient of viscosity. It was found that for 
elastic solid impacts 


_ 0A99Nmc 
* ” N<r* 


0.499m 



\/2ir<r 2 


_ Ay/ mkT 


Replacing cr by the expression above, one obtains 

V = ]^» 

where A is a numerical constant. Chapman has determined 
the value of the constant A to be 


A = 5V * 

8 «”> r [ 4 - (^ T)J 

to a first approximation where I 2 (n) is defined on page 221 of 
Jeans. With this value of A the equation reduces to Maxwell’s* 0 
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exact equation, when n = 5 and to the equation rj = 0.491 — ?= — 7 

V 2 wa 2 

when n* = .00. A second approximation for rr = . » gave a 
correction factor of 1.01485 to A which agrees with a factor found 
by Enskog 31 for this same case of 1.01485. Thus it is seen that 
this approach gives an expression for 77 fairly closely in agreement 
with facts and giving absolute values of 77 which are in agreement 
with most of the more exact studies. 

63. Viscosity and Intermolecular Forces: Attractive Force 
Fields. Attractive Forces. — The first one to take account of 
the attractive forces in studying the effect of 17 on the coefficient 
of viscosity was Sutherland . 5 He considered two elastic solid 
spherical molecules of radii <r 0 , attracting each other with a force 
F(r) which varies as the distance r in some fashion unspecified. 
To study the effect of such attractions on each other, one must 
consider the two molecules moving toward each other with a 
relative velocity C. The otherwise straight-line paths under 
the attractive forces will be transformed into orbits about a 
common center of gravity whose character must depend on the 
masses, velocities, and initial directions of motion. Since 
the problem involves only the interaction of two molecules 
independent of any frame of 
reference, it is clear that the 
orbits will lie in a plane. Since 
the motion is purely relative, one 
can in this case assume one mole- 
cule as fixed and consider the 
other as moving with a velocity whose magnitude and direction are 
identical with the relative velocity. These simplifications enable 
one at once to apply the laws of orbits under central forces to 
the problem . 6 28 

Consider the fixed molecule at 0 of Fig. 39 and the moving 
molecule to have started at infinity along a path AB , with a 
velocity C, which is the relative velocity. Owing to the forces, 
the molecule will describe an orbit Adc about 0, an instantaneous 
position of the molecule being designated as d where Od is the 
radius vector r, and the angle <t> measured from Ox parallel to 
AB is the angular displacement of the molecule at d . Let Oy 
of length b be the perpendicular on the initial path and Oc be 
the apsidal distance, or distance of closest approach. Ox and 
Oy are along- the x - and y-axes of a rectangular coordinate 


b c a 



Fig. 39. 
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, To simplify calculations let the molecule be 

™ - — th “ ,re "" 

• rnanpctivelv by y and x and subtract, then 
Multiply the equations respective y y V 


* = r cos <#», dx = -r sin 
y . r sin *, dy = r cos <t>dd>. 


Whence 


Hence 


dy _ 2 ^. 

Z c« dt 


d( r M = o : 

i(\ dt) 


ai\ cm - / 

Here » i, . constant o< integration which is twice the Meal velocity 

J / i J..\ 


dx/d’A , dy(fy\ = _F(r)(~ 

W + 3iWi V ‘ 


xdx y djr 


x u-o ■ y 
r lit ' r dt , 


{(x* + y 2 ). 


But (*/«• + l^whence' 

moving molecule, and x i- ?/ » 

d(C 8 ) F(j)d(r^ _ -2F{r)%- 

St" r dt dt 

One can call « the supplement t0 ^> jjfpo^’com- 

j-: -- by , = <*«■ 

+ (rdfl/d<) 2 = (dr/di) 2 + W whence 

d(c 2 ) 2dr dV _ 2ft 2 dr = -2F(r)$> 

~df ~ dt dt* r 3 dt M 


so that 
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% ~ F w- 

Now h, the areal velocity, is constant, for, if multiplied by the 
mass of the particle, this gives the moment of momentum which 
is conserved. At r = » the velocity is C, and the lever arm 
of the velocity is the perpendicular b. Hence h = Cb. Thus 
d 2 r/dt 2 = b 2 C 2 /r % — F(r). One can then integrate from r * r 
to r = oo, for, at r = oo, ( dr/dt ) = C, the velocity lying entirely 
along the asymptote. Thus one obtains 

ci - (D’ - 

At the apse of the orbit, z.e., at the closest point of approach, 
the radius vector r 0 is perpendicular to the orbit and dr/dt = 0. 
For this point 

h2f'2 r 00 

0 ^ 2 ~+ 2 F(r)dr, 

r o Jr o 

which gives 

= r„*[ 1 + Aj” F (r)drj. 

This equation relates the perpendicular distance 6 of the fixed 
molecule on the initial orbit of the moving molecule, and r 0 
the distance of closest approach to the velocity and the law of 

attractive force. It is seen that actually \F(r)dr is the rela- 

tive potential energy at r = r 0 , while C 2 / 2 is the relative kinetic 
energy, KE t at infinite separation. Hence b = r 0 if the potential 
energy, PE, is 0, i.e., for forceless molecules, and b 2 is greater 
than r 0 2 in the measure that 1 + (PE/KE) is greater than 1. 
Now it is the curvature of the paths that result in collisions 
which could not take place in the absence of forces. Thus, if 
0 * 0 , the separation of the moving and fixed molecules at elastic 
impact, is greater than r 0 or equal to it, then as a result of the 
forces the molecule projected with the velocity C on a path 
whose perpendicular from 0 is b , or less, will be sure to collide 
with the molecule at 0. In other words, if cr 0 is the diameter 
of the solid elastic spherical molecules, an impact which would 
only occur if b ^ <r 0 will as a result of attractive forces occur 
when b is less than or equal to 6o, given by 
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F(r)dr\. 


ho* = r 0 *|l + F(r)dr| = <ro* 1 + F(r)dr ■. 

Thus the apparent molecular diameter bo is greater than the real 
diameter <r 0 . It is seen that as f “ F(r)dr decreases, b D approaches 

Jao 

(tq and for forceless elastic spheres the two are equal. It is 
seen, however, that the value of <r 0 is not influenced by the tem- 
perature as is really the case for interactions of repulsive force 
fields. 

As a consequence of this deduction it is seen that in mean-free- 
path equations and in equations involving mean free paths for 
molecules with attractive forces the cr 2 must be replaced by bo 2 . 
Hence, for molecules exerting attractive forces the mean free 
path of the Maxwell form becomes 


y/2*N*A 1 + 


Now the quantity 


F(r)dr\ 


F(r)dr is a constant except for C 2 which 


is proportional to the absolute temperature T. Hence one can 
write 

2 f* v , K 


ir F 

C‘J" 


(r)dr = 


where K is a constant depending on F(r) — D/r m and cr 0 . Thus 


- s/2A r 7T<To 2 | 


Accordingly 


Thus v is proportional to 




0.499A r mcL„ 


0.499pc 


V2rAw(l + f) 

, = [f 1 + To 
T 


where yr is the coefficient at T, and jj 0 is the coefficient at To- 
This expression, first derived by Sutherland/ gives excellent 
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numerical agreement for many gases. In the case of C0 2 , 
K = 277; and this value gives agreement to 2 parts in 1,000 
from 18 to 224°C. 

A closely similar equation results from the studies of Rein- 
ganum. 7 As was shown in Sec. 50, Reinganum took into account 
the fact that the molecules attract each other in such a way that 
the number of molecules per unit volume at a distance r from 
a molecule attracting others according to a force F(r)dr is given 

by N ~ N 0 e f r F(r)dr/kT f w here No is the concentration to be 
expected in the absence of forces. The increase in density 
of the molecules given above applies to a distance r from the 
molecule in question which extends from a 0 to *> . This density 
increase varies from some value at a 0 to 0 at » at a rate which 
depends on F(r)dr. To consider the effect of this increased 
density on the mean free path and viscosity, one must replace the 
N in the mean-free-path equation, which influences the frequency 

— T f m F(r)dr \'kT C 00 

of collision, by N Q e L «' r J , in which the I is carried 


out so as to extend from f some mean value of r to » , where f 

lies between a 0 and ® . Thus N becomes N = N Q e F(r)dr/kT *= 
N {) e K/T y where K is again a constant depending on F(r) = Dr - * 1 , 


r, 


and T. The value of the exponent is positive as 
+K t a constant. 

Hence Reinganum's consideration leads to the 



Dr^dr 


expressions: 


L m 


x — and v = 

■\/2irNoe^<To 2 


0.499pc 
\/2wN 0 <r 0 2 e r 


This equation, it is to be observed, makes vary as \/Te“ JC/T - 
In practice it fits as well as Sutherland^ equation for many 
gases, and for esters and Hg vapor it is satisfactory over an 
even greater range. This is not strange for Sutherland's equa- 
tion is really just a first-order approximation to this one. For 

K K 

small values of T one can write e K/T = 1 + -= + — — + , 

1 1 Zl 

so that, neglecting higher powers of T than the first, it agrees with 
Sutherland. 
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Actually neither equation is completely satisfactory for two 
reasons. Both assume elastic solid molecules such that the 
apparent diameter <to is not a function of temperature due to 
the variation of the distance of approach on impact which repul- 
sive forces of the usual type demand. In the second place 
neither takes into account momentum and direction exchanges 
due to close approach without actual impact between the mole- 
cules at a distance <r 0 . On any attractive theory there are such 
transfers of momentum, and an accurate calculation must 
include these. The inclusion of such exchanges may, however, 
not vitally change the results as the agreement observed with 
experiment suggests. An estimate of the effect of this second 
item can be had in the case of the attraction between ions and 
molecules where an inverse-fifth-power law obtains. 32 In this 
case calculated on an elastic-solid-impact theory by J. J. Thom- 
son, the result indicates that the non-impact exchanges produce 
an apparent increase of the diameter of about 10 per cent beyond 
that produced by the elastic solid impacts. 

64. Viscosity and Intermolecular Forces : Simultaneous Attrac- 
tive and Repulsive Force Fields. — In 1929 Hass6 and Cook 33 
published a paper in which they extended the analysis of the 
equation of viscosity to the case where a law of force of the form 
<f>(r) = Dr~ m — Gr~ n obtains. The analysis was carried out in 
a general way for this case without specifying m and n. For 
comparison of experiment and theory a definite set of values 
for m and n must be chosen so that the complicated integrals 
involved may be numerically evaluated. Hass6 and Cook 
chose the values of m and n as 5 and 9, respectively. 

For the general case they obtained 

2 _ 

h(vM\HhG) 

v - 8\2h) — nr" 

where h = % RT, R being the gas constant, and 

D ' - r [ 4 " 5nh)] 7 -<”' °> + A (%XTT 

(f f ■ {» - 3 ^t) 

The quantity I» is an integral involving n, m, and k, where k is a 
quantity derived from t corresponding to the apse of the relative 
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orbit. A is a numerical constant which depends on the values 
of m and n. This equation gives a variation of 17 with tempera- 
ture of the form 


H+2 

BT (n ~ i) 


where B 


(l +ST»~0 

H + 2 

5(wMy i m n ~ u 


>( 3 (n--l))/7n 


2 

G n ~ l T\ 




and S is a 


/ 2 (n, m\ 0) 


generalized Sutherland constant. For n « «>, the equation 
develops into the ordinary Sutherland equation. For m = 3, 
one obtains 

rpn 

V « -^3 

T n ~ l + Si 


which is the Lennard- Jones equation referred to in Chap. V 
which was used to determine n for various gases to be used in 
comparison with n computed from the equation of state. Si is 
the S of the equation above for the special value of m used. 

The calculation of the value of rj for m = 5, n = 9, yields the 
result 

5(mrtX*(dY s* 

32\ 7T ) \g) ITS) 

Here S = (2 RTG) H /D, and I(S) is an integral for which a 
table of values in terms of numerical values of S depending on 
the force constants D and G has been computed. This equation 
for viscosity, it is seen, has in it only the two unknown coefficients 
of the force law, D and (7, which must be computed for each gas 
for which m = 5, n = 9 is applicable. 

On the basis of this equation, values of D and G for a number 
of gases are computed for these gases by a graphical method 
from the experimental values of 77 and T. The data permit of an 
evaluation of the “diameter” defined by Lennard-Jones as 


r n = 


2 Gn 


,3 (n - 1 )R 



which for the values of the index 9 or 5 gives <r = (G/12R) H and 
v' = (D/GR) H . The gases tested were Ar, H 2 , N 2 , Air, C0 2 , Hg, 
and Ne. The best values of D and G are given in the table 



228 


THE KINETIC THEORY OF OASES 


below, together with values from the equation of state. The 
latter are indicated by parentheses. 


Gas 

D 

G 

Argon 

3.23 

X 

10~« 

1.09 

X 

10- 7 * 

(1.62 

X 

10~«) 

(1.01 

X 

io- 7 *) 

H, 

3.54 

X 

10-“ 

1.06 

X 

10‘ 7S 


(2.64 

X 

10““) 

(0.92 

X 

io- 7 *) 


3.11 

X 

10~« 

1.54 

X 

10" 7 * 


(1.82 

X 

10-«) 

(1.58 

X 

10-") 

Air 

3.05 

X 

10-“ 

1.45 

X 

10~ 7 * 

CO, 

8.5 

X 

10-“ 

5.8 

X 

10- 7S 

Hg 

5.05 

X 

10-“ 

8.95 

X 

IO" 74 

Neon 

l 

Gives no fit, n shou 
1 

ild be 13 




The table below gives the values of ij in hydrogen for the tem- 
peratures listed in column 1 . Column 2 gives the observed values 
of n X 10 7 . In column 3 the values computed from Hass6 and 
Cook’s equation are given, with the force constants deduced by 
them. In column 4 the values from the same equation using 
the constants from the equation of state are listed; and in column 


Viscosity of Hydrogen 


T (abs.) 

1,10' (obs.) 

,10’ (o) 

»10’ (6) 

,10’ (c) 

457.3 

1,212 

1,226 

1,253 

1,207 

373.6 

1,046 

1,060 

1,082 

1,052 

287.6 

877 

878 

896 

875 

273.0 

844 

846 

863 

843 

261.2 

821 

820 

836 

816 

255.3 

802 

806 

822 

803 

233.2 

760 

756 

770 

757 

212.9 

710 

708 

722 

709 

194.4 

670 

664 

676 

666 

170.2 

609.3 

603 

614 

608 

89.63 

392.2 

380 

388 

389 

70.87 

319.3 

320 

328 

329 

20.04 

105-111 

111 

125 

137 
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5 the values calculated by Kammerlingh-Onnes on the basis 
of a law of force varying as r“ 11 * 2 are found. 

The curve of Fig. 40 is plotted between the values of log 
SM/I($) and log S . The points experimentally observed are 
indicated. There are two essentially linear portions connected 
by a curve. The linear portions correspond to regions where 
the attractive and repulsive forces largely determine rj , the 
former being active at high temperatures where log S is about 
0.2, and the latter at low temperatures where log S is about 
1.4. In between, both factors are of importance. These curves 

loqT 



are drawn for m = 5 and n — 9. Experimental deviations 
from these curves at low values of T would indicate the proper 
value of n to choose for a gas. Then, having chosen an n, the 
deviations would indicate what alteration in m is needed. For 
high values of T one could first infer the value of m and then later 
adjust for the correct value of n. As is seen, the experimental 
values of rj for air which cover the widest range do not enable 
one to decide on n or m in this fashion. This is in fact the great- 
est drawback to a proper evaluation of these important constants. 
In the range of temperatures studied, the values chosen appear 
to be relatively satisfactory. 

A study of the discrepancies between the values of D and G 
deduced from the viscosity equation and those obtained from 
the equation of state, together with an analysis of the values 
of <r and <r' calculated for n = 9 and n — ® as well as other 
considerations, seem to indicate that the equation for y is satis- 
factory and that the discrepancies involved are to be ascribed 
largely to the value of m = 5 chosen for the attractive force 
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for all the gases. It is to be expected that m should vary from 
gas to gas. 

It is seen from this study that the theory as developed on 
£he assumption of a force law of the form <f>(r) = Dr~ m — Gr~ n 
is relatively satisfactory. So far the accuracy given by this 
very involved and lengthy calculation is such that further 
real and easy progress must require a much more accurate 
and extended range in the experimental study of rj at various 
temperatures. 

66. Measurement of Viscosity. — Before closing this topic, in 
view of materials to be discussed in Chap. VII, it is desirable to 
discuss briefly the methods of measuring viscosity. The oldest 
method is based on the study of the rate of flow of the fluid 
through a capillary tube. The flow of liquids through capillaries 
was first studied systematically by Jean Louis Marie Poisseuille, 8 
a French anatomist, who was interested in the physics of the cir- 
culation of the blood. His work was published in 1842. Other 
methods are based on the measurement of the damping of the 
oscillations of pendula, 9 the constant deflecting force of a cylinder 
in a rotating gas, 10 the fall of small spheres through a gas, 11 etc. 

The foundation of all the methods lies in the solution of the 
hydrodynamical problem of fluid motion corresponding to the 
arrangement used. The theory of some of the methods is simple, 
while others lead to difficult problems in partial differential equa- 
tions. The student who is interested in the hydrodynamic side 
of viscous fluid flow is referred to Lamb’s 12 “Hydrodynamics.” 

In deriving Poisseuille’s empirical formula from hydro- 
dynamics it is assumed that all motion of the fluid is parallel to 
the length of the tube. This requires that the tube be very long 
compared with its diameter in order that irregular end effects be 
negligible. At the wall of the tube the fluid slips, so that the 
difference in speed between the wall and the fluid adjacent to it is 


in which c is the “coefficient of external friction” (see Chap. VII, 
Sec. 77). The solution of the appropriate differential equations 
then yields for the volume of fluid flowing through the tube in 
unit time (Sec. 77) 



TRANSFER OF MOMENTUM 


231 


in which P is the pressure difference between the two ends, L 
is the length of the tube, and R is its radius. If there is no 
slipping of the gas along the walls, e = » and the formula is 


V = 


irPR 4 
SrjL 


Graetz 13 gives the corresponding solutions for capillaries of 
other forms than circular cross section. Osborne Reynolds 14 
has shown that above the critical velocity 


v = 


2,000t/ 

2 R P ' 


in which p is the density of the fluid, the 
motion becomes turbulent, and Poisseuille's 
law fails. Most of the research work on gas 
viscosity has been carried out by the study 
of the flow of gas in capillary tubes. 

A method, capable of high precision, which 
has probably given the best recent results, 
is that of the constant deflection of a 
cylinder in a rotating mass of gas. This is 
described by Gilchrist 15 and by E. R. 

Harrington. 16 

In this method a cylinder (Fig. 41) is hung 
up by a delicate suspension so that it may 
turn about a vertical axis. Surrounding the 
cylinder is a larger one which is rotated at a 
uniform speed. The gas is set in motion and 
the viscous forces which act on the inner 
cylinder cause it to turn until these forces are 
balanced by the torsional action of the 
twisted suspension. Let it be supposed that the radius of 
the inner cylinder is a and that of the outer cylinder is 
by while the angular velocity of the outer cylinder is wi. 
Let L be the length of the cylinders. In the steady state 
the speed of the gas will be zero at the inner cylinder and bw\ at 
the outer cylinder. The force on an imaginary cylinder of radius 
r in the gas will be 



Fig. 41. — Rotating 
cylinder method for 
measuring viscosity 
of gases. 


F = 2wrLri~ 
dr 



232 THE KINETIC THEORY OF OASES 


and the moment of this force is 
Tr = 2 


By dv/dr is to be understood the rate of change of the relative 
motion of adjacent layers of the liquid. To find this one may 
write 


then 


v — rw, 


dv dw 

— = w -f- r— • 
dr dr 


However, the w on the right-hand side arises from the variation in 
v which would be present if the gas rotated with uniform angular 
velocity, like a rigid body, when certainly no viscous action is 
developed. This term therefore does not enter into the value of 
dv/dr to be used in the analysis. As a measure of the rate of shear 

of the gas one then has ~ = r^> and hence 
dr dr 


Fr = 2irr 3 T]Lr-~ 
dr 

gives the torque which each outer gas layer exerts on the adjacent 
one inside. In the steady state the torque exerted by each layer 
must balance the reaction of that which each adjacent layer 
exerts, since the angular acceleration of the gas is zero, that is, 
Fr is constant throughout the gas. The preceding equation may 
be now integrated as follows: 

- wf* 

F \a‘ ~ p] “ 

or 

VZ a r <* 2 & 2 

rr = 4*7 iL u JV 1. 

0 * — or 

The torque Fr is that exerted on the inner cylinder. It is 
measured by the angle of deflection of the inner cylinder, the 
amount of torque for a given angle of deflection being first deter- 
mined by independent experiments, that is to say, Tr = T 0 6, 
where To, the torsional constant of the fiber, may be found from 
the period of oscillation of the cylinder. 
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\J II. HEAT CONDUCTION 

66. Definition of Heat Conduction. — In Sec. 56 the transfer 
of heat in a gas by the molecules of the medium was shown to 
occur in two ways. The first mechanism depends on the effect 
of the earth's gravitational field on the changes in density 
produced by the temperature gradients, and was termed “convec- 
tion.” It is the result of mass motion of the gas, and con- 
sequently is not directly a kinetic phenomenon. A treatment 
of such mode of transfer falls primarily into the domain of hydro- 
dynamics. The second mode of transfer operates in all cases 
of gaseous heat conduction and it constitutes an essential phase 
of the exchange of heat between the layers of different tempera- 
tures set up by convection. As was stated, it depends on the 
direct transfer of kinetic energy by molecules of one layer with 
a higher energy to molecules of lower average energy in another 
layer. Thus it is a strictly molecular phenomenon and may be 
treated by the kinetic theory. 

As the gravitational field of the earth is ever present, it becomes 
very difficult practically to avoid the occurrence of convection 
in the experimental study of conduction. By the proper choice 
of orientation of the plates in the gravitational field (e.g., placing 
them normal to the earth's field, the hotter one above), by use of 
low gas pressures, and by the use of very narrow gaseous gaps 
the convection may be relegated to a relatively insignificant 
place in the heat transfer between the surfaces considered. 

If two large horizontal planes are assumed, the upper one at a 
temperature T\, the lower one at a temperature To separated a 
distance d, the quantity of heat Q transferred from one plate to 
the other through a gas across an area A in a time t is given by 

Q - KA(Ti - To)f(d)t, 

where /(d) stands for some function of d. As the distance d is 
decreased, the equation takes on the form 
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Q 



This is precisely the relation found for the ease of unidirectional 
flow of heat through a large plane of solid substance by conduc- 
tion. The occurrence of this equation indicates that all convec- 
tion has ceased and that one may consider K , the constant of 
proportionality, to have the same meaning as that given for 
solids. Experiment shows that it is a constant for each kind of 
gas. Thus when convection is eliminated in a gas, heat transfer 
follows the same laws as for solids, the gas having a constant for 
heat conductivity characteristic of itself. The constant depends 
on the speed with which molecules of a higher energy content can 
diffuse into regions of lower energy content through the gas, 
that is, it is really a function of the rate of molecular transfer of 
kinetic energy from layer to layer. In solids the conduction of 
heat 3 seems to be an entirely different phenomenon, although the 
mechanism is little understood. In these bodies the molecules 
are rigidly bound in equilibrium positions by elastic forces. 
Their heat motions are then oscillations about their positions of 
equilibrium. To what extent heat conductivity depends on the 
transfer of energy from one quasi-elastically bound molecule to 
its nearest neighbor is little known. The close ratio of electrical 
conductivity of metals to their heat conductivity, evidenced by 
the Wiedemann-Franz 1 law, has suggested a more kinetic picture 
of this conduction. It seems possible that there exist, in the 
metals at least, free electrons in some numbers, darting here and 
there through the regular channels between the evenly spaced 
molecules. Such electrons were supposed to lead to the therm- 
ionic emission 2 and the electrical conductivity. On the basis of 
the Wiedemann-Franz law, it may be possible that they are also 
instrumental in the heat conductivity. If this were so, the 
mechanism in some solids could be considered similar in nature 
to gaseous conduction. On the whole, it is probably safer to 
assume that the elastic vibrations play the predominating rdle. 
Thus, although gaseous conduction obeys the same law as con- 
duction in solids, it probably is due to an entirely different 
mechanism. It is not surprising, therefore, that the K for gases 
increases as T increases, while the similar quantity for metals 
decreases. 
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rp p 

It is more accurate to write ■ — 0 in the differential form 

denoting d as dz , an element of distance chosen along the 3-axis 
normal to the plates. It must be remembered, in representing 
T — - jp dT 

1 , 0 by that the flow always takes place from the hotter 

a dz 

to the colder point.* The magnitudes of heat conductivity K 
for various types of conductors are given below to familiarize the 
reader with the magnitudes involved. K in the c.g.s. system 
gives the calories carried across 1 cm 2 in a second when there is a 
temperature gradient of 1°C. per cm normal to the plates. 


Typical Values of K 


Gas or substance 

Temperature, 

degrees 

centigrade 

K 


0 

0 0000568 

He 

0 

0.000339 

H*0 (liquid) 

0 

0.00143 

Paper 


0.0003 

Brick 


0.0015 

A1 

18 

0.504 

Cu 

13 

1.00 

Ag 

18 

1.00 


67. The Simple Kinetic Theory of Heat Conduction. — The 

considerations involved in the evaluation of K are quite analogous 
to those involved in the evaluation of tj as given in Sec. 58. 
With K y however, it is not momentum that is transferred, but 
kinetic energy. With this difference the two simple deductions 
are essentially parallel. 

Assume the gas arranged in layers normal to the 2 -axis, the 
warmer layers being uppermost. Then T depends on z only. 
When the steady state is reached, as much heat flows out of any 
layer at a given time as flows into it, that is, from the equation 
of continuity 4 for this case, d 2 T/dz 2 = 0, and integration leads to 
an equation which states that ( dT/dz ) is a constant. Hence at 

dT 

* This is usually indicated by writing Q = — KA-^t the minus sign indicat- 
ing a negative slope to the T~z curve. At this point the minus sign is 
immaterial. 
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dT 

any point of the gas T = To + -^z, where dT/dz is positive in the 

arrangement under consideration. One-third of ail the molecules 
are moving along the z-axis, or one-third of all the velocity com- 
ponents lie along z . These are the molecules which carry heat 
from one layer to the other. If the mean free path be L, one may, 
as before, consider a layer of thickness L. The average temper- 
ature difference of the molecules on the two sides of this layer 
dT 

will then be Zr~— If each molecule has a mass m and the 


dz 

specific heat of the gas is <V the difference in energy content of 
dT 

the molecules is 


Of the third of the molecules mov- 


ing along z, one-half are moving downward. In 1 sec. %N6 
molecules pass downward through each cm* of the layer L 


and carry energy which is equal to 


1 dT 

-NcmCJLr-r- downward, 
o az 


Here N is the number of molecules per cm 3 and c is the average 
velocity. Likewise, }£Nc molecules pass upward and they carry 
1 _ dT 

— q N cmCvL in energy units upwards across 1 cm 2 in unit 

time. The negative sign comes in here, as the gradient below the 
T o plane is negative. The total energy transfer is the difference 
of the energy carried down and that carried up. Taking this 
difference, one has Q/At, the energy carried per cm 2 per second, as 

Q l Ar _ ^ jdT 

Tt ~ 3 NcmCJ ^S' 

But by definition 

J At dz 


Hence 


K - ~NmcLC v . 

o 


Since, however, y — ^ NmcL y one has the interesting relation, 
K = rjCy 

This equation is also the one obtained from the more complete 
derivation which takes into account the distribution of velocities 


* This would be strictly true for a monatomic gas where there is only 
energy of translation in C v . It seems that where rotational energy is con- 
cerned the contribution to this in C v might be expected to be involved in the 
energy transfer to its full value. This does not seem to be true, as will be 
seen in Sec. 69. 
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as well as the distribution of free paths. Neither of these deduc- 
tions is strictly rigorous and a discussion of the values of K will 
follow at the end of Sec. 69, where a more rigorous treatment is 
outlined. The elementary reader would do well to read the intro- 
duction to Sec. 69 and, omitting the mathematics, read the dis- 
cussion at the end of the section. In the next section the more 
complete deduction, taking into account the distribution of free 
paths and velocities, will be given. 

68. Deduction of the Constant of Heat Conduction, Taking into 
Account the Distribution of Free Paths and Velocities. — To 
derive the expression for the transfer of energy from one layer of 


Z 



the gas to the other by the molecules, one may proceed as follows: 
Assume a gas space large in extent having a uniform temperature 
gradient, the temperature above being higher than that below. 
Assume that the steady state has been reached and consider the 
transfer of heat across the xy plane taken normal to the temper- 
ature gradient along the z-axis. At the xy plane assume the 
temperature to be To, Thus above xy the temperatures will be 
dT 

T = To + z-fe and below this plane the temperatures will be 
dT 

T « To — z-fe* To start with, attention may be concentrated 
upon a small area dxdy of the xy plane (Fig. 42) and the total 
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number of molecules crossing this in unit time from above and 
below considered. The net energy transfer due to these molecules 
will give the total heat conduction and hence determine K. Con- 
sider a small volume dv at r cm from dzdy such that the line r con- 
necting dv and dxdy makes an angle 8 with the normal to dxdy } i.e., 
with the 25 -axis. Thus z for the volume dv is r cos 8 . If each of the 
molecules in dv has a mean free path L and a velocity c, then each 
molecule starts a new free path cfL times a second. Now in dv 

4 

there are Ndv y^c 2 e a *dc molecules having a velocity between c 

a 9 v tt 


and c + dc , where N is the number of molecules in a cm 3 . Hence 

4# c — 

y=. r=-dvc 2 e a *dc molecules of speed c will leave dv in a second 

(see Sec. 35). Of these, the number in a cone of base dxdy cos 8 
will have paths directed towards 8 if all directions are equally 


probable. That is, 


dxdy cos 8 4 
a 3 


N c 3 -5 


W a 9 yfa 
leave dv per second headed for dxdy along r, 


dve at dc particles will 
Of these, the frac- 


_ r_ 

tion e L (see Sec. 21) only will succeed in crossing dxdy without 
impact. As each of these is assumed to have an energy corre- 
sponding to the position of dv in the region in which heat is being 
transferred, its temperature will be 


rp m i dT 

Tz = To + z lh- 


Each molecule that leaves dv will then carry an amount of energy 



To + Z‘ 


dT 

dz 


) 


from dv through dxdy, where m is the mass of a molecule and C v 
is the specific heat. Thus the energy carried from dv in a time 
dt through dxdy by the molecules of all speeds is 


dE = 


- Ndxdy cos 8dvdtmC v -£ 
4irr 2 L 6 


( 


To + r cos 


4T} 


— c 3 e —dr 


dz ) a 9 \Zw i 


— Ndxdy dtdvmCv i 


Toe' 


4irr 2 


2 

a cos 2 8-j-e L 
cos 8 dz 


4 irr 



240 


THE KINETIC THEORY OF GASES 


r - 4 _£i 

where the evaluation of I a 3- s /% r ' 3e °'^ c 8* ves the quantity c. 

Since dv = (rdd) (r sin 6d<j>) dr, the total energy transferred from 
the whole hemisphere is the integral of dr from 0 to <*>, of do 
from 0 to v/2, and of d<t> from 0 to 2ir. Hence the amount of 
energy transferred from above the xy plane downward in the 
, . dQ 

time dt is j • 
dt 


dQ 
* dt 1 


— NcdxdymCx 


'{^fje-idr in W,J% 

In a similar fashion the energy transferred from below the xy 
plane upward amounts to 

dQ. +NdxdycmC\T,C m f 2 ' 

W' ZT Isj, * j, •» » «n «J o <t * 


T-? f"™ r c,,s ’ » » in m " i 

4tt dz Jo Jo Jo 

dQ, . 


2 w 


d<t> I 


The — sign in the | indicates that the heat goes from a higher 

to a lower temperature, and the — sign in the brackets in 

comes from the fact that below the xy plane the temperature 

dT 

at any point r cm away from dxdy is T 0 — r cos 6-^- Adding 

the two terms and integrating, the net energy transfer is 

dQ 1 at -r r> a j dT 7 

dt = ~ 3 NmcLC v dxdy w 


But K is defined as 




Hence K — %NmcLC v = vC v , as was found before. 

69. Correction of the Derivation of the Coefficient of Heat 
Conductivity and Comparison with Experiment. — The preceding 
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derivation, strictly speaking, was not rigorous, although it is 
experimentally valid in order of magnitude. The error lies in 
two effects. In the first place, since the pressure is constant 
(i.e.j since there is no mass motion in the gas), while T varies 
from place to place, the density of the gas must be variable and 
decreases as T increases. This means that N varies with z 

dN 

in such a fashion that N — No — z above the xy plane and 

N = No + z below this plane. In the second place, c varies 

with T and hence the collision frequency 2 and the free path 
which depends on it c/2 are both functions of z. These were 
neglected in the previous derivation. This requires the use of 
the velocity free path and collision number in place of the terms 
c/L and L in the equations above. Finally, it was assumed that 
the Maxwell distribution law held in this derivation. Since this 
law is an equilibrium law, it cannot hold here, for heat conduction 
is not an equilibrium phenomenon (see Sec. 56). This error 
should not be neglected as it is of the same order of magnitude 
as the phenomenon itself. The neglect of this error in the cause 
of simplicity and for the purpose of a simple mechanical analysis 
of the problem is responsible for the serious discrepancies between 
theory and observation. It might be added in passing that 
the simple equation deduced above seems to fit as well as it does 
in view of these omissions since conduction takes place over short 
distances, so that the changes in N with r are comparatively 
small, and thus the errors introduced are not overwhelming. 

The question of these corrections has been attacked from the 
point of view of this text by many workers. O. E. Meyer 6 and 
Jeans 6 have given the treatments which most closely reproduce 
the true state of affairs and are generally accepted. The treat- 
ment of Jeans follows the plan laid out by Meyer, adding, how- 
ever, some corrections. Chapman 7 and Enskog, 8 using a different 
line of reasoning, have carried out a more accurate study appli- 
cable to monatomic gases and depending on the law of force 
assumed between the molecules. These treatments are, in the 
main, beyond the scope of this book, and for complete details 
the reader is referred to the original articles. It seems, however, 
instructive to note the way in which Meyer 6 introduces the correc- 
tions into this equation and to point out wherein Jeans extends 
them. This will be done briefly in what follows. 
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Let each molecule leaving the volume dv considered above 
carry with it the energy \fanc % appropriate to the average molec- 
ular energy in dv. In this volume the mean collision frequency 
must now be represented by the factor 2 in place of c/L and the 
mean free path under these conditions will be represented by 
c/a. An analysis similar to that of Sec. 68 then leads to the 
expression for the energy transferred per second through dxdy 
from a volume dv above the xy plane as expressed by 


dQ 

dt 


me 2 dxdy cos 6 
~2 4kr* 


r 2 sin BdOdt^drSe 


J2L 4 N 

c 7=c 2 e 
a 3 V ir 


Si 

*'dc. 


At this point in the analysis it is convenient to replace the a of the 
distribution law by the factor l/y/hm to conform to the equa- 
tions used by Meyer and Jeans in order to facilitate comparison 
with these writers. This transformation is carried out in another 
portion of the text (Sec. 43). For convenience, it will be repeated 
in a footnote.* Collecting the terms and making the substitu- 
tion, the total heat transfer from one side of the xy plane to the 
other through dxdy , after carrying out the proper integrations, 
may be represented as 


dQ 1 | ^ ir 2 

~jr = rm I d<t> I dxdy sin 6 cos 6dB 

M * Jo Jo 

r ~ /wv\ r • -w, 

Jo ~TT ) d r | 0 c &e e dc- 

The integrations to be performed are complicated by the added 

facts that N = Nq + r cos 6, and that h = A 0 + ~~ r cos 0, 

the plus and minus signs referring to the regions above and below 
the xy plane, where N = N 0 and h = h 0 . Since r is a small 
quantity, terms involving higher powers may be neglected and a 
substitution of these values for N and h makes the equation for 
the total energy transfer through dxdy take the following form: 


dQ _ 1 v - 
dt 2 No 


■(^r) J o d<t>Jjdxdy sin9 cosOddJ^ dr£ 


tyde. 


* y&NmC 2 * RT. Calling R/N — k the Boltzmann constant, one has 

C 2 **3kT/m. As ot J ■* %C 8 (Sec. 35), one may write a 2 * 2kT/m. If 
h « 1/(2 kT) t a becomes l/y/hrn. 
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In this equation ^ has the value given by 

* = ± {f 0 Tz + (i - mci )^} r 008 4 

The two quantities N and h vary simultaneously, thus for simpli- 
fication of the integrations it may be best to express one in terms 
of the other. This is accomplished by means of certain condi- 
tions defining the equilibrium in the gas. They are included in 
the three following statements: 

1. The mass of gas passing across the xy plane in any given 
time in both directions along the 2 -axis must be equal. If it 
were not, the density of the gas would vary as a function of the 
time, which it obviously does not, by definition of the pure con- 
duction phenomenon. 

2. There is no mass motion of the gas, hence the excess of 
momentum transfer parallel to the 2 -axis must be constant for 
every unit of cross section of the xy plane. 

3. Since the conditions for heat transfer assumed that the net 
quantity carried along the 2 -axis is the same throughout the area 
studied, the same criterion of equal net heat transfer for any unit 
area of cross section of the xy plane must also hold. 

These relations may be expressed in the form of equations, 
each of which contains an integral of the same form as the one 
considered above. The three integrals differ only in that in the 
first one, applying to condition 1, the factor Yi me 2 is absent, that 
in the second, applying to condition 2, the Ymc 2 is replaced by 
me cos 6) while the third, applying to condition 3, is the original 
equation under consideration above. 

In the integrals introduced by conditions 2 and 3 it may be 
assumed that N and h are linear functions of 2 . The first deriva- 
tives of these are then constant, and where they are multiplied by 
r (in itself small) they may be neglected for the present treatment. 

The first integral, depending on the transfer of heat by a net 
mass movement of the gas, may be solved only through a con- 
sideration of the relation between N , E, and A. Such a relation 
is obtained through simple integrations in the form of 



Originally, 0. E. Meyer integrated this equation making two 
approximate assumptions representing extreme conditions. 
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Taking a mean value of these two results, he arrived at a relation 
between N and h from this process that says that | ^ 

JjL 

-r~ W. Conrau actually integrated the correct expression by 
dz 

mechanical quadratures and found, instead of Y\ as the numerical 
factor, a factor 0.71066. Thus ^ = 0.71066 ^ j* Substi- 
tuting this for J- one at once has * in a simplified form. 

Iy o dz 

♦ - ^ r cos A 

Integration of Q, as far as is directly possible, for values of z above 
the xy plane and below it lead, on addition, to the net heat trans- 
fer per unit time as 

dQ 
dt 

cV 2.2107 


„ , . dT 2ir„ dh/hm\» f « 

- - -3 J 0 


c e /2.2107 A 

s(— - mc ) 


\ e - hmc *dc. 


It is then necessary to reduce hm and m~ to terms contain- 
ing the temperature T and C v , the specific heat at constant 
volume. Conversion of the units to heat units and comparison 

dT 

with the experimental equation of heat conduction —K-^dxdy 
leads to the evaluation of K in the following form: 

2.2107X 


K = — -y=N aCvh} i m} i 

9V* 




ho ) 


e~ hme *d C . 


* Equilibrium of mass distribution throughout the gas is one of the con- 
ditions of equilibrium on which the distribution law is founded. In assum- 
ing N a /(z), an assumption was introduced contrary to this law. It led to 
the relation above 


J _dN 
No dz 


0.71066 ~ 

h o dz 


Had equality of density obtained, this expression would have been 

JL dN m ±dh 
No dz ho dz 


This discrepancy, Jeans points out, is the order of magnitude of the error 
introduced by the assumption of the distribution law holding accurately. 
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Again, in earlier papers Meyer integrated this by a method of 
approximation. At a later date, however, P. Neugebauer 
carried out the accurate integration and found that the value of 
the integral was such that K is given by 

K - 0.5205 NomcLCv. 

Since 17 — | N 0 mcL f 

K « 1 . 56 ^,. 

If Meyer's value of 77 be used where y m = A NttncL 
K - 1.63 C v rj m 

where rj m is Meyer's value of 77 . 

Thus it is seen that a rigorous deduction brings a numerical 
factor into the relation K/rjC v which is greater than unity. This 
factor is generally designated as 6 and one may most properly 
write that 

K = €77 C v 

where e varies from 1 to 2.57, depending on the mathematical 
analysis. The value of e from theory, then, is not definite and 
depends on the extent to which approximations were made in 
deduction and how it was deduced. 

This clearly indicates that the classical approach to the prob- 
lem leaves much to be desired. In fact, it appears that, with a 
few minor improvements made by Jeans, the limit of accuracy 
of the classical method of Meyer has been reached. The reason 
for this lies in the assumption made that Maxwell's law holds 
throughout the gas while it is perfectly clear that in the absence 
of equilibrium it cannot hold. A consequence of this failure is 
pointed out in the footnote on page 244. Since the equations 
deduced yield the law K = €rjC vt and the improvements in the 
law merely alter e, it is clear that the effect of persistence of 
velocities on the value of K will make itself felt in the value of 
77, as neither € nor C v is much affected by persistence. 

The problem of the theory of heat conduction in gases can, 
however, be attacked by more general and powerful methods of 
analysis which do not start with the assumption of a particular 
distribution of velocities. While such methods do not depict 
the physical mechanisms at work, they permit of a far closer 
approximation to the exact solution. The methods were 
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initially developed by Boltzmann 15 and Maxwell 10 and were 
carried to their logical conclusion by Chapman 7 and by Enskog. 8 
Their development requires a great deal more space than is 
available within the scope of this book. For information as 
to the methods used, the reader is referred to the introductory 
treatment given in Chaps. VIII and IX of Jeans’ 16 “Dynamical 
Theory of Gases” and thereafter to the original papers of Chap- 
man and Enskog which in themselves virtually amount to small 
monographs. In his approach, Chapman, on the basis of such 
broad assumptions as that the molecules have only energy of 
translation and that they have spherical symmetry, is able to 
lay down the conditions for mass, momentum, and energy 
transfer in gases and to solve the problem successfully once the 
laws of force for the atoms have been designated. Some force 
laws lead to expressions which are easily capable of solution 
such as repulsive forces of the inverse-fifth-power type which 
Maxwell 10 had already developed in his first study. Chapman’s 
approach enables one (with much labor in some cases) to obtain 
the approximate solution of the problem for elastic spheres, any 
repulsive law of the form l/r n , and a combination of attractive 
and repulsive forces of the inverse-power type. 

Chapman in 1912 applied his generalized method and obtained 
for molecules with translational energy only, and spherical 
symmetry, the value 

K - 2.5t jC Vf 

in which the coefficient c has the value 2.5. This expression 
is so general that it applies closely for all repulsive-force laws of 
the form Gr~ n } which in Maxwell’s case of n =* 5 gives exactly 
€ == 2.500. In a later paper Chapman found that further approx- 
imations alter the value of c by less than 1 per cent. For the 
case of elastic spheres, n = <», he found e = 2.522. Enskog 
obtained an elaborate expression for e for any value of n given by 

_ 5 t 4 (n- l)(lln - 13) + ' ' ' 

* 2, 3(n — 5) a ' 

X 2 (n- l)(101n - 113) '*'••• 

which reduces to 2.5 when n ** 5. The expression € = 2.5 is 
thus fairly accurate and satisfactory for all monatomic gases, 
although the repulsive force with n = 5, for which it holds 
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exactly, is not justified by experiment and leads to an incorrect 
variation of rj with T . Thus the approximate value 2.5 of € 
for monatomic gases depends on the bases of classical kinetic 
theory and is most insensitive to the particular law of force used. 

On the other hand, the simple classical theory of heat conduc- 
tion previously developed yields the value c = 1. The cause 
for this difference between the results of the two theories was 
pointed out by Eucken 17 in an admirable paper in 1913. It 
lies in the fact that, for translatory motions only , the molecules 
with greater values of velocity have longer free paths, so that 
they travel farther and carry more energy than do molecules 
of lower velocities. Hence the transport by molecules of the 
higher velocities is more effective and leads with tho distribution 
of velocities to a greater total energy transfer than for molecules 
of average energy. Thus c must actually havfc a value greater 
than the value e = 1 for the derivation of which the averaged 
velocities were used. 

The consideration of this fact furthermore aids in the evalua- 
tion of € for molecules having rotational and vibrational energy 
on a rational and semi-empirical basis which is in fairly good 
agreement with experiment, as Eucken shows. In this consider- 
ation one can start with the factor e — 2.5, which is the theo- 
retically justified factor for translatory energy only and is 
derived from a theory which includes the considerations above. 
The Maxwell distribution law allows one to assume that the 
rotatiopal energy of a molecule is completely independent of 
its translational energy so that a molecule with high rotational 
energy is just as likely to have a given translatory energy as a 
molecule with small rotational energy. Since rotational energy 
is not related to the translatory energy in a given molecule, 
the effect in translation which makes € > 1 does not apply to 
rotation, and e r , the value of e for rotation, is unity. If C t and 
C r represent the contributions of translation and rotation to the 
specific heat at constant volume C v (see Sec. 91), C v = C t + C r . 
Then it is clear that K t where translation and rotation both 
occur, is given by 


K = (e t C t + e r Crh, 


where u — 2.5 is the value of € for translation, and « r = I is that 
for rotation. Thus 
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K = ^2.5^r 4* — &iCv 

For a monatomic gas, C r /C v = 0. For a diatomic gas with no 
vibration, C t /C v = % and CV/C* = % (see Sec. 91). Hence 
K = [2.5(%) + = 1.9C v tj, whence, for a rigid diatomic 

molecular gas, e = 1.9, a value in general accord with the experi- 
ments, which in some cases lead to a slightly higher value. It 
is not known whether such deviation is due to experimental 
error or represents a real error in theory. For rigid triatomic 
molecules the value is e = 1.75. 

For vibrational degrees of freedom the case is somewhat 
different. Vibrations along the direction of heat transport are 
in general associated with the energy of translation, as such ener- 
gies arise from an impact in the direction of transfer. Accord- 
ingly one may assign to such a component of vibration the value 
e > 1 and set e ~ 2.5. If the vibration is normal to the direc- 
tion of motion, its contribution is independent of the trans- 
lational velocity in the direction of transport, and thus, as 
in rotation, e = 1. Therefore in the case of vibration, two 
vibrational components give € = 1, and one can be assumed 
to have c = 2.5. Hence e for vibration takes on the average 

value of €, = ~ - g— — ~ = 1.5. This applies to molecules of 

a more complex nature when the vibrations are toward, and 
away from, the center of gravity, as the vibrations can always 
be resolved along three axes. It will thus apply to the more 
compact molecules but may fail in the case of the long chainlike 
organic molecules. For such molecules e a must approach 1. It 
must also be pointed out that since the value of e was deduced 
on classical grounds, it must be expected to fail where (as fre- 
quently occurs for vibration) classical laws are replaced by 
quantum laws. Jeans, 18 for the sake of simplicity, goes on the 
assumption that €, is 1 in all cases as for rotation. On this 
assumption of Jeans, one can simplify the expressions given 
above and one obtains 




€ 
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C r + C 

Calling one has at once 

1 1 

_ 2.5 + 0 

* 1 + P 

Now, in Sec. 91, 

Cv _ _ 5 + Cr + C. 

c v 7 3 + c r + c ; 

with C t = 3 in terms of this notation, where C v is the specific 
heat at constant pressure. Hence 

c, + c.-£^-? 

(1 - y) 

Qs . ± C ‘ _ a = 3 T ~ 5 . 

Ct P 3(1 — y) 

9 7 - 5 

e 4 

The values of * derived from these equations may be compared 
with the observed values of e in the table below. The gases 
used are given in column 1. In column 2 the observed values 
of € are given while column 3 gives Eucken’s value of e and 
column 4 gives the value deduced on Jeans' equation given 
above. As is to be expected, both equations are nearly equally 
good. With the doubt as to the effect of e* there is more flexi- 
bility in Eucken's equation than in that of Jeans, so that the 
former equation can approximate the correct value more nearly 
than can Jeans'. On the other hand, while Eucken's equation 
depends on the theoretical values of C t , C r , and C 8y Jeans' equa- 
tion uses the experimental values of y. Doubtless some of the 
differences can be ascribed to experimental uncertainty, for the 
values of K } are not very accurately known, K being difficult to 
measure with precision. Again it must be remembered that 
the values for e observed experimentally depend not only on the 
values of rj and K , which can be in error by 1 per cent, but that 
C v is also to be included in the calculation. C v is, however, still 
less accurately known and is temperature dependent, as is 
notably the case for H 2 at low temperatures. 

Eucken gives a detailed discussion of the deviations for 
different gases and suggests the sources of the discrepancies 


and 


whence 



250 


THE KINETIC THEORY OF GASES 


obtained. In the case of He, especially at low temperatures, e t 
is less than 2.5, which probably indicates an imperfection in 
the energy-exchange mechanism. In H 2 S, H2O, NH3, and CO 
the computed values for c on Eucken's theory are greater than 
are the observed values. This may mean that e 8 is not zero 
or is greater than as assumed, or that energy exchanges on 
impact are not complete. For H 2 at low temperatures, the 
values observed clearly indicate the loss of rotational energy 
and the resulting decrease of C v theoretically expected and 
experimentally observed (see Sec. 92). In N 2 , 0 2 , and C0 2 , 
but not in CH 4 , there is an indication that MC V must decrease 
by 5 to 10 per cent at low temperatures. 


Gas 

€ (obs.) 

« (calc.) 
Eucken 

e (calc.) 
Jeans 

He 

2 401 

2 50 

2 44 

Ar 

2.49) 

2.44 

h 2 

1.965 

1 93 

1.90 

n 2 

1.9051 



1 91 

0 2 

1 913 


1.90 

1.90 

CO 

1.835 


1.91 

NO 

1.870 



1.88 

cu 

1.803 

1.84 


SO 2 

1.601 

1.677-1.726 


co 2 

1 628 

1 57 €, - 0 

1.72 

N 2 0 

1.640 

1.645-1.715 

1.73 

cs 2 

1.59 

1.436-1.581 


h 2 s 

1.435 

1.73-1.745 


h 2 o 

1.25 

1 70 c. = 0 


c*h 2 

1.58 

1 58-1.695 


NH* 

1.429 

Or 

II 

O 


ch 4 

1.715 

1.69-1.73 


c 2 h 4 

1.53 

1.54^1.66 

1.55 

c 2 h« 

1 51 

1.44-1.65 



It is therefore to be concluded that the more powerful methods 
of Boltzmann, Maxwell, Chapman, and Enskog are capable of 
solving the problem of the theoretical value of K for gases in a 
relatively satisfactory manner. The improvement to be expected 
lies in the more accurate approximation for various gases, once 
the force laws characteristic of them are definitely known, and 
in the more precise knowledge of the rotational and vibrational 
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energies and their individual effects on the transport of energy. 
Thus, except for a few individual gases, one can write K = «/C\„ 
where to 1 or 2 per cent e = 34(97 ~ 5). 

As regards the variation of K with pressure, and temperature, 
the same may be said as for viscosity, except that the variations 
of C v with these factors must be taken into account. Thus K f 
the coefficient of heat conductivity, should be independent of 
pressure to the extent that C v is independent of pressure. This 
was first enunciated by Maxwell. 11 It was confirmed experimen- 
tally first by Stefan 12 and later by others. This surprising law 
was found to hold from pressures at which convection ceased 
down to quite low pressures which are of the order of 1 mm of 
mercury. At still lower pressures K becomes less. But this 
action is due to the fact that below these presfeures the mean free 
path becomes comparable to the dimensions of the vessel and 
the mechanism of heat transfer must be analysed from a different 
standpoint (see Sec. 80). Again, assuming C v constant, K should, 
as is the case for 77, be theoretically proportional to the square root 
of the absolute temperature. It was found, however, that, owing 
to the decrease in the action of intermolecular forces with increas- 
ing temperature (i.e., the apparent decrease of the diameter of the 
molecules from this cause), the mean free paths, and hence 
the coefficient of viscosity, increased more rapidly than with the 
square root of the absolute temperature. Thus K should vary in 
the same manner with temperature as 77 does, that is, K should 
increase with T faster than proportional to y/T. Some prelimi- 
nary experiments by Winkelmann 13 seemed to indicate this to be 
true. Measurements of K are, on the whole, very difficult and 
inaccurate in gases because of the difficulty in eliminating con- 
vection and radiation. Later experiments above 0°C. seemed to 
indicate that K increased less rapidly with T than the value of 77. 
In fact, some experiments indicated that K was more nearly pro- 
portional to y/T. The results of the many experiments are none 
the less quite discordant , and little can be concluded from them . 
Below 0°C. a much more rapid decrease in K with a decrease in T % 
was noted, as was observed to be the case for viscosity and as is 
predicted by the theory of Sutherland 14 for viscosity. The con- 
clusion to be drawn is that, in general, K shows the same trend 
with temperature that 77 exhibits, although the variation may not 
be accurately parallel. 
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On the whole, however, the success of the kinetic theory in 
predicting and evaluating the heat conduction has been striking, 
and the unexpected agreement of the predicted constancy of K 
with pressure variation was, indeed, a dramatic triumph. Need- 
less to say, the inaccuracy of the measurements of K and the large 
uncertainty in e make this coefficient of little use in determining 
L, the mean free path. 
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in. DIFFUSION 

70. Definition of Diffusion. — If a gas of one sort be confined in 
a vessel adjoining another vessel filled with a different gas at the 
same pressure, and if the vessels be suddenly made to communi- 
cate with each other, the first gas will slowly spread throughout 
the two vessels until its concentration is uniform. The other 
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gas will simultaneously move in such a manner as to distribute 
itself equally throughout the space in both vessels. This phenom- 
enon is known as the interdiffusion of the two gases. If the 
attention be fixed on one gas only, the statement may be made 
that it diffuses into the other gas and the time rate of this process 
may be studied. Fixing one's attention on the one gas, it has 
been assumed from experiment that for the steady state, the num- 
ber of molecules N diffusing through a given area dxdy in a time dt 
may be expressed by the relation 

Ndxdydt = — dtdxdy. 
clz 

In this equation, dN/dz is the rate of change in the number of 
molecules of the gas per unit volume ( i.e., the concentration) 
along the z-axis normal to the xy plane. D is a constant of pro- 
portionality and depends on the gases in question. The concen- 
tration gradient dN/dz is the cause of the process of diffusion and 
is proportional to the partial pressure gradient dp/dz of the gas. 
The sign is negative since the transfer takes place from higher 
values of N to lower ones. 

Obviously, the constant D depends on the rate at which the 
molecules can move across the area dxdy as a result of the gradient 
of their partial pressure p. This, as with all pressure phenomena, 
is obviously caused by the heat motions, and the problem 
then merely resolves itself into one of determining the net 
number of molecules moving across a given area under a con- 
centration gradient due to their proper heat motions. The 
phenomenon of diffusion also occurs in liquids and solids, and in 
both of these the general laws are the same. As is the case in 
viscosity and heat conduction, the effect of the intense inter- 
molecular forces in these latter two cases, however, complicates 
the problem, and the treatment that is given for the case of gases 
does not apply. 

While fixing the attention on the molecules of one kind simpli- 
fies the analysis from the mathematical point of view, it greatly 
restricts the applicability of the results to the more general cases, 
for, unless the diffusion occur for one kind of molecules into a gas 
composed of molecules of the same mass velocity and free 
paths, the equation is incomplete. In general, then, the inter- 
diffusion of molecules must really be treated. To this end a 
gas may be considered in which the pressure is everywhere the 
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same and which consists of two kinds of molecules, A and B, the 
composition varying from layer to layer along the vertical 0-axis, 
being constant, however, parallel to the x- and y- axes. Call m A 
and m B the masses and N A and N s the number of the two kinds of 
molecules per cm 3 . It is convenient to express the composition 
by the variable mol fraction F of A, where this may be defined as 


F - 


N a 

N a + Nb 


Then by experiment it is found that the mass of A diffusing down- 
ward across the element of area dxdy of the plane z = z 0 in a 
time dt may be assumed to be given by the expression 

d(m A N A ) Z9 — —D m A N dxdydt. 


In this treatment N -5- is the same as the concentration 
dz 

gradient dN/dz used in the simpler case. 

If, now, one considers a cylinder of base dxdy and height A z 
parallel to the 0-axis the mass diffusing out of the cylinder in dt 
is given by the expression above. The mass diffusing into 
the cylinder at the point z = z Q + Az is then given by 

d(m A N A ) Z0 = -m A Ndxdyd^D~^ + 

The difference of the quantities entering and leaving the cylinder 
gives the accumulation of molecules A in the cylinder in the 
time dt as 


— m A N dxdy Azdt~ 

0 

This quantity is also the time rate of increase of the mass of A 
molecules in the cylinder, that is, 

dF 

m A N—dxdyAzdt . 
at 

Putting these two quantities equal to each other,* 

m A NdxdyAzdt^D ~ ^ = m A N~jdxdyAzdt 

* The negative sign may be neglected here, as it represents the motion 
only with regard to the sign of N which is not of interest in this discussion. 



TRANSFER OF MOMENTUM 


255 


or 


— = D— Y 

dt d\ U dz) 


If D be assumed independent of z , one may write 


dF 

dt 


-4i 




This latter equation says that the rate of increase of the mol 
fraction of molecules with the time is the diffusion coefficient 
multiplied into the rate of change of the mol-fraction concen- 
tration gradient dF/dz with z. 

This expression is exactly the same as the Fourier 1 equation 
for heat conduction in a solid body. In the latter case the quan- 
tity F would be replaced by T, the temperature, and D would be 
replaced by h 2 f the “ temperature diffusivity” of the substance, 
where h 2 = K/pc , K being the coefficient of heat conductivity, 
c the specific heat, and p the density of the substance. Both 
these equations in practical application assume h and D inde- 
pendent of T or F. This, although not strictly true, is sufficiently 
correct for the solution of most problems. * Thus all the classical 
solutions of the Fourier heat equation may be carried over to the 
case of diffusion with the modifications indicated. In the present 
discussion, as is done practically with heat, it is often simpler to 
deal with cases in which a steady state has been approximated, 
that is, the experiments are performed in such a manner as to 
make dF/dt = 0. Then dF/dz takes on a constant value, and 
experimental measurement and discussion are simplified. This is 
the case in the simple treatment given in Sec. 71. 

Some notion of the phenomenon may be gained from the table 
below, which gives the values of D for some of the commoner 
substances. The diffusion coefficients are given as the mass of 
the diffusing gas which crosses 1 cm 2 /sec. when there is unit 
mass concentration gradient present at the point ( i.e ., when 


* The variation of D with F, when it occurs, gives rise to an apparent mass 
motion of the gas. This may be seen by carrying out the differentiation, 
assuming D to be a function of F and hence of z. 

dF = D d*F dDdF 
dt U dz* dz dz ' 


The increase of dF/dt due to the variation of D with F is that which would 

result if the gas were to have a mass motion with a velocity w 0 — — 

for the quantity dD/dz has the dimensions L/T. That this is so will be seen 
in Sec. 72. 
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— = 1 gram per cm 3 per cm along z). In fact it is 

immaterial whether the quantity diffusing is expressed as the mass 
of gas or the number of molecules as long as the concentration 
gradient is expressed in the same unit or quantity; for in the 

expression D = J^j^^)dxdfydt the quantity N cancels out dimen- 


sionally. 


Gas diffusing 

Gas 

diffused into 

1) 

t, in 
degrees 
centigrade 

H, 

0 2 

0.677 

0 

h 2 

CO* 

0.538 

0 

0 2 

N 2 

0.171 

0 

0 2 

h 2 

0 722 

0 

co 2 

n 2 o ! 

0 15 

0 

CJIbOH 

Air 

0.102 

0 

C 2 H 6 OH 

C0 2 

0.068 

0 

C 2 H 6 OH 

11* 

0.378 

0 


Substance diffusing 


Glycerine 
Acetamide. . 
Mannose. . . 

HC1 

NaCl 

NaCHsCO 


Solute 

I) for 1 sec. 

1 

Water 

7 .83 X 10~ # 

Water 

10.4 X 10-‘ 

Water 

5.62 X 10~‘ 

Water 

2.66 X 10“ s 

Water 

1 .28 X 10~ 5 

Water 

9.02 X 10" ' 


In solids the rate is far slower yet, and it is interesting to note 
the large difference in the values of D for gases and for solutions. 

71. The Theory of Self-diffusion of Molecules. — Consider 
molecules of a certain mass and diameter diffusing into a gas of 
molecules of similar mass and diameter. The phenomenon is 
known as self-diffusion. Assume that a uniform rate of flow has 
been established, that is to say, that dN/dt ~ 0. Under these 
conditions the molecules have reached an equilibrium state, and 
a linear concentration gradient dN /dz along the 25-axis has been 
obtained. Assume, further, that the concentration decreases 
from above downward. The state pictured would be nearly 
achieved if molecules from an indefinitely large vessel of COa 
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were diffusing along a long tube into an indefinitely large cham- 
ber of NsO molecules . After some time the rate of change 
in concentration at one point in the tube would have ceased and 
the concentration at any point z above an arbitrarily chosen xy 

dN 

plane normal to the tube would be given by N + where N 

is the number of molecules per cm 3 at z = 0, or at the xy plane. 
Below the plane at a point z the number of molecules would be 
dN 

N — z-j — Consider now an area dxdy in the xy plane. At L 


dN 

cm above it there will be N + Iry molecules. If L is the aver- 

dz 

age free path, one-sixth of the molecules moving with a velocity c 
will have velocities directed so as to pass down through dxdy 
on their next free path. The number of molecules in a layer dL 


in height and of base dxdy is dxdydL^N + 


dN^ 
' dz 


These are 


the molecules which will in the next path pass through dxdy 
downward. Now the length dL may be represented by the 
molecules traveling with a velocity c, which in a time dt pass 
through a distance L. Hence the number of molecules passing 
from the volume dxdydL or dxdycdt through the area dxdy as a 
result of the concentration gradient in the time dt will be the 
number that lie in this cylinder multiplied by the fraction which 
have velocities c in the direction z such that they will pass through 
dxdy f that is, 


N, ltl = -\dxdycdJ^N + L^> 

the minus sign denoting that the molecules are passing from higher 
values of N to lower values. In a similar manner, the number of 
molecules passing from the layer L below xy upwards through 
dxdy in dt will be 


N d , t « +±dxdycdt(N - L-^j- 
The total net transfer of molecules through dxdy will be 

Ndt = Ndti + Ndi t 

or N d , = -|a IxdyedtL 
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The number passing per unit time will then be Ndxdy — Ndi/dt, 
whence the number of molecules diffusing through dxdy per sec- 
ond will be 

Ndxdy = -^dxdy~tcL. 

But this has been shown by experiment to be given by 

Ndxdy = — 

Whence 

D^cL. 

This is the coefficient of diffusion as defined for the simple case. 

Since y = }iNmcL it follows at once that D = rj/Nm. But 
mN is p, the density, so that one may write D = 77/p. 


2 



The same expression may be derived in a more rigorous fashion, 
taking into account the distribution of free paths and velocities. 
Assume, as before, that the steady state has been reached and 
that the concentration above and below the xy plane may be 

represented by N + z~^, and N — z~. Consider an element 

of volume dv above the xy plane at a distance r from the area 
dxdy, such that the line from dv to dxdy makes an angle 0 with 
the normal to dxdy (Fig. 43). Thus z — r cos 0. Each of the 
molecules in dv has a mean free path L and a velocity c, then each 
molecule starts a new free path c/L times a second. Now in dv 
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4 -- / dN\ 

there are dv 7= c 2 e a *dc[ N + r cos 8 -j- ) molecules with a 

a*Vr \ dz J 

velocity between c and c + dc. Of these, the number in a cone 
of base dxdy cos 8 and height r will have velocities directed 
towards dxdy f that is, 


dxdy cos 8 

4ttt 2 a 8 \/ 7 r ^ 


f 3 “L 1 f AT , *dtf\ 

je % dcdv\N + r cos 8-^- J 


molecules will start for dxdy per second. But, of these, only the 

r 

fraction e £ will have paths exceeding r and will, accordingly, 
be able to pass through dxdy without impact. Hence the number 
of molecules from dv passing downward through dxdy per second 
will be 


N dv j, — 


dxdy cos 8dv -7 4 


4tt r 2 


c 3 - c - 
-e 


'*dc^N + r cos 


Expressing dv in terms of the polar coordinates, dv = ( dr)(rd8 ) 
(r sin 8 d</>), one has the number iVd v j given as 

c* 

r»nc fl oin A/7 A/7 A l AT — L. V AAC O 

dz , 


Ndvi — d x( jy a 'dce L dr cos 8 sin 6d8d<p ( N + r cos 8 

a 8 \Ar \ / 


In a similar fashion the number passing from a volume dv below 
the xy plane may be found to be 


N dv f 


dxdy c* 
irL a 3y/* e 


c* -- 

a7 dce L dr cos 8 sin 8d8d<t> 


( N - rcoe 6 w) 


These expressions must now each be integrated for c from 0 to oo f 
for r from 0 to » f for 8 from 0 to tt/ 2, and for <f> from 0 to 2 tt to 
give the total numbers of molecules of all velocities passing 
through dxdy from the volumes above and below the xy plane. 
Integration gives 

„ (Nc , dNc r \ , , 

Ni = \T + Tz l L ) dxd v- 

„ r (Nc dN c T \, , 

* \T - * 

To get the total number passing through dxdy these expressions 
would have to be added, remembering that N | has the negative 
sign, for the molecules are moving from a region of higher 
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concentration to one of lower concentration. Hence Ndxdv 
-Ni +N r 

XT 1 - r dN , . 

or Ndzdy = — dxdy. 


Since, by experiment for the steady state, 
Ndzdy = -D~ dxdy, 


then at once D = which was the result arrived at before 

in a much more elementary fashion. It might be added in 
passing that had dN/dz been 0, N d xd V would have been 0. For 
this case equals N f = JVc/4, that is, one would have found 
the number of molecules striking a cm 2 per second from above 
or below to be Nc/ 4. This result was obtained in Sec. 40. 

72 . The Theory of Interdiffusion. — In this section the more 
general treatment of the interdiffusion of two gases A and B will 
be taken up where the masses of the molecules A and B are not 
equal. In what follows use will be made of the mol fraction, 
and the notation in the latter part of Sec. 70 will apply. 

As the temperature is constant throughout the gases the most 
probable speeds of the A and B molecules a A and a B will be differ- 
ent as a result of equipartitkm of energy. Thus 

m A a A 2 = m B a B 2 . 

It will be assumed that the variations of F , the mol fraction of 
A y with z are so small over a free path that the distribution of 
velocities of the two kinds of molecules may be considered 
Maxwellian. 

Although the molecular density remains constant in pure 
diffusion, since the total pressure is everywhere the same, the 
changing composition means a change in the mass density. This 
means that there is a mean mass velocity of the gas in the direc- 
tion of diffusion. Let this velocity, which is very small, be 
denoted by w 0 . It is a mass velocity of the molecules along the 
2 -axis of coordinates, diffusion taking place along the 2-axis as 
assumed in Sec. 71. Owing to the presence of this mass-motion 
velocity, w 0f the number of molecules having components along 
the various axes is no longer the same. Out of N molecules of 
N 

the type A, j=.e a A* du will have velocities between u and 

ouVi r 
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u + du t and jz.e a a* dv molecules will have velocities between 
«aV * 

jy (w — wo) 1 

v and v + dv , but ^ e “a* dw molecules will have velocities 

between w and w + dw owing to the component w 0y for the 
velocity w is composed of the mass velocity w 0 and the trans- 
lational heat velocity w — w 0 . Maxwell's law applies to the 
translational velocities only, and these must be included. This 
will be w — wo for the positive component, and — w + w 0 
for the negative component. Both terms represent the dif- 
ference in two velocities. The sign of the whole expression is 
immaterial, since the term is squared. The number of mole- 
cules having velocity components between u and u + du 9 
v and v + dv y and w and w + dw simultaneously is, then, 

jy __ f tt a 4-p*4-(u> — wo )*) 

— t-itC aAi dudvdw 

a A V 2 

At a point in the gas where the mol fraction has a value F there 
will be F times the number of A molecules with velocities lying 
within the limits specified above. Of these, those lying in a 
volume, w dtdxdy will pass through an area dxdy in a time dt. 
The total number which will pass through this area in dt requires 
integration from — oo to + °o for the w- and ^components, and 
from 0 to for the w-component if only the transfer from above 
downward is regarded. For the net transfer the integration 
would have to be carried from — to + 00 for the w-component 
as well. Thus the net number of A molecules crossing dxdy in the 
plane z — z 0 in the time dt is given by 


Ndtdxdy 


n::n: 


- — ten) 2 

Fwe aA} dudvdw. 


This expression will not vanish for two reasons: First, because of 
the component of streaming motion w 0 , and, second, because F 
has different values on the two sides of the xy plane. Now the 
molecules which pass through the area dxdy are only those that 
had their last collision a free path away, that is, only those 
molecules which started anew from a collision L cm away will 
pass through dxdy . Thus the value of F chosen is the one which 
corresponds to the scene of the last impact. If the molecular 
path makes an angle 6 with the 2 -axis, this distance will be L 
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cob 6 distant from z 0 . For a steady state or where F does not 
change rapidly with the distance, one may write 

F = Fo + (i)„ L 008 e - 

Moreover, since w 0 is small compared with a A , one may write 

e «*' = II + — - 2 ° )e aA \ With these substitutions, the 

expression for the net number of A molecules crossing unit area in 
a time dt becomes: 

jxxxh+Ma 

e aA% dudvdw. 


< 


1 + 


“^77 


This may be transformed to an expression in the polar coordinates 
c, 0, and </>, as in Sec. 34, and then becomes 

*Ct* + 1 - {DJO + ^ x> ) 

c s e aA * sin B cos BdB. 


Integration with respect to 4> gives the factor 2?r. Multiplica- 
tion and neglect of small terms of higher order than the first 
one give 


2 Ndi 


QU 


J>J> 


+ 2Fo — xcos B -{- L cos 0| 

CL A 


(f)> 


c * 
ctA * 


sin B cos BdB. 


Integration with respect to B yields 


4 Ndt 


I'NMS. I 


c* 

c*e aA *dc. 


Sa A z \/Tr^ 

Assuming L independent of c, integration leads to the result 


This is the net number of A molecules crossing the plane z ** z 0 
in the direction of the gradient. In a similar manner the expres- 
sion for the B molecules diffusing from below the z = z 0 plane 
upwards may be found to be 
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«{(1 - F.)». - Kl ) «.}• 


Here the concentration of B molecules is given by (1 — F 0 ), 
where F 0 is the mol fraction of A molecules, and the minus sign 
comes from the fact that the concentration of B molecules 
decreases as z increases. 

Since the molecular density must remain constant everywhere, 
the total number of molecules crossing the plane must be 0, 
that is, 


must equal 


whence 


- W*{« - F„)». - K£) M.} 

- s(fD,{ f ' x " - c - L -\ 


This value of w 0 may be substituted into the expression for the 
number of A molecules diffusing through unit area in the z = z 0 
plane in the time dt , which is 


Ndt{ F 0 wq + 


1 (dF\ 
3\dz)o 


and gives the number at once in terms of the mol fractions of A 
molecules, the concentration gradient, and the free paths and 
average velocities of A and B molecules, to wit 

- «*} + 0 ) «"] 


- Hi ).[ 


(1 F 0 )caL a -f- F o CbLu 


The mass of A molecules crossing an area dxdy in unit time is 
then merely this quantity multiplied by m A and dxdy, whence 


d(m A N A )dxd V dt = -^Ndti^^dxd^il - F 0 )c A L A + Foc b Lb^vi a . 
But by definition 

d{m A N A )dxd V dt = — DNdt(^^ dxdym A . 
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Therefore 

D = — F b )c a L a + FoCbL*]- 

This is the classical expression for the interdiffusion of two gases 
in terms of their average speed and mean free paths. 

It is of interest to notice in passing that the mass motion of the 
gas was given by 



If the expression for D just found is differentiated with respect to 

F, 



which agrees with the formula found on purely hydrodynamic 
grounds in Sec. 70. 

Since the viscosity of a gas is given by r\ = ipcL, the expres- 
sion for interdiffusion of the gases may be written as 

D = + (1 - F,jS± 

Pb Pa 

73 . Criticism of Transfer Theory. — This section contains a 
discussion of the theoretical results obtained in preceding sec- 
tions, together with a statement of some results of theoretical 
investigations on diffusion, the details of which are too advanced 
for inclusion in this book. 

For simplicity, in the preceding discussion L was treated as a 
constant and placed in front of the integral sign. A more exact 
treatment would require that the expression for L e , the mean free 
path of a molecule of speed c (Sec. 39) be used, and that the inte- 
gration using this value be carried out. In Sec. 39 the value of L e 
was found for a molecule of speed c moving in a pure gas. To be 
applicable in the foregoing derivation, it would be necessary to 
generalize the expression to the case of a gas consisting of two kinds 
of molecules. The results of such a generalization lead to a com- 
plicated definite integral which must be evaluated for each value of 
the mol fraction F. Tait 2 has carried the analysis to the point of 
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setting up the very complicated integrals involved, but they have 
seemingly never been computed, so that one cannot say how this 
refinement would affect the theory. 

The correction becomes considerably simpler when the gases 
A and B have the same molecular weight and the same diameter. 
In this case the most probable speeds a A and a B are equal, as are 
also the collision frequencies Z . Then L c is given by the expres- 
sion of Sec. 39. Using this in the theory, it is seen that the 
resulting integral is the same as that occurring in the viscosity 
theory (Sec. 59), so that the result there given is applicable here. 
One has, then, 

Z> = g ■ cL • 1.051 


as the coefficient of diffusion for two gase$ of equal molecular 
weight and diameter. The L here used is the Maxwell free path. 
The application of this correction does not change the relation 
D = 77/p, since it affects both the diffusivity and the viscosity 
by the same amount. 

The equation for interdiffusion gives 


Di — ^[(1 F\))('aLa + Fo CbLji] 


1 (NbC a L a 4" N a c b L b ) 
3 ' “ N b + N a 


It is clear that, if either N A or N B = 0, one has D t - \c A L A or 

u 

Di = gi c b L b , which are the expressions for self-diffusion of 

molecules A and B in gases of their own species. Now assume 
gas A to be H 2 and gas B to be CO 2 in which c A /c B vary in the 
ratio y/ m B /m A , where m A and m B are the molecular weights of 
H 2 and CO 2 . Furthermore L A and L B are widely different. 
In a mixture of A and B } L A and L B vary continuously according 
to the equations of Sec. 38 on mean free paths in mixtures. 
Jeans shows that L A for gas A molecules moving in 100 per cent 
gas B f and L B moving in 100 per cent gas A f vary in the ratio 
L A /L B = y/ m B /m A . Thus in the extreme cases of interdiffusion, 
D AB /D BA = m B /m A y which may have very large values as in 
the case of CO 2 and H 2 where it is 22:1. Hence the value of Z)» 
in a mixture of varying constitution should vary over wide 
limits. This is found by experiment to be incorrect as the table 
on page 274 shows. This discrepancy between Meyer's classical 
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equation for interdiffusion (see Sec. 72), which is the only type 
of diffusion in gases open to experimental investigation, and 
experiment is very great. The discrepancy is in part due to 
the neglect of the phenomenon which Jeans calls persistence of 
velocities. As was shown in Sec. 59 for viscosity, the correction 


for persistence makes rj — 



mNcL. 


In the case of 


self-diffusion D the correction is D = 


1 

3(1 - B) 


cL ; 


whence 


D 


■L — If 0 = 0.406 as Jeans 14 evaluates it, the value 

1 — Bp 


of D becomes 1.34 t]/ p. 

For interdiffusion the correction for persistence becomes 
much more complicated. Jeans shows that the quantity 9 
depends on the masses of the molecules A and B so that Bab 
is very different from Bba • This value of B for molecules collid- 
ing with their own kind and B ab and B ba for collisions between 
molecules of masses m A and m B must be put into the expressions 
for L AB and L BA which occur in the equation for interdiffusion, 
as multipliers of o- 2 A , <r 2 a , and <t 2 A b, the squares of the collision 
diameters. Putting in these corrections it turns out that the ratio 
of Dab and D B a for self-diffusion in a gas composed of molecules 

of a different kind becomes instead of = — 

Dba 1 + olab D ba m A 

as before. Here olba and a AB are the values of a in Jeans' expres- 
sion for persistence in which a/c are expressed in terms of the ratios 
of the masses m A and m B involved in collision. As the extreme 
values for a are 0 and the greatest range possible for the ratio 
of Dab /Dba = % which is much less than that predicted by 
Meyer. 

Stefan 11 and Maxwell 816 proceeded to the study of the problem 
of interdiffusion in a somewhat different fashion. They recog- 
nized the importance of the free path in the diffusion phenome- 
non. They considered the mean free path of a gas molecule A 
in a gas composed of A and B molecules in the form of the expres- 
sion on page 99 in which the velocities were replaced by the 
equivalent mass, to wit 


Lab 


1 

V2 *N a * a * + tAW\/i + — 
\ m B 
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In looking at this from the point of view of interdiffusion, 
they disregarded the effect of the term due to collisions of A 
molecules with A molecules and in the L B a of the collisions of B 
molecules with B molecules so that they called 


L a = - and L b - y 

V Ca 2 + Cb 2 *Na<Tab 2 \/ C A 2 + Cb 2 tNb<tab 2 

These values were then placed in the expression for D„ the 
coefficient of interdiffusion. This gave 


n Vo* + Cfl* 

* 3 t(N a + NbM' 

For molecules of equal size and mass this gives the coefficient 

o c 

of self-diffusion as Z) = z — -= , and* if Chapman's exact 

3V2irN* 2 


expression for y, the coefficient of viscosity, y “ 0.499 


pc 

V2r Na* 


is used, D = 1.336- in agreement with the persistence of velocity 

P 

equation. It is further to be noted that D< is in this case com- 
pletely independent of composition. Actually D t is not accu- 
rately independent of composition but varies in the order of a 
few per cent (t.e., 0 to 8). Thus it is clear that one must proceed 
as in the case of y and K to take account of the more accurate 
general equations of Chapman and Enskog; and, for the same 
reason, that with changes in concentration one cannot properly 
assume Maxwell's distribution of velocities. 

Both by Boltzmann's 4 method and that of Maxwell 16 for a 
repulsive law of force, / = Gr - n where n * 6, solutions which 
are exact were obtained. These solutions are as good as those 
obtained by the classical procedure. For Maxwell's case of 

n = 5 the coefficient of self-diffusion was D = 1.504-. These 

P 

methods, as in the case of y and X, are not applicable to real 
gases as the real laws of force are of higher power than the inverse 
fifth. More complete results were found by Chapman 5 and 
Enskog 6 for different values of the repulsive force, ranging from 
n * 5 to n — 17, and for n = » (elastic spheres) to a second 
approximation. Chapman finds for the self-diffusion of elastic 

spheres which gives the highest value of «, D * c- * 1.200^* 

P p 
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For the case of interdiffusion Chapman and Enskog have carried 
out the calculations to a second approximation. 

The chief interest in these expressions is the result obtained 
in the question of the change of £>< with concentration. For 
elastic spheres Enskog found 

i j 

_ 12m B 2 + 16 m A m B + S0m A 2 

Dn - , % 2 

12mA 1 + 16 m A m B + 30 m B 2 

to a second approximation. For the case m B /m A = 10, e.g., 
for the gas neon in hydrogen, the values found for the ratio 
above are 


Meyer’s theory 10.00 

Meyer’s theory with persistence correction 1 . 324 
Chapman-Enskog 1 . 072 


This last result for the effect of concentration as well as the value 
of € which ranges from 1.2 to 1.504, depending on the law of 
force, turns out to be in good agreement with the experimental 
results obtained. Thus again it is seen that by these rigorous 
but tedious and complex general methods the problem is success- 
fully solved to the extent which a knowledge of the laws of force 
permits. 

74. Measurement of Gaseous Diffusion. — The first measure- 
ments of gas diffusion which were conducted in such a way that D 
could be evaluated from the data were made by Loschmidt 8 in 
1870. The method he used is virtually the same as that used in 
all subsequent measurements of gas diffusion. He used a glass 
tube 97.5 cm long and 2.6 cm in diameter which was held in a 
vertical position. At its center it was divided into two parts by a 
partition. Initially, the top half was filled with the lighter of the 
two gases to be studied and the bottom half with the heavier. 
Then the partition between them was carefully removed and the 
diffusion began. At a measured time later the partition was 
put back in place again. The contents of the two halves of the 
tube were then analyzed, and from the change in composition 
the value of the coefficient of diffusion was inferred. 

It is desirable to give an account of the method in some detail 
in order to see what the experiments teach. The theory will be 
developed on the assumption that D does not depend on the 
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composition of the gas at the place where the diffusion is taking 
place. Moreover, it will be remembered that when the diffusion 
equation was developed it was assumed that the mass of gas 
crossing unit area in unit time was simply proportional to the rate 
of change of the composition of the gas across that plane. Let it 
be supposed that a series of experiments like those just outlined 
were carried out, starting with the same gases but allowing differ- 
ent times to elapse before the partition was closed. If, now, the 
values of D inferred from each experiment in such a set should 
prove to be equal, the experiments would have confirmed the 
hypotheses made in the theory. If D should vary, however, it 
might be due to the fact that D is a function of the composition or 
to a more fundamental error coming from the assumption that 
the transfer of mass across a plane is not simply proportional to 
the composition gradient. The complete critical discussion of the 
experiments and their significance for these alternatives cannot 
be given in detail. The results will be given in the next section, 
where the measurements of D are summarized. 

The theory of the Loschmidt method for the measurement of 
diffusion calls for the solution of the complete diffusion equation 
with appropriate boundary conditions. Let the length of the 
tube be a . Take the origin of x at the bottom so that the 
tube runs from x = 0 to x = a. At the initial instant, t = 0, 
assume the mol fraction F of A to be 1 from i - 0 to x = a/2 
(i.e., let it be assumed that there be only A molecules in the lower 
half and that above this point, from x = a/2 to x = a, there be 
none), also let it be assumed that there be only molecules of the 
B type in the upper half of the tube. Since no diffusion takes 
place through the ends of the tube, it follows also that 

dF 

— = 0 at x = 0 and x — a at all limes . 

dx 


The solution of this problem for the conduction equation of 
Sec. 70 when dF/dt ^ 0 is well known from the classical work in 
heat and is given in detail in works on partial differential equa- 
tions, such as Byerly’s 9 “Fourier Series and Spherical Har- 
monics.” The solution is given in the form of a Fourier series 
and is as follows: 


F 


1 , 2”“"l . rnr -Kt)’ 

2 + rXn Sm Y e 008 

n »1 


mrx 

a 
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This infinite series expresses the mode of variation of F with the 
time at each place in the tube. In the experiments the partition 
is replaced at the time t and the composition of the gas in the 
upper and lower halves of the tube determined by analysis. 
What is measured is the average value of F in each half of the 
tube. The measurements give F L and F Uf the average values 
of F, in the lower and upper parts respectively. The averages 
can be computed in terms of D and t from the series by the 
formulas: 


= \ \ 2 Fdx, 
a Jo 


f - ' If 


Fdx. 


This yields for the two averages 

55 1 , 4-STH . 

Fl = o i — 9 si: 
2 Tr 2 ^^n 2 


sin 2 


, me 




■s i 4^1 ■ -»(?y 


The difference in the mol fractions is, then, 


Fl - F u 


ir _ 


w -t 9**Dt , 26ir *Dt 

■ 1 


+ 9 e 


25 


O* 


+ 


In this expression the terms after the first three are so small for 
moderate values of t that they are quite negligible. It will be 
observed that the analysis of the contents of but one of the tubes 
is necessary, since if one is known the other follows from it 
directly. The manner in which D is to be computed from the 
above equation when F L , F u > a, and t are known is rather involved 
and can be carried out only by successive approximations or 
graphical methods. In experimental work the times are such 
that the first three terms of the series only are necessary. 

V. Obermayer 10 has given a table of values of F h — F u com- 
puted from the series which greatly facilitates the evaluation of 
D from given data. 

The table shown on page 271 is abridged from that of V. 
Obermayer. It refers to a tube for which a » 86.62 cm. 

Stefan 11 employed another method of measuring diffusion. 
In it the gas is simply placed in a vertical cylindrical vessel. 
At the initial instant one end of the vessel (the upper one if the 
gas is heavier than air) is opened. After a measured time the 
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cylinder is closed and the contents analyzed. The theory of this 
method proceeds along similar lines to that of the Loschmidt 
method. The diffusion equation must be solved with appropriate 
boundary conditions. If a is the length of the tube, the condi- 
tions assumed by Stefan are, at t = 0, F « 1 for 0 < x < a; at 
all times, dF/dx = 0 for x = 0 and F = 0 at x * a. This last 
condition corresponds to the assumption that the gas escaping 


Difference in Mol Fraction as Function of Dt 


Dt 

Fl - Fu 

Dt 

Fl Fu 

0.00 

1 

0.06 

0.368 

0.01 

0.738 

0 07 

0.323 

0.02 

0.632 

0.08 

0.283 

0.03 

0 549 

0.09 

0.248 

0.04 

0 480 

0.10 

0.218 

0.05 

0 420 




from the cylinder at the mouth diffuses outward in the three 
directions away from the mouth so rapidly that the concentra- 
tion is always zero at the mouth. This is, of course, not exactly 
correct but requires a small end correction, i.e., the actual 
accumulation of gas around the end makes the tube act as if it 
were slightly longer than it actually is. The theory of this 
correction does not seem to have been developed. It seems that 
the Loschmidt method is capable of greater accuracy than that 
of Stefan. 

As was mentioned earlier in this section, if the assumptions 
leading to the differential equation of the diffusion are correct, 
the values of D obtained in a series of experiments should not 
depend on the period of time over which diffusion takes place. 
Obermayer finds, however, small deviations of this sort such that, 
using the Loschmidt method, short periods of time invariably 
yield smaller values of the diffusivity than do longer periods of 
time. This led him to the conclusion that the mass transfer is 
not strictly proportional to the composition gradient but is 
slightly less than proportionality would require for the large 
values of the composition gradient which occur during the first 
part of the experiments. All of these deviations are less than 
4 per cent of the mean value of D. They do not seem to have 
been given theoretical discussion. 
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In the measurements made by students at Halle to determine 
the amount of dependence of D on the composition of the gas 
mixture, the Loschmidt method was employed in a slightly 
modified form. It is interesting to note that, as but slight 
dependence on the composition ratio was expected, these workers 
used the solution of the differential equations which assume D 
constant. This was necessary since the equations with D vari- 
able do not yield to solution. The work was so arranged that 
the composition did not vary much in an experiment, so the 
assumed constancy of D in the treatment is probably fairly 
correct. In some measurements, instead of putting pure A in 
one-half of the tube and pure B in the other, pure A was allowed 
to diffuse against a mixture of A and B of known initial composi- 
tion. From such data, values of D were obtained as a function 
of the mean composition of the diffusing mixture. In other 
experiments the upper half of the tube was further subdivided 
into two equal parts and computations of the diffusivity based on 
analysis of all three compartments. 

76. Experimental Results on Diffusion. — The measurement of 
diffusivity of gases may afford several crucial tests of the kinetic 
theory of gases and also yields valuable data on the size of 
molecules. The main result of the theory is that the diffusivity 
of a mixture of two gases is given by: 

D = «[f— + (1 — F)— 1 

L pB PA J 

or by 

D - |[ FLbC b + (1 - F)L A c A ], 

in which € is a numerical factor whose value is between 1.000 
and 1.500 on various assumptions, F is the mol fraction of A , 
rj and p are the viscosities and densities of the two gases involved, 
while La, Lb and c A} c B are the mean free paths and average 
thermal velocities. Thus the theory predicts, for a given value 
of F , that the diffusivity should vary with temperature and 
pressure in the same way as do the ratios 77/p for the two gases. 
Since L A and L a are proportional to 1/p, and to T at constant 
pressure, and d A and c B are proportional to \/T, D should be 
proportional to the % power of the absolute temperature and 
inversely proportional to the pressure. The accuracy of the 



TRANSFER OF MOMENTUM 


273 


measurements in this field is not so great as for the related effects 
of viscosity and heat conduction. From the experimental 
results, taken at pressures around atmospheric and at tempera- 
tures near normal room temperature, it may be said that the 
diffusivity varies inversely as the pressure and as a power of the 
absolute temperature between 1.75 and 2. 

In the discussion of viscosity it was seen that by the simple 
theory, varied as T # and not at all with p. Moreover, if the per- 
fect gas laws are applicable, p varies as T~ l at constant pressure 
and as p. Putting these together, one has that on simple theory 
the diffusivity should vary as T ** and as p^ 1 . The observed 
exponent for the variation is somewhat greater, as was just 
stated, and this is consistent with the fact that v actually varies 
with T according to a higher power than T This more rapid 
increase in the case of viscosity was explained by Sutherland 
(Sec. 63) in terms of the effect on the mean free paths of attract- 
ing forces between the molecules. A similar analysis might be 
developed for the theory of diffusion, but it should be observed 
that it would be more complicated owing to the necessity of 
taking into account the attraction of A molecules on each other; 
that of A molecules on B molecules, and finally of B molecules on 
each other. 

The next point on which it is interesting to compare theory 
and experiment is that of the variation of the diffusivity with the 
composition of the gas mixture. According to the simple theory, 
there should be a linear dependence on the mol fraction which is 
rather large when the values of Lc for the two gases are quite dif- 
ferent. On the other hand, according to a kinetic theory of 
diffusion developed by Stefan 11 and Maxwell, which was outlined 
on page 266, the result is obtained that the diffusion should be 
independent of the composition and that the value should be 

D = 1.336-- 

P 

The investigation of the dependence of D on composition was 
made the subject of a series of doctors' dissertations by R. 
Schmidt (1904), 0. Jackmann (1906), R. Deutsch (1907), and 
A. Lonius (1909), at Halle. The results of all this work are 
summarized in a paper by Lonius. 12 The following table, from 
this paper, summarizes the results: 
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Dependence op D on Composition 


Gases 

F 

D 

Observer 

A 

B 

0, 


mm 

0.27335 

Jackmann 



mam 

0.27609 

Jackmann 

N, 


0.5 

0.26565 

Jackmann 



0.235 

0.26830 

Jackmann 

0, 


0.5 

0.073035 

Jackmann 



0.467 

0.073332 

Jackmann 

o* 


0.25 

0.27616 

Deutsch 



0.5 

0.28003 

Deutsch 



0.75 

0 .28934 

Deutsch 

co a 

H* 

0.25 

0.21351 

Deutsch 



0.5 

0.21774 

Deutsch 



0.75 

0.22772 

Deutsch 

Ar 

He 

0.5 

0.25405 

Schmidt 



0.377 

0.25040 

Schmidt 

Ar 

He 

0.273 

0.24818 

Lonius 



0.315 

0.24965 

Lonius 



0.677 

0.25626 

Lonius 



0.763 

0.26312 

Lonius 


The conclusion reached from this program of experiments is 
that, while D varies with composition, in no case was the variation 
more than about 8 per cent of the mean value of D. The Stefan- 
Maxwell theory is therefore incomplete. The theory of inter- 
diffusion, or transfer theory, gives the correct sense of the 
variation with composition but predicts a much greater amount 
of variation than is actually observed. 

The transfer theory of diffusion is brought more nearly into 
accord with experiment through the theoretical work of Jeans 7 
in applying a correction for persistence of velocities (see page 266). 
The researches of Chapman 6 and Enskog 6 on diffusion by more 
rigorous mathematical methods lead to formulae which predict 
the actual variation of D with composition quite closely. As a 
result of these more advanced developments of the theory it may 
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be said that the experiments on this point are fully explained by 
the kinetic theory. 

One more point remains on which comparison between theory 
and experiment may be made and that is as to the value of the 
factor €, occurring in the equation 

D = <?> 

P 

in which D is the coefficient of diffusion of the gas into itself. 
Although this quantity cannot be determined experimentally, 
a method has been indicated by Lord Kelvin 1 ® whereby it may be 
estimated from data on the diffusivity of various pairs of gases. 
From the measurements of Loschmidt on diffusion and the 
modern data on viscosity the following table was compiled: 


Experimental Values of « 


Gas 

D 

€ (obs.) 

H a 

1.31 

0.189 

0.174 

0.109 

1.37 

1.40 

1.34 

1.50 

0 2 

CO 

COa ' 



It will be observed that all of these values lie between the 
extremes 1.200 for elastic spheres and 1.504 for molecules repel- 
ling according to the inverse-fifth-power law. 

It must be added that the analyses of Chapman 5 and Enskog 
independently have led to the discovery of a new type of diffusion 
phenomenon. Maxwell's approach to the general study of 
transport phenomena was solved exactly by him for the case of 
molecules repelling as an inverse fifth power of the distance. 
In the extensions of this method to other laws of force, it turns 
out that for the general case when n in Gr~ n is greater than 5, 
there appear terms in the expression for diffusion which depend 
not only on dN/dx but also on dT/dx and dp/dx 9 where x is 
the direction of diffusion, and T and p are the temperature and 
pressure. Now, if T and p are not independent of x (i.e., if T 
and/or p vary along the direction of diffusion), these terms take 
on values which are the greater as n becomes greater and of the 
same order of magnitude as the diffusion due to dN/dx. 

Now it is possible to have a mixture of two gases in which 
dN/dx is initially zero, but placed in a tube where there exist 
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pressure or temperature gradients. Experimentally pressure 
gradients make it impossible to proceed and are of little interest, 
but the effect of a temperature gradient can readily be studied. It 
turns out that because of the presence of the temperature gradient 
there will be a diffusion of heavier molecules to the lower tempera- 
tures. This diffusion process is called thermal diffusion. It will 
therefore produce a change in the composition of the mixture at 
the hot and cold ends of the tube which will increase until the 
ordinary diffusion just compensates the thermal process. The 
prediction of this phenomenon in 1917 by Chapman and Enskog 
independently, led Dootson 18 to set up a tube of an approximately 
equal mixture of C0 2 and H 2 (43.1 per cent H 2 and 56.9 per cent 
C0 2 ) with two bulbs at the ends kept at 230 and 10°C., respec- 
tively. After some hours, samples of the gas were drawn off at 
each end and analyzed. They showed in the hot bulb 44.9 per 
cent H 2 and 55.1 per cent C0 2 , while in the cold bulb there 
were 41.3 per cent H 2 and 58.7 per cent C0 2 . Thus the C0 2 had 
diffused into the colder bulb. Quantitatively the amount was 
not so great as would have been expected for elastic spherical 
molecules. The presence of the diffusion indicated, however, 
that the diffusion was present and that the molecules repelled 
with a force greater than Gr~ b . This phenomenon is most 
interesting as it is one that was discovered as a result of the 
generalized theory, and particularly so as it depends, not on 
forces, but on the index of the law of force. It is a very dramatic 
confirmation both of the method and of the assumptions con- 
cerning the repulsive forces. 
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CHAPTER VII 


THE LAWS OF RAREFIED GASES AND SURFACE 
PHENOMENA 

76. Introduction. — The study of this phase of the subject may 
be begun from the historical point of view. The early investiga- 
tions of gaseous viscosity were carried out largely by means of 
the study of the flow of gases in capillary tubes. It was shown 
from a theoretical deduction of the coefficient of viscosity (Sec. 
60) that the coefficient of viscosity is independent of the gaseous 
pressure through wide ranges of pressure. It fails to do this 
at low pressures, however, and the failure was ascribed to the 
fact that, as the pressure decreases, the mean free path becomes 
comparable with the dimensions of the apparatus used. Thus 
the assumptions made involving the statistical conditions under 
which ij is defined no longer hold, and the flow cannot be treated 
in the usual way. The point at which the breakdown of this 
phenomenon occurs, however, depends on the dimensions of 
the apparatus used and the nature of the measurement. Its 
discussion, therefore, requires that the deviation be studied 
from the point of view of some given process of measurement. 
Historically, this occurred in a study of the laws of flow of gases 
through a capillary tube. At high pressures, and even down to 
a few millimeters of pressure the law of Poisseuille 1 holds. As 
the mean free path of the molecules approaches the diameter of 
the tubes used, the law fails. The failure is in the sense as if, 
instead of the velocity of flow being zero at the walls (an assump- 
tion made in deducing Poisseuille’s law and which this law justi- 
fied), it has a value greater than 0; that is, the gas appears to 
slip past the wall. The amount of gas coming out from a tube 
under these conditions therefore appears to be greater than the 
diameter of the tube would warrant. The experiments of Kundt 
and Warburg 1 in 1875 showed that an extension of the law of 
flow was necessary at low pressures, and indicated how this 
should be done. Theoretically, the conditions determining the 
flow were worked out successfully by Maxwell 3 for this case in 
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1879. The analysis of the failure of the law, however, remained 
incomplete until the measurements of Knudsen 4 in 1908 threw 
more light on it. It thus became possible to explain the phenom- 
enon fairly completely. The further researches of Knudsen 
on this and other low-pressure phenomena following- the work 
mentioned, directed attention to the possibilities of a successful 
treatment of such problems by kinetic-theory methods. It also 
led, together with the development of more powerful pumps, to a 
study of methods of low-pressure measurements. With the 
impetus given by these investigations, the theory of heat conduc- 
tion in a gas at low pressures and the heat transfer from solid 
surfaces to gases at these pressures were carried on. Another 
phenomenon was also discovered and studied at low pressures. 
This is known as thermal transpiration. It consists of the flow 
of gas from a cooler rarefied body to a hotter ojne when these are 
connected by a capillary tube. In the development of the theory 
of heat conduction in a rarefied gas, together with the develop- 
ment of pressure-measuring devices, another set of phenomena 
received a study and some clarification. These are the so-called 
radiometric phenomena. The Crookes radiometer, so often 
seen in opticians' windows, consisting of a set of mica vanes 
blackened on one face and mounted on an axis so that they are 
free to rotate inside a partially evacuated glass vessel and which 
rotate when radiation falls on them, is a good example of this type 
of phenomena. The action of various types of instruments 
showing such effects have been quite recently studied from the 
standpoint of low-pressure conditions and have in some cases 
received a satisfactory explanation. 

All these phenomena at low pressures in contradistinction to 
high-pressure phenomena emphasize the importance of impacts 
between molecules and the walls of the vessel relative to the inter- 
molecular impacts so prominent at higher pressures. This has 
two effects: The first is to make the various phenomena 
observed much more a characteristic effect of the particular appa- 
ratus and experimental arrangement, thus making generalization 
partially impossible and conclusions drawn from observa- 
tions apparently contradictory. The second effect is that it 
becomes necessary, to scrutinize, from the kinetic point of view, 
the nature of the momentum or energy exchange involved in 
collisions between gaseous molecules and solid surfaces. For 
instance, as will be seen in the discussion of capillary flow at low 
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pressures, the question arises as to whether the impinging mole- 
cules suffer specular reflection from the walls or whether they are 
reflected from the walls with a random distribution of velocities. 
Again, when molecules of one temperature strike a surface at 
another temperature one might well ask if the recoiling molecule 
left with the temperature of the surface or with a temperature 
intermediate between the two. This leads, therefore, to the 
study of the reflections of gas molecules from surfaces in general. 
The interpretations of the results of various observers lead to 
slightly differing answers to these questions, and at present there 
is no general completely satisfactory theory. It is possible that 
the different conditions actually lead to different processes 
of reflection, or, as stated above, the particular nature of the appa- 
ratus in each set of observations gives results so characteristic of 
the apparatus and conditions used that it is impossible to single 
out the true interpretation as regards the question of reflection. 

Intimately connected with the question of reflection comes a 
question raised by the fact that a considerable proportion of the 
molecules appear to leave the solid surface with a random distri- 
bution of velocities. Overlooking the molecular roughness of 
the surfaces some observers are constrained to believe that the 
molecules actually condense on the solid surfaces and remain 
there for a period of time long compared to the time of a molecular 
gas impact. Thus the question of the formation of layers of gas 
molecules on surfaces, or perhaps, more generally, the question 
of “sorption” of gas molecules, is brought up. Outside of the 
possibility of the actual solution of the gas in the solid, true absorp- 
tion (< e.g ., the case of H 2 in Pd metal, or of H 2 0 in glass), two other 
types of surface absorption are shown to exist by Langmuir. 5 
These are the adsorbed monomolecular layers of gas molecules, a 
reversible phenomenon (whose equilibrium is governed by tem- 
perature), and a chemical type of adsorption which depends on 
primary chemical valence forces. The latter type of adsorption 
is of great importance in phenomena of surface catalysis of chem- 
ical reactions. 

In this chapter the subject of low-pressure phenomena will 
be introduced with a derivation of Poisseuille’s law for capillary 
flow at high pressures, as this gives a clear and logical introduction 
to surface effects. The extension of this by Maxwell to low pres- 
sures will then be given, introducing Maxwell’s assumptions. 
Then will follow Knudsen’s contributions to the experimental 
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and theoretical sides of this question and a discussion of the effu- 
sion of gases at low pressures. Following this a section will be 
devoted to some of the questions of heat conduction at low pres- 
sures and the heat transfer to solid surfaces. In the succeeding 
section a summary of the question of molecular reflection from 
solid surfaces will be given together with a brief discussion of 
sorption, with special emphasis on Langmuir's work on adsorp- 
tion. The theory of the molecular manometer of Knudsen and 
the problems of thermal transpiration will follow in the next 
sections. Following this there will be a brief discussion of 
repulsion radiometers, including the Crookes radiometer. It 
may be added that an excellent r6sum6 of some of this work was 
written by Dunnoyer 6 in a small booklet of the series issued by 
the Soci<H6 Frangaise de Physique, Series 2, page 214, published 
by Gauthier-Villars, Paris, 1913. 

77, Deduction of Poisseuille’s Law of Flow of Gases through a 
Capillary Tube, and the Definition of the Coefficient of Slip. — 


dr T L i 

2 * P, 

Fig. 44. 



Assume a section of a capillary tube down which a gas is flowing 
as the result of a pressure difference pi — p 2 at its two ends. 
Take a small cylindrical section dr at a distance r from the axis of 
the tube (Fig. 44). The force F i acting on this is given by 2wr dr- 
ip i — P 2 ) = F\. If the flow has reached a steady state, equilib- 
rium exists between this force and the forces of viscous drag 
acting across the boundaries of the surfaces, 2t rL and 2?r(r + dr)L 
of the section, where L is its length. The force F 2 on these sur- 
faces is composed of two components. The first component 
F 2 i is that of the inner faster layer of gas and is given by an equa- 
tion of the form F = by the definition of viscous drag, 
where S is the area of the cylindrical surface, rj the coefficient 
of viscosity, and ^ is the velocity gradient. As ^ is 
negative, for v decreases as r increases, and as S = 2irrL, F 2i = 
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— 2irijrlrj~ The second component F i0 is the drag produced 
by the slower outer layer of gas of surface S = 2ir(r + dr)L. As 

d(v + 

here the gradient of velocity is — 


dr 


the force F to is 


d 


(' + dr 1 ') 


F 2o = —27 rrj(r + 6r)L 


dr 


Now F 2 = F 20 — F 2 iy and for 


equilibrium F 1 = F 2 = — F*. One therefore has for the 

differential equation of flow 

d(v + jSr) 

2irr(pi — p 2 )8r = ~2mi(r + 6r)L- 


dr 


+ 2t rqrL 


dv 

dr 


(Canceling common terms and reducing the equations, 

(p,-p s )r= + 

d 2 v 

if one neglect the term — rjL ^ $r 2 , which is an infinitesimal of 
the second order. Hence 


Pi — p 2 _ d 2 v 1 dv 

rjL dr 2 r dr‘ 


Since is a constant of the apparatus, ^ and * are 

both constant. A particular solution* of such an equation will 
take the form v = A + Br 2 , where A and B are constants to 
be determined. Now 

- = 2 Br - ~ = 25 

dr r dr 

d 2 v 


1 dv 


. = 2 B, thus 45 V - - £» , 

dr 2 9 nL 1 


whence 


v = A 


V * ~ Py 

4ijL * 


* The solution of the differential equation above can, of course, be under- 
taken by more general methods. The general solution does not differ from 
the one above except for the presence of an exponential term which vanishes 
when the boundary conditions are fulfilled. The method of solution out- 
lined above is simpler than the rigorous solution and so is given at this point. 
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If v = 0 when r = R, where R is the radius of the tube, there is 
no slip at the surface of the tube and the equation yields 0 = 

A - ?i-~J whence A - Pl — R*. 

AtjL ArjL 

Thus the layer Sr at a distance r from the axis of the tube has a 
velocity v given by 

4 rjL 

To get the volume V of gas flowing out of the tube per second it 
is necessary to integrate v{2irrdr) 1 the volume flowing out of a 
layer dr from r = 0 to r = R> the radius of the tube. 


Jo 4r > L 
tt(P\ — y*)R 4 
8r )L 


(R 2 - r*)dr 


If L is short, a correction should be made for the turbulent flow 
at the orifices. For sufficiently long tubes the law holds well, 
the length necessary for this depending on the value of R. Again, 
as was stated in the preceding section, when the pressures are 
low or when p x — p 2 is very great the law fails, for then v is not 0 
when r = R. That is, the gas slips past the walls with a velocity 
Vo at the walls. 

To take care of slip at the walls it must be remembered that 
the assumption that v = 0 when r = R was made in order to 
determine A. In order to handle the case when v = v 0 at r = R 
it becomes necessary to assume that at r = R there is a frictional 
force / on the surface of the gas at the tube wall. This force / 
may be written / = eSv 0 ; where S = 2irRL, v 0 is the velocity of 
the gas at r = R f and c is a numerical coefficient of the force. 
The force at the boundary due to its drag is therefore proportional 
to the velocity and the surface, while its magnitude is controlled 
by these and a numerical coefficient of considerable theoretical 
interest. With these assumptions the condition for equilibrium 
at the wall (i.e., when r = R) will be given by the following 
equation : 

2irRSr{p\ — p 2 ) = / — ( —2TrRLrj~^, 


where the first term is the force F x due to the pressure on the 
layer Sr at r — R 1 f is F 2o> which is now the drag due to the walls, 
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and ~2rRLti is Fa, the drag of the inner gas on the gas at the 

surface. If the layer Sr be taken sufficiently small, the term 
%rRSr(p x — jh) becomes 0. Thus 

-2 '*RvLj r = / = 2wRLfv 0 , or v 0 = -? -• 

But in the preceding analysis 

dv _ __ 1 Pi — P 2 
dr 2 rjL T 

whence 


T p\ — ©2 

With this expression for v = t>o = - at r = R, one 

may determine j 4 by 


t>o = - — B 2 = 

4»;L « 


« 2L 
I? (Pi ~ Pit) 


2Z, 


or 


A -<Si j = z £!>(iP + 2 ^ \ 
This yields for t', the velocity at r, the expression 


v = 


( Pi ~ P») / 

4uL V 


E 2 — r 2 + 2B 


O' 


and for the volume of gas flowing out per second the expression 


Here c is a constant of the wails and the gas. This equation 
shows that when measurements are made roughly the slip at 
the walls may be neglected. The deviation from the first 
equation deduced may be seen at once from 



It depends on R. If R is large compared to it can be 
neglected. 

The ratio ~ which determines the question of the importance 
of this term in the theory is called the “coefficient of slip” and is 



LAWS OF RAREFIED GASES AND SURFACE PHENOMENA 285 


designated symbolically by f = It really gives the ratio 

of the internal friction of the gas ( i.e ., the coefficient of the vis- 
cosity) to the coefficient of external friction against the walls. 
The value of €, and consequently of f , must depend on the nature 
of the impacts which are assumed between the gas and the walls. 
It is therefore necessary to derive an expression for this quantity 
in terms of the kinetic theory before proceeding further. The 
relation to be considered is due to Maxwell and its detailed con- 
sideration cannot find place here. The ideas used, however, 
will be developed at this point, together with the result. 

If the surface were perfectly smooth, specular or perfect reflec- 
tion would be observed, that is, the molecules striking the surface 
at any angle <£ (Fig. 45) would rebound, conserving the velocity 



parallel to the surface, but having the component of velocity 
perpendicular to the surface reversed. With such reflection 
the only force on the wall would be the pressure normal to it. 
The velocity at the surface would then be the velocity of flow 
along the wall (i.e., there would be no drag, e would be 0, and the 
gas would flow down the tube with no action on the walls), that 
is, its velocity through the cross-section of the tube would be 
uniform. This is not the case, for actually there is a frictiona! 
term. This means that there must be some mechanism by which 
the gas is retarded by the walls. If the walls were composed of 
spherical gas molecules at rest with large spaces between them, 
the molecules striking such a wall would lose their momentum, 
for, on the average, they would be reflected as if they had veloci- 
ties after reflection equally probable in all directions. Maxwell 
points out that such molecules could be considered as “ absorbed 
and reevaporated 71 from the surface at a temperature corresponding 
to that of the gas, if the wall and the gas are at the same tempera- 
ture. With such a process occurring, the gas would still have a 
velocity of slip. In this case, however, the velocity at the wall 
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would be less than that in the center and the gradient could be 
calculated. How this occurs can easily be seen. The molecules 
leaving the surface must equal those approaching it when equilib- 
rium has set in. Those leaving have random velocities, and 
hence no streaming velocity down the tube. Those approaching 
the walls have an average velocity component v appropriate to 
the scenes of their last impacts in the gas. Thus the layer of 
gas nearest the wall is composed, on the average, of equal num- 
bers of molecules with zero streaming velocity and with an 
average velocity v. There will thus be a velocity jump at the 

surface equivalent to ~ • If the molecules of the wall are not dis- 
tributed as assumed by Maxwell, they may partly specularly 
reflect the impinging molecules. In such a case the slip will be 
greater than that above, and v Q will be increased. Actually, 
the surface molecules of the solid are not necessarily distributed 
to give diffuse reflection, but, as Maxwell points out, they act so 
as to shield each other from direct impacts of gas molecules. 
The result Will be that very oblique impacts will cause reflection 
from the outer ends of the wall molecules. They will thus be 
more nearly specularly reflected than will the molecules striking 
normally. The outcome of this will be that there will be a slip 
in the gas which will depend on the relative importance of the 
two kinds of reflection. To study this, he assumes that those 
molecules striking a fraction / of the surface will be absorbed, and 
1 — / will be specularly reflected. To calculate the slip he then 
proceeds as follows: Assume the gas to be flowing along y past 
a plane surface yz , and that the positive x direction is the direc- 
tion of the gas from the wall. Call u , v , and w the components 
of velocity along the three axes. If, now, a particular velocity 
be chosen one may term — u x the incident value of the x compo- 
nent, and +u 2 as the rebounding value of the x component of 
the molecules that are specularly reflected. The x component 
of the evaporated molecules will be +u\ The mass of gas of 
velocity component — u x incident on unit surface of the plane 
per unit time is, then, — pi^i, where pi is the density of mole- 
cules of velocity component Ui in the gas. Of these molecules 
the fraction 1 — / has u reversed in direction. For the fraction/ 
evaporated, the average component of velocity is w', correspond- 
ing to the temperature 0' of the wall. With these considerations 
one may write that for the fraction / that are absorbed the 
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momentum normal to the surface must equal the momentum of 
the same molecules reevaporated from the surface at the same 
temperature, that is, 

—fpiui = fp 2 W- 

It also follows that the total momentum given to the wall by 
the molecules leaving is expressed by 

P2U2 = — (1 -/)piUi +/p 2 W, 

where pi, p 2 , and p 2 ' are the densities of the molecules having 
velocities u 1 , u 2 , and u 2 '. 

Along the direction of motion y the velocity is v, and the inci- 
dent momentum is piihv, the mass striking per unit time times 
the incident velocity v. Of these, 1 — / are specularly reflected 
and (1 — f)p\U\V\ is the momentum along the wall which is not 
changed, that is, this is the momentum exchange which causes 
the additional slip. The momentum of the evaporated portion 
along y which has an average velocity component ~v (the rela- 
tive velocity between gas and the surface) is, then, — fp 2 u 2 v. 
The expression for the momentum of the reflected molecules 
along y is, then, expressed by the relation 

p 2 U 2 V 2 = (/ — l)p\UiVi — fp 2 U 2 f V. 

Between this and the preceding equations the quantities fp 2 , u 2 f 
can be eliminated and one has for the momentum transfer the 
following equation: 

(1 — f)piUiVi + P2U2V2 + t>[(l — f)piUi + P2U2] = 0 . 

To solve this in order to get the velocity of the gas along the 
wall, the appropriate values for p h p 2 , u h w 2 , vi, v 2 , and v 
must be put into the equation, and integrated for u from — «> 
to 0 and with respect to v and w from — 00 to + 00 , and for the 
molecules which are leaving the surface for u from 0 to 
The functions to be inserted are taken from a more general expres- 
sion deduced by Maxwell for the case where the temperatures of 
the wall and gas may be different. They are too lengthy to 
include in this place. With certain simplifications to facilitate 
solution and the assumption that the temperatures of the gas 
and the wall are the same, he finds that the velocity of the gas 
at the wall is given by 

fir IT (2 ~ f\dv 
*°-\WppV / )dx’ 
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where is the gradient of velocity normal to the wall. It is 


seen 


that when / = 1, v 0 = 7l ^pp^x ) a m * n * mum va l ue > an d 
as / decreases v 0 rapidly increases. For the case of the flow in 
a tube is replaced by the ^ above, and one has 



dv 

dr 


where M is the mass of a gram-molecule, Ro is the gas constant per 
gram molecule, and T is the absolute temperature. But it was 
found in deducing the slip term of Poisseuille’s equation that 


tj dv 



whence 

f _ i _ a pay 2 - A 

f * p \2 M\f) 

This at once gives the value of the coefficient of slip f in terms of 
the fraction / of the molecules evaporated from the surface, or 
the fraction 1 — / specularly reflected. It is thus seen that the 

term f — - in Poisseuille’s law depends on th e\ / T f on /, and on 

1 v 

-• It is the variation of ^ with pressure that is of interest, for 
the correction term for slip in Poisseuille’s law depends on 
1 + As long as pR is large compared with the other quan- 

tities, the term may be neglected, but when p becomes small the 
correction must be added. One is now in a position to compare 
the theory with experiment. 

Before doing this it might be stated that Baule 7 also found an 
expression for the coefficient of slip similar to that of Maxwell to 
a first approximation. Baule interprets / in terms of a coefficient 
which gives the fraction of molecules which make only one impact 
with the walls of the solid. Thus such molecules do not come 
into complete equilibrium with the walls, and retain some of their 
incident velocity. Those that escape after several impacts have 
the random distribution of the evaporated molecules of Maxwell. 
If / = 1, his formula becomes identical with Maxwell’s. It 
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merely makes a more accurately analytical picture of what takes 
place at the wall. A very accurate measurement of the coefficient 
of slip was made by Blankenstein. 8 He used the rotating- 
cylinder method (see Sec. 63) in the gases H 2 , He, air, and 0 2 
where the gases were kept very pure by a constant-flow method 
at low pressures. The surfaces were burnished surfaces of silver 
oxide deposited on brass. In this method the deflection is 

related to the momentum transfer of the gas by the factor 

y 

at high pressures. Here ^ is the velocity gradient at the sur- 



face, d being the separation of the cylinders and V the velocity of 
the moving cylinder. If slip appears, the momentum transfer 

nV 


is lessened and it may be written as 


where £ is the 


(d + 2f)' 

coefficient of slip defined above. By measuring the deflection 
of the cylinder at higher pressures and again at pressures where 
slip occurs, it should be less at the low pressures in the ratio 
d 


(d + 2f ) 


By measuring this difference at different low pres- 


sures, f may be computed as a function of p. From the values of 
f and p it is possible to determine /. For the gases He, H 2 , air, 
and Q 2 the values of / obtained were 1.00, 1.00, 0.98, and 0.99 
respectively. Thus it might be concluded that there is practi- 
cally no specular reflection for H 2 and He, while air and 0 2 show 
about 1 or 2 per cent of slip. Other experiments by Van Dyke 9 
and Stacy, 10 using shellac and oil surfaces with gases of a more 
doubtful purity, gave a specular reflection of from 8 to 20 per 
cent. The question of such reflection will, however, be more 
properly treated later on. The verification of Maxwell's equa- 
tion, no matter what the theoretical basis of /, places this mode 
of procedure as a legitimate one. It is thus permissible to con- 
sider the apparent change in the outflow from a tube as pressure 
decreases, found by Kundt and Warburg, 2 from this point of 
view. The equation for the volume of gas flowing out of a tube 
as a function of the various quantities entering in was given as 



This can be changed to the mass of gas G flowing out in unit time, 


which is what is actually measured. As p « ^pC 2 , where p is the 
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density, and as ymN A C 3 — )iMC i = RqT, where M is the mass 

7)M 

of a gram-molecule, therefore p = -£- 7 Since G = Tp.theequa- 

iloi 

tion for G becomes 


0 = £~y (pi - Vi) 


rA + 


8 V L w Rg J 

Thus G plotted as ordinates against p as abscissae is a straight 
line that should pass through the origin. As the pressure 

A 


becomes very low, the factor ^ 
1 


1 + 


f is proportional to 


V 


4 A 

•j£ ) becomes appreciable, for 
as shown by Maxwell's theory. This 


causes G to decrease more slowly as p decreases, for the f which 
increases as p decreases counteracts the effect of pressure in 
decreasing G . This portion of the curve was that studied by 
Kundt and Warburg and it is explained by slip. 

As the pressures decrease still more, the flow at first rises as 
pressure decreases and finally ceases to change with pressure at 
all, remaining constant. It was the portion of the curve for (7, 
just before the rise and from there on, for which the theory was 
incomplete and was extended by the work of Knudsen 11 in 1909. 

78. Flow in Tubes for Rarefied Gases, Knudsen’s Equation. — 
The constant regime sets in when the pressures are so low that 
the mean free path of the gas molecules is comparable with R. 
If this occurs one cannot speak of a flow in the ordinary sense 
at all. It is perhaps best to discuss and interpret the regime of 
constant outflow first, for the transition from the Kundt and 
Warburg deviation from the straight line to the constant outflow 
through the minimum marks a transition from one type of 
mechanism of flow to the other which cannot be clearly grasped 
until the initial and final conditions of flow are understood. 

The derivation of the equation for this regime, due initially to 
Knudsen, is very instructive. He starts with the assumption 
that the number of molecules striking a cm 2 of surface per second 
is %Nc (see Secs. 40 and 71), where c is the average velocity of 
the molecules. If there are N molecules per cm 3 , the number dN 
with velocity components between c and c + dc is given by the 
Maxwell distribution law as 


dN - 


4 N 

a>V? 


2 e~aHJc, 
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where a is the most probable speed. The number of these mole- 
cules which strike 1 cm 2 of surface per second is, then, ~cdiV. 

Since the molecules which have a component of velocity of trans- 
lation « parallel to the wall on striking are absorbed, and reemitted 
equally in all directions (that is, with the / of Maxwell equal to 1), 

the momentum given the wall by these dN molecules is ^ cmwdN . 

Since w is the component of the velocity of the gas molecules 
parallel to the wall, co may be written kc where A; is a constant of 
proportionality. This merely expresses o> as a fractional part of 
c, the molecular velocity, and ascribes the Maxwell distribution 
to the components o> in this manner. The momentum transfer 

is, therefore, ~ kc 2 mdN. The momentum B given the wall by 

molecules of all velocities is therefore given by 


B = \ Nk —j-z m 

4 y/ r 


r-c 4 

Jo 


e c > i dc — 


J Nkm%a\ 
4 2 


2 ck 3 ^ 

Substituting c for a, where c = . , one gets B = ^ Nmkc 2 . 

Vtt 


Sc 




= V. 


As c is therefore kc = 

N N N 

This v is the geometric mean of the velocity of all molecules. It 

is therefore the velocity of the mass of gas down the tube, and 


one has B = ^ Nmcv. 


This assumes v constant across the 


tube. This assumption only holds, in the Knudsen regime, where 
the free path is great compared to the radius of the tube, and 
hence there is no velocity gradient normal to the walls. Physi- 
cally, this means that the gas is so rarefied that the velocity 
transition at the surface which was confined to a narrow region 
originally now extends across the whole tube. 

For a tube of approximately cylindrical form, call dl the ele- 
ment of length of the tube, 0 its circumference at dl> and A its 
area of cross-section. In dt sec. this tube receives an amount of 
3 tt 

momentum given by ^ NmcvOdldt . Setting Nm = p, the 
density of the gas, and expressing c in terms of the pressure p, 
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from the relation p = pVrac 2 , the above quantity becomes 
If it is assumed that the wall Odl gets the whole momentum which 


results from the pressure drop 


(dp\ 

\dlf 


\dl (that is, neglecting 


the end effects of the tube), one obtains the relation be- 


tween the momentum transfer —A 


( 

\dl) 


dldt in the time dt due to 


the pressure difference across the area A , and the momentum 
transfer to the wall as 


x/^'-Jp' 0 - ~- 4 


dp 

~dl 


For the mass G which goes through the area per second one can 
write G = Apv, whence 


8/2 [p A 2 dp 
3\i r \p 0 dl 


If the ratio of the density and pressure, when the pressure is in 
dynes per cm 2 , is called p x ; then 


G = - 


8 

3 



A 2 dp 
0 dl 


If the volume of gas per unit pressure flowing through the tube 
be used instead of the mass of the gas, that is, if one write 
G 

Q t ~ —> then 
Pi 


Q = _8 12 J_A 2 dp 

V Pl Odl' 

For steady flow, Q t has the same value along the tube. Call- 
ing the length of the tube L and the pressure on its ends p\ and 
P 2 , (p 1 > P 2 ), one obtains 


0 

A 2 



which yields on integration 

Q ^ I (Pi — P i) _ 1 Pi — 7>2 

VF,3 ECO- V7> W ’ 

8\2jo 
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that is, 


where 


Qt = 


Pi - P2 

V7iW ’ 


w 


-IM‘ 


0 


dl. 


W is a constant of the form and dimensions of the tube only. It 
has the same function as a resistance factor in electricity, and 
can be called the resistance of the tubes. Thus it is possible for 
this case of flow in tubes to carry over KirchhofTs laws of 
branched circuits to the calculation of the gaseous flow in any 
system of tubes. For a cylindrical tube of radius R, 0 = 
27 rR and A — tR 2 , whence 

”2 L 


W 


= 3 fc* 

8 \27t 


ft 3 


and 


1 R 3 


Qt = * V2 *Vp l t (p '~ Pi) ' 


Where gases flow out of the ends of the tubes with a finite 
velocity, the whole pressure drop is not taken up in overcoming 
wall resistance, for the gas has a kinetic energy on leaving the 
tube which it got from the pressure difference. In this case the 
relation 




must be replaced by 

3 
8 


4 " ^ m - ~ a 3 - 


t dp A dv 
~dl ApV dl’ 

where G = Apv is the mass of the gas flowing out per second, and 
dv 

is the change in velocity per unit length of tube. Thus 


4 


i o 


,G 


dp 


G 2 _ d( l\ 
I* Pl dl\pJ’ 


VpYA 2 ' 1 dl 
which on integration over the whole tube yields 

3 /ir * n f L 0 j, CP p, - p 2 

8 T‘ dl t — L - 


£ Pi V\V1 


Again setting 


W 


3 I* r L o 

8\2 Jo A 2 


dl, 
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G * (pi - pt) 


y/T\ 


W 


l + 


G 


Pi - Pt 


If the quantity 


A*VpiW PiP* 


V = 


G 


Pi - Pt 


A i V7iW PiPs 


is small compared to 1, one obtains the previous relation G = 
\pi — and the quantity U becomes 


1 (Pi - Pz ) 2 
A 2 W 2 pip 2 


For a cylindrical tube this is 

= 32 ( Pl - p 2 ) 2 
97T L 2 7 ?i P 2 

As U depends on . > it is seen that, for experimental cases 

Jj 

R 

where j is of the order of Koo» U must be much less than 

unity, even when p i is hundreds of times greater than p 2 . 

Thus the mass discharged per sec from a cylindrical tube at 
low pressures can be taken as 


G = 3\/2*\/^f (Pi - P 2 )’ 


This differs materially from the Poisseuille's equation, having a 
coefficient of slip which reads 


tR} 
8 r )L 


(P 1 - P2) 


M 

RoT 



4v 1 \ 
€ R) 


P- 


The comparison is clearer if, for p h the quantity - is used, for 

P 

then 


Nm __ p _ N A m _ ikf 

^Amr 2 “ p " 7e7f ~ r~t 

whence 



^ 'l RoT 


R 3 


(Pi ~ Ps)- 


It is seen that for low pressures G is proportional to R *, and not 
j ? 4 as in Poisseuille’s law. Furthermore, G is independent of 
17 and p. 
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The discussion of the minimum of the curves presupposes a 
comparison with the experimental results. In Figs. 46, 47a, and 



p in cm. of Hg 
Fio. 46. 



p in cm. of Hg 
Fiq. 47a. 


476 the points found by Knudsen in C0 2 for a certain tube are 
given. In them T — is plotted against p in cm of mer- 

v ‘ p. R»T 
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cury. The regime from p = 0.004 cm to p - 0.000011 cm is 
shown in Fi g. 476 on a logarithmic scale. As is seen at once, T 
decreases linearly with p from 22 to about 0.24 cm. From then 



on it falls to a minimum, rising again to p = 0.0010 cm, from 
which point on it remains as constant as the measurements will 
permit. The smooth curves which fit the results quite accurately 
are given by an empirical expression 


, ap 


1 + c 2 p 


where the constants a, 6, C\, and c 2 can be found from least- 
square reductions. These constants depend on the dimensions 
of the tube and other factors. All tubes used gave similar curves, 
the constants only differing. It is first necessary to correlate as 
many of the constants as possible with the constants deduced thus 
far from the theory. This is easily done for the constants a 
and 6. The constants C\ and c 2 , however, are the ones related to 
the minimum of the curve. And it is their evaluation which will 
throw light on this process. 
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The constant a can be evaluated as follows. If Poisseuille's 
law is assumed to hold with no slip at the walls, it yields 

^ irl # 4 
T 

This term is equivalent to the portion T = ap of the empirical 
equation. The a should then be given by a = ^ . Calculat- 

o 7 i L 

ing a for his tubes from this expression, Knudsen finds agreement 
with the observed values within the limits of experimental 
uncertainty. 

For small values of p the equation goes over to the form T = 6, 
for ap and become 0 and 1 respectively in this case. For 

the lowest pressures one has the conditions of molecular flow, in 
which T = — , and for cylindrical tubes of circular cross-sec- 

HV pi 

tion T = f \/ 2tt — ~~ Hence b becomes b = \ \Z2tt — ^ . 

vPi ^ v Pi " 

To obtain the values of and c 2 , two cases must be considered. 
The first one is for pressures where the free path is small com- 
pared to the radius of the tube, but not negligibly small. The 

study of this case will give a ratio of the constants Cl The 

c 2 

second one is where the radius of the tube is smaller than 
the mean free path, but is not vanishingly small compared to this. 
The study of this condition leads to an evaluation of c 2 — C\. 
The two cases together then afford means of obtaining Ci and c 2 . 

For the first case p is so great that may be written as 

1 + c 2 p 

The equation then becomes T = ap + b-J. Putting in 
the values of a and b one has that 


Putting in 




32\/2 if C\\ 
3\/ 7r \/ pi Rp C V 


But in this regime (which is that of Kundt and Warburg) Poisse- 
uille’s equation also holds, including the slip term. This law 

gives T Comparing the two expressions 
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for T, one has at once that f = 


8\/2»?ci 

3\ / r\ /r plpc2 


The expression 


f = ? as - fe ? —) = AX is similar to the mean free 

5 « p\2 M \ f ) 

path, so that f can be replaced by AX, where A is a fraction nearly 
equal to 1 and X is the mean free path. Also, since Maxwell’s 
distribution law gives a relation between X and ij of the form 


X 0.30967 px T Pl 

then 

k-y/iTT} _ 8\/2i;Ci 

\/8(0.30967) p \/pi 3\/ iry/pxpc?. 

that is, — = 0.95A. As A is less than unity, - is a constant 

C2 C 2 

independent of the radius of the tube and the nature of the gas 
whose value is less than 0.95. In fact, Knudsen’s experiments 

bear out the fact that c - is between 0.85 and 0.78 and is indepen- 
c 2 

dent of tube radius, specific gravity, or viscosity of the gas, 

and he chooses c - — 0.81. 
c 2 

The evaluation of c 2 — Ci is a far more complicated question, 
for which there is not room in this text. The general considera- 
tions by which this end is reached are instructive, and may 
therefore briefly be indicated. At pressures where the free path 
is greater than the dimensions of the tube, but not much greater, 
both impacts with the walls and with other molecules occur. 
The momentum of the moving molecules can then be carried to 
the walls by two processes: either by direct impact with the 
walls, or by the molecules struck by these molecules, which 
therefore have some of the streaming motion. The former can 
be computed from the number of molecules striking unit area of 
Nc 

the walls, which is The momentum carried by these two 

mechanisms can then be roughly evaluated. Allowance must be 
made in this calculation for the time elapsing between the impacts 
of the moving molecules and the others, and the transfer of this 
momentum to the walls. This calculation leads to the use of a 
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small numerical factor k of a value about 3 ^- The use of k 
yields for a cylindrical tube of circular cross section the value 


4 /e 1 

3 ' /S VS*' 


- » t) 


Comparison with the empirical equation, which for the approxi- 
mate values of p for which this occurs takes on the form 
T = ap + b[l — ( c 2 — ci) p] 
leads to the relation 


(1 ~ k) T ( r = - c > - i)p ■ 

Inserting the expression for X on the preceding page the equa- 
tion, on rearrangement, becomes 


c* - d = 1.2378 ~ = 0.6117 

pX 


R 


in the event that k — j 2, if the values of a and b are substituted 
in it. The agreement is satisfactory in order of magnitude 
between the empirical c 2 — c 1 and the calculated c 2 — c 1. It 


/ — 

indicates proportionality between c 2 — c x and but does 

V 

not agree completely with the numerical factor for which Knud- 


sen substitutes a value d. From the value for Cl and the 

c 2 

value for c 2 — Ci containing d Knudsen deduces the values of 
c 2 and Cu as 

Cj = d- p - R 
V 

ci = 0.810d v/pi R, 

17 

1 + 0.81 d^ pl Rp\ 

V 

1 + d~—Rp 

V 

This equation is now no longer completely empirical in the sense 

that all the constants are more or less rigorously deduced from 
theoretical considerations and are in no sense arbitrary. The 
only one approaching an arbitrary value is the constant d. Its 
numerical value was estimated from rough theoretical considera- 
tions only and hence is uncertain. 


T 7 T 1 X 1 * * 4 , 4 at_ 1 

T 8vL p + 3 V2t ^ 
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To obtain a more correct empirical value’ of d and to test the 
equation, the expression for T can be differentiated to find 
the value of p for the minimum of the curve. This leads to the 
expression for p m , the pressure at the minimum: 


Pm « 


d\/p 




where m = 


3 \/ 7T 


From this it can be shown that the 


32V2 

following conditions must hold. They are that 


PmCi = constant. 

m 

7 = m = constant (T 0 is the value of T when p = 0). 

1 0 

~ - = constant. 

Am 


These conditions are tested on the empirical constants of his 
observations and found to hold. From the relation that p m c 2 is a 
constant observed to be near unity, d is computed as 2.47. This 


value is checked by calculating 


and 


R 


using d from 


i 0 

his equation for the minimum and comparing these with the 
observed values. They agree fairly well. If, then, these values 
be assumed, T } the outflow per unit pressure difference, is 
obtained as 


_ * 1 R* , 4 /o - 1 R* 


1 + 2.00 -i-'Rp 

V 


1 + 2A7^(pRp 


or, expressed in terms of the mean free path, 

t = Qi = gy* R* _ 1 |_ 

Pi - p* 8\/8(0.30967) L X\/pi 




R 3 1 

L 


1 1 + 0.81 -f- 


Thus, with the aid of the kinetic-theory analysis at low 
pressures, one has a complete analysis of the flow of gases down a 
tube of cylindrical cross-section. In making this analysis, 
certain new concepts about the momentum exchanges between 
solid surfaces and the gas have also been derived. 
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79. The Effusion of Gases 12 and the Formation of Molecular 
Beams. 69 — Closely allied to the problem of the flow of rarefied 
gases through long tubes is the problem of the flow through 
short tubes and through holes in thin diaphragms. While for 
higher pressures and large openings the problem is one of fluid 
flow and belongs to the field of hydrodynamics, it becomes 
exceedingly simple at pressures below that at which the mean 
free path equals the linear dimensions of the openings. In 
addition it becomes possible to apply these phenomena to the 
production of molecular beams or rays in which the motion of 
molecules is confined to a single axis. Such beams are virtually 
devoid of molecular impacts if they traverse a gas-free space, 
so that they may be used to study the properties of molecules 
directly. 

In order to discuss this problem, one mrat first take up the 
simple problem of effusion through a diaphragm of negligible 
thickness. Consider such a diaphragm with a hole of area A 
in it. On the one side of the hole there is a gas space with a 
pressure p x in it, while on the other side the pressure is p 2 , such 
that pi > p 2 . The linear dimensions of A are not larger than 
the mean free path of the gas molecules at either pressure and 
may be much smaller. The gas spaces Si and S 2 in which the 
pressures p x and p 2 obtain are so large that the molecules encoun- 
ter each other more frequently than they do the walls. In 
Sec. 40 it was shown that the number of molecules striking unit 
area of a gas space in equilibrium was 


Nc _ p_ I M _ p\/p"i 
4 “ m\2irRoT ~ m\/% 


Here N is the number of molecules per unit volume, c is the 
average velocity, p is the pressure in dynes per cm 2 , M the 
molecular weight, Ro the gas constant per mole, T the absolute 
temperature assumed the same on both sides of A , pi is the 
density per unit pressure p, and m the mass of a molecule. 
If the numbers of molecules per unit volume on the two sides 
of the diaphragm are N\ and N 2 , respectively, there are simul- 


taneously bombarding the area A from opposite sides, 


N l c A 

~r A 


NoC 

and -r-A molecules per second. Since the pressures are quite 
4 

low, and the hole of area A is small compared to the free path, all 
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the molecules striking from either side will get through. Thus 
the net molecular transfer will take place from the side where 
N is greater to that where it is less, t.e., from Si to S 2 . Hence n 
more molecules will go from Si to S 2 than in the reverse sense, 
where 


n = ~A(Ni 


N 2 )c - 


Pi - V 2 


4 . 


M 


m \ 2ttRqT 


A - 


= Pi ~ V r 
m 


2tt 


The mass flow (r per unit time through area A is 

I 

G = nm = (pi - P 2 M = (P 1 ~ P*)A 

and Q* = (r/pi becomes 

n = (Pi Z P*) A 
Wl ’ 

It is clear from this that Q* varies as p 1 — p 2 , as A, inversely 
as the square root of the molecular weight and directly as the 
square root of the absolute temperature. If p 2 = 0 as would 
be the case for effusion into a good vacuum, Q t varies directly 
as pi. The rate of effusion calculated above depends on the 
equation v = JVc/4 which is deduced on the basis of the Max- 
wellian distribution of velocities.* Hence the numerical factor 
1/\Z2tt in the expression for Q t depends on the distribution of 
velocities. If all the molecules had equal velocities, the numeri- 
cal coefficient would have differed from this quantity by 8.6 
per cent. Knudsen measured the velocity of effusion for H 2 , 
0 2 , and C0 2 estimating the quantity Qt/(pi — p 2 ) = T to 
within 3 per cent, which was the accuracy to which he could 
measure A. The values obtained were in agreement with the 
theoretical expression to within 3.5 per cent, thus in a measure 
establishing the law for the distribution of velocities. 

In order to consider further the flow of rarefied gases down 
tubes of short length, and the formation of molecular beams, 
one must consider the general method developed by H. A. 
Lorentz 60 for the calculation of the flow of rarefied gases through 

* This statement holds for the equation deduced in Sec. 40 and the expres- 
sion Afe/4. It will be seen in Sec. 81 that a law expressing the same condi- 
tion, that the number of molecules striking unit area per second is Nu/4 
where u i8 the average velocity, is much more general and holdB for any dis- 
tribution law requiring only the cosine law of reflection from the walls. 
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tubes. This deduction is more rigorous than Knudsen’s deduc- 
tion for a long tube and is capable of an extension to short tubes, 
for which the end corrections are of necessity quite important 
in the Knudsen method. The general method of Lorentz was 
extended by P. Clausing 61 to the general problem with the results 
to be detailed later. 

Lorentz starts by assuming pressures so low that impacts 
between the molecules can be neglected relatively to impacts 
against the walls. He further assumes molecular roughness 
at the walls such that molecules striking the walls are reflected 
from them with all past history of motion eradicated, i.e. 9 he 
assumes for such impacts that Maxwell's f equals unity. He 
then considers the exchange of molecules between two surface 
areas da and da' so oriented that the line of length r joining 
their centers p and p' makes angles 6 and O' With the normals to 
the elements. Since the emission from these rough surfaces 
for which / = 1 follows the cosine law, one can write in analogy 
to the conditions in a>furnace in black-body radiation that 

B cos edwda = B cos O'dw'do' = B cos 

Here B depends on the total number of molecules reflected from 
unit area per second which in equilibrium is the same as strike 
it per second; dw and d «' are respectively the solid angles sub- 
tended by da' and da at the centers of da and da'; and r is the 
distance between the centers of da and da'. Hence, if the walls 
are at constant temperature, the space filled with a rarefied gas 
is in equilibrium and B is for all wall elements the same. Thus 
the expression above given holds not only for the emission from 
surface elements but must hold equally well for the number 
of particles which pass through an area of the gas occupied 
by the surface elements. This enables B to be at once deter- 
mined. Consider the number of particles whose direction of 
motion falls within a cone dw whose axis is normal to da , which 
pass through the area da. This number is obviously Bdadu , 
as 0 = 0. If f(v)dv is the number of molecules per unit volume 
whose velocity lies between v and v + dv , one can write at once 
that 


do) 

At 


,u i 


vf{v)dv — Bdadu. 
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Integration, assuming Maxwell's distribution of velocities, at 
once yields 

B JL / M _ Nc 
mw\2wRof 47r 

In this respect it is to be noticed that the quantity B is not the 
same as v, the number of molecules striking a cm 2 per second 
but is related to it by B = v/ir. The relation- 
ships just deduced enable one to attack the 
problems of the flow in tubes by considering 
the net transfer from a surface element of 
tube through a plane area at right angles to 
the axis of the tube, and by integration over 
appropriate limits to calculate the flow in any 
form of tube. 

Assume the vertical tube shown in Fig. 48 
with a pressure gradient down the tube which 
maintains the flow. If then B Q be the value 
of B at some surface element of area da ', 
located at Q in the tube, the value of B at a 
cross-sectional plane OPQ 0f x cm down the tube 
due to the pressure gradient will be given by 

B = Bo — x~~. One may then consider the exchange of 
ax 

molecules between the wall element da' and an element da of the 
cross-sectional area at 0, OPQ 0 . The element da is at a distance 
r cm from the foot of the normal to OPQ 0 passing through da'. 
Hence the normal to da makes an angle 0 with QP at da and an 
angle of 90 — 0 with the normal to da' at da'. Furthermore, do) 
is the solid angle subtended at the center of da by da', and do>' is 
the solid angle subtended by da at the center of da'. The dis- 
tance x between the cross section at da and that at da' is then 
x =* r cot 0, where r is the distance of da from the wall at a point 

directly below da'. Hence B Q = B + r cot 0^j. Under these 

conditions Bq cos B'du'da' = B Q cos Bduda. 

One may accordingly compare the flow due to da' through da 
with the flow through da headed for da'. The flow from da 
is B cos $du)da, while that from da' is B Q cos Bduda ~ B cos Bduda 
+ ( dB/dx)r cos 0 cos Bdwda. Thus the net transfer from above 
is given by ( dB/dx)r cos 0 cot Bduda. If this is integrated 



*x 

Fig. 48. 
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over both hemispheres about the cross section with respect to eta, 
one gets the whole flow for an infinitely long tube. It is simpler 
to multiply the expression by two and integrate over the upper 
hemisphere. Thus the net flow through da is 


2 —do 
ax 


J 


r cos 8 cot 0<ta, 


which can be integrated by setting do = sin 6d$d<l> f where <t> is 
an angle of rotation in the plane measured from r and about 
da as axis. Then making da a ring of area 2wldl where l is the 
distance from the axis of the tube to da } integration gives Dj 
the number of molecules flowing through a cross section of the 
cylindrical tube of radius R and length L per second as 



in agreement with Knudsen’s equation. 

Clausing, 61 in his study, approaches the problem from the 
same general point of view. He, however, rearranges the equa- 
tions in a more suitable fashion. Starting with the general 
Knudsen equation for the volume flow, and p 2 = 0, he writes 



where A is the area of cross section and P is defined by P = 
‘y/zir/AW. The number of molecules K emerging from the 
end of a tube of cross section A per second is then given as 


K = 


Qtpi ___ V7>p 

m mW 


Now v, the number of molecules effusing out of a hole of unit 
area per second, was shown to be 

- 2 I M. a- P. [K 

V m\27r# 0 T 


V - _ ^ Av 

A ~ mW ~ AW 


PAv. 


whence 
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Thus the number of molecules emerging from a tube of area A 
is v , the number effusing through unit area per second, times the 
area A multiplied by a factor P . This P is less than unity for 
a tube of finite length and varies with the form and dimensions 
of the tube. Clausing 61 develops the methods for calculating 
P for a large number of cases and, in an article in Physica , assem- 
bles those evaluated to date. These are given below: 


1. A hole in an infinitely thin diaphragm gives P — 1. 

8 R 

2. A long cylindrical tube, length L r radius R, L > > R, P = g jr ‘ 

3. A long slit-like tube of length L, depth a, breadth 6, where a > > L > > 6, 



4. A long rectangular tube of length L , depth a, breadth 6, L > > a, L > > 6, 

p -M a ' b io * [l + V* + W ] + a6alog [i + V 1 + (91 ~ 

(a 2 + 6 2 )^ a 3 4* 

3 + 3 

5. Short cylindrical tubes of ratio of length L to radius R as follows: 


L/R 

P 

L/R 

p 

0 

1.000 

1.5 

0.5810 

0.1 

0.9524 

2.0 

0.5136 

0.2 

0.9092 

3 0 

0.4205 

0.4 

0.8341 

4 0 

0.3589 

0.5 

0.8013 

8 0 

0.2316 

0.8 

0.7177 

10 0 

0.1973 

1.0 

0.6720 

100.0 

0.0258 



00 

SR/3L 


6. Short slit-like tube a > > 6, a > > L. 


L/b 

P 

L/b 

P 

0.0 

1 000 

1.0 

0.6848 

0.1 

0 9525 

2.0 

Q.5417 

0.2 

0.9096 

3.0 

0.4670 

0.4 

0.8362 

4.0 

0.3999 

0.8 

0.7266 

5 0 

0.3582 



10.0 

0.2457 


In generating a molecular beam the molecules are confined 
in a vessel of dimensions large compared to the mean free path 
at a constant pressure, i.e., by heating the solid or liquid sub- 
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stance at a constant temperature or by connecting it to a large 
reservoir at constant temperature. This vessel is provided 
with a slit or a tube of one of the types described above, whose 
breadth at least is of the order of, or smaller than, the mean free 
path. This is termed the fore slit or source slit The escaping 
molecules expand out of this slit into a space which is main- 
tained at as low a pressure as possible by very rapid pumping. 
The molecules emerging from the fore slit emerge in all directions 
according to laws which will be discussed later. Of those emerg- 
ing, a certain number of molecules are selected out, going in 
the desired direction within a given solid angle by a second or 
image slit . It is this beam that is used for various purposes. 

It is essential in all designs of molecular beam devices to be 
able to calculate the number of molecules within the molecular 
beam as well as the shape of the beam resulting. If one has a 
true molecular beam, one can, using the geometrical constructions 
of optics, at once delineate the shape of the umbra and penumbra 
of the molecular beam at any distance from the image slit, given 
the dimensions of the image and fore slit and the distance r 
between them. This follows at once from the rectilinear paths 
in a true molecular beam. As regards the number of molecules 
in the beam, the calculations require a study of the laws of 
emission of molecules from a hole or the orifice of a tube, which 
will be given in the following paragraphs. 

Before proceeding, a word of caution is necessary. That is, 
that in order to have a true molecular beam the pressure in the 
source must be such that the mean free path is not, at the very 
least, less than half the width of the slit. It should be less 
than this for the best results. If this is not complied with, 
molecules emerging will collide within the slit and just beyond 
it. This leads to what Knauer and Stern term a cloud formation. 
Thus the emerging molecules will have collisions between fore 
and image slits. This makes the effective area from which the 
molecules going through the image slit originate larger than the 
fore slit. It thus results in the rounding off of the otherwise 
geometrical images of the slits. Practically, it has been found 
that one can have the free path about half the fore slit without 
too much cloud formation. Beyond this, one can rely no more 
on the beam as a true molecular beam. 

To consider the angular distribution of the emitted molecules, 
one must begin with the distribution for the case of a hole in an 
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infinitely thin diaphragm, i.e., with the case of effusion. For a 
hole of area A the total emission was found to be 

~ A p\ *— j>2 A n A , — 

Qt " ~ v^^p* “ pi) • 

One may now study the distribution in angle. Inside the oven 
a molecule starting for the surface A at an angle B with the normal 

will emerge with a velocity 
making an angle B with the 
outside normal. But the num- 
ber emerging is proportional 
to the area of the opening 
normal to their direction of 
motion. Thus for the mole- 
cules emerging at 6 the area 
available is A cos 6 . Hence 
the mass of molecules emerg- 
ing within a solid cone da) at 
an angle 6 with the normal to 
A will be proportional to A 
cos 6 , to the mass of molecules 
G/ A striking unit surface per second, and to the ratio of the solid 
angle of the cone to the solid angle embracing all the emergent 
molecules. Hence one can write 

Gg = I^jA cos B~ = DG~ cos 6 . 

A 2 7T 2 T 

Here D, the constant of proportionality, is determined at once 
by the relations, 



k-2r-H 


Fia. 49. 


Whence 


f 


GgdB — G and du = 2ir sin BdB. 


J 2 GD2tt sin B cos BdB 
2 * 


DG 
2 ’ 


or D 


2 . 


Thus the mass of molecules emerging at an angle B with the 
normal is 


Gg - 2 G 


du cos B 


Gdo) cos B 

f 


2ir 


ir 
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and the number at 0 is 

tr 0$ A A do> 

K$ = — = Av cos 0 — 

m ir 

The distribution in G or K with angle may be plotted in polar 
coordinates. In this case Ge is the radius vector using a given 
value of Av and do) f and 0 is measured from the normal to the 
surface. The curve obtained is a circle about G as diameter, as 
seen in Fig. 49. It is seen that the number of molecules emitted 
in a forward direction is the greatest and that it is 0 at 0 = w/2. 
Clausing 61 has worked out the distribution of Ke for the case 
of a short tube for which L = 2 R. In this case the table on 
page 306 shows that the value of K for the total outflow is 
given by K = 0.514 Av, since P = 0.514. That is, the total 
gas flow is about one-half that for a hole of the same area A . 

For various angles the expression for Ke = AvP' cos 0^~> where 

P f takes on a series of values which decrease as 0* increases. A 
plot of Ke in polar coordinates is shown in the egg-shaped curve 

of Fig. 49. The quantity P' cos 0— in this case is equivalent 

7T 

to the expression cos 0^ in the case of the hole. It is seen that, 

for 0 = 0, P' cos 0 = 1 if do)/2v is chosen small enough. Hence 
in this case the outflow in the forward direction is as great as 
for a hole in a thin diaphragm. Even at 0 = 10°, P' cos 0 = 0.88, 
so that an angular beam of considerable width through a short 
tube gives nearly the same flow in a forward direction as a hole 
of the same area. This point is of considerable interest in that, 
by using a tube of this sort, the distribution in a forward direc- 
tion (i.e., in the direction needed for the beam) is nearly equal 
to that for a hole while the total gas escaping is reduced to 
one half. This makes it possible to increase the outflow from 
the slit without spoiling the vacuum between oven and image 
slits. Clausing shows that it is probable that with a greater 
ratio of L to R, one can expect a still greater increase in forward 
intensity relative to the total outflow. 

Before leaving the question of the formation of molecular 
beams, it pays to develop the equations into such a form that they 
enable one readily to calculate the intensity in a given molecular 
beam. 
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For a hole in a diaphragm of area A the number of molecules 
K» escaping at an angle 6 in a cone of solid angle da is 


K, 


u 


M A jdoj 
coa 


cos 0— molecules per second. 
V2vRuMr * 


For a cylinder of radius L 2 R, 

Tj r Na a T*r eA°> 

K e = — , - pAP' cos 0 — 

V2tR,MT * 

In terms of moles per second the value for the hole is 

a = , pA cos 0— moles per second, if p is in dynes per 

H V2tRoMT ~ 


cm' 


5.83 X 10~ 2 , A dta , , . - 

7 =- p 2 A cos 6 — moles per second, if p 2 is m mm of 

Vmt. * 


Hg. 


In using these equations it is to be noted that Na is the Avo- 
gadro number, m the mass of the molecules, M their molecular 
weight, R 0 the gas constant per mole, T the absolute temperature, 
p the pressure in the source in dynes per cm 2 , A the slit area 
in cm 2 , die the area of the image slit in cm 2 divided by r 2 , the 
square of the distance of the image slit from the source in cm. 
The angle 6 represents the direction of the beam from the normal 
to the source slit, and the image slit is assumed to be normal to 
the direction of the beam. P f for the tube can be found from the 
curve of Fig. 49 as a function of 6. For other tubes, only the 
quantity P for total emission relative to a hole has been calcu- 
lated. If the image slit be placed on the axis (6 = 0) of the 
tube, it is clear that the pointed nature of the beam will make 
the emitted amount in this direction relatively greater than 
would be the case for the hole, and, if the tube be made of 
reasonable length, it is probable that a beam of good intensity 
can be obtained with few diffuse molecules. 

80. Heat Conduction at Low Pressures. — When the considera- 
tion of heat conduction at low pressures is begun, as was stated 
in Sec. 76, the importance of the transfer of heat from and to the 
surfaces becomes greatly enhanced. Let the discussion first 
be extended to the mechanism of heat transfer from gas to solid 
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irrespective of the pressure. Assume a metal surface at one 
temperature and the gas at a uniform higher temperature. 
Heat then passes from the hot gas to the cooler metal by the 
following mechanism: If the gas has the same temperature 7\ 
throughout, molecules having a velocity appropriate to the 
temperature, on the average, start from a layer one mean free 
path away and strike the surface at a rate Nc / 4 per cm 2 per 
second, where N is the number of molecules per cm 3 and 5 the 
average velocity. Each of these carries an energy corresponding 
to its specific heat. If it be assumed that there is no specular 
reflection and that all molecules striking the surface attain 
thermal equilibrium with it, these molecules leave the surface 
with the lower velocity corresponding to 7*, the temperature of 
the metal. From this consideration the rate of heat transfer from 
the gas to the solid can be computed. If it be assumed that this 
transfer takes place across the distance of a mean free path, a 
coefficient of heat conductivity from gas to solid can be estimated 


by taking the temperature gradient as 



The value thus 


computed is, however, a hundred fold or even more than that 
computed from actual observed heat transfers. This has led 
some writers, especially in the engineering field, to postulate a 
heat-insulating layer, or a layer of lowered heat conductivity in 
the gas next the solid. Such a picture is distinctly misleading and 
even wrong. The fact that the molecules leave the surface at a 
temperature T 2 at once furnishes a clue to the question, for these 
molecules collide in their first free path with the molecules of the 
gas T i. Since they must be nearly equal in number in the first 
free path, collisions here result in a redistribution of energy, so 
that the average temperature in this layer is not T\ or T 2 but has 
an intermediate value. As the molecules leaving the surface 
make more and more impacts, they acquire more nearly the tem- 
perature of the gas TV Thus the temperature gradient does not 
exist right up to the last free path from the surface, but the gra- 
dient extends over many free paths, perhaps even as many as 100 
free paths from the surface. It is the existence of this gradient 
which limits the rate of heat transfer to the surface. In attempt- 
ing to increase the heat conductivity it is necessary to increase 
this gradient. This could only be accomplished by removing the 
cool molecules to the interior of the gas as soon as they leave the 
surface and supplying new hot ones to replace them. It seems 
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possible that by setting the gas into a violent mass motion one 
could accomplish this (i.e., by the use of hot blasts of gas). 
If, however, one considers that the blast velocities usually 
achieved are small compared with thermal velocities which would 
be required to remove the cooled molecules from the surface, 
the futility of this method is at once seen. Furthermore, the 
absence of slip at higher pressures makes this difficult, for the 
gas has a sharp velocity gradient near the surface. If it were 
possible to generate a molecular turbulence at or near the surface, 
the difficulty might be in part overcome. Thus far, no success 
has been achieved in this direction. The “insulating layer ” 
at the surface is therefore nothing but the slowly moving (stag- 
nant) layer of gas near the surface in which a gradual tempera- 
ture gradient is set up by heat interchanges of a kinetic nature 
among the gas molecules. 

As the pressures are reduced, however, these conditions rapidly 
change, for as soon as the mean free path becomes very great 
the slip for moving gases manifests itself. But more important 
than the slip is the fact that in the exchange of heat through the 
gas from a heated surface to a cooler one the molecules leaving 
the cooler surface do not meet enough heated molecules to get 
into equilibrium with them, before they reach the hotter surface 
heating the gas. Thus, the problem of heat conduction at low 
pressures at once involves not only the conduction from gas to 
solid surface, but rather the transfer from one surface to the other 
by means of the gas molecules. Furthermore, since the mole- 
cules now cross from one surface to the other before reaching 
equilibrium, it is obvious that, instead of the gradual transition 
of temperature from one surface to the gas, appearing to exist 
at higher pressures, there is an abrupt change of temperature 
from surface to the gas, whose value can be measured. It is 
this marked temperature drop at the solid gas surface that is the 
feature of the low-pressure heat-conduction phenomenon. 

The existence of this drop was first postulated by Kundt and 
Warburg 2 as a result of the considerations following from their 
work on the flow of gases through tubes at low pressures, for, with 
molecules leaving the surface at the temperature of the surface 
and exchanging energy with the rest of the gas at the first impact, 
the first layer of gas one free path away must be warmer than the 
solid. At high pressures a free path is so small that it cannot be 
detected, but as the free paths become larger the gradient must 
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come to light. Von Smoluchowski 13 investigated this experi- 
mentally and found it to exist. He found, however, that it was 
greater for H 2 than for air. This he interpreted as meaning that 
the H 2 molecules, because of their small mass, exchanged less 
momentum with the molecules of the surface, and thus retained 
more of their initial energy than the air molecules did. Thus, 
the gradient at the surface was steeper in H 2 than in air. Certain 
experiments of Knudsen 14 on the absolute manometer and other 
low-pressure phenomena led him to conclude that apparently 
the rebounding gas molecules from a solid surface did not reach 
temperature equilibrium with the surface. In his case, H 2 also 
showed the strongest departure from the anticipated behavior. 
A somewhat similar conclusion was also arrived at by Soddy and 
Berry , 16 who investigated the heat conductivity of various gases 
at higher pressures and found that the lower |he specific gravity 
of a gas the more their results departed from the theoretically 
expected value. Knudsen therefore decided that these depar- 
tures from anticipated laws needed more extended investigation. 
Since, however, the theory of heat conductivity at higher 
pressures was not altogether successfully solved theoretically, 
Knudsen 16 felt that an investigation of these deviations at lower 
pressures where simpler theoretical laws obtain, and the devia- 
tions are even greater, would prove of value. In a masterful 
experimental investigation accompanied by a theoretical inves- 
tigation he sets forth the conclusions which he draws. The 
interpretations of his results are called into question by von 
Smoluchowski 17 in a later theoretical paper. As will be seen, the 
objections raised by von Smoluchowski deal only with certain 
details of Knudsen’s work. In fact, he accepts the general point 
of view of Knudsen as more satisfactory for very low pressures 
than his own. Later work of Knudsen still further establishes 
the correctness of his point of view. The work of Knudsen will 
thus be given. 

The theory of Knudsen proceeds as follows: He assumes two 
parallel plates A\ and A 2 opposite each other, and that they have 
absolutely rough surfaces. That is, that they have surfaces which 
are so constructed that when molecules strike them they bound 
back and forth enough times in the pores of the surface that they 
acquire the temperature of the surface on leaving. This assump- 
tion is really something more than the assumption of the random 
direction of emergence , when the particles leave the surface, first 
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made by Maxwell in explaining slip, for in a random direction 
of emergence but one or two impacts are needed with the surface > 
while to gain thermal equilibrium with the surface the molecule 
must make many more impacts. Call 2Y and T 2 the tempera- 
tures of the two surfaces, and c\ and c 2 the average velocities of 
the molecules leaving A i and A 2 . It is further essential to 
assume that the molecule of mass m and velocity c has an energy 
}$mc 2 only. This means that if one has a molecule not an 
atom, one must, for simplicity, first regard only its transla- 
tory energy, and leave out the other forms of rotational or 
vibrational energy, for it is obvious that these energies may enter 
into the exchanges in a different fashion from the translational 
energy. The latter can be introduced into the discussion at a 
later point. 

As the molecules leaving A\ have one velocity Ci while those 
leaving A 2 have another value c 2f the equilibrium conditions will 
have to be differently formulated. Assume dNi molecules of 
velocity components between c i and Ci + dc\ directed away from 
A i. These will strike A 2 . If there were dN molecules per cm 3 
having all directions relative to A h then ydNci molecules would 
strike 1 cm 2 of A 2 per second. But dN/ 2 = dNi by the definition 
of dNi, therefore ydNiCi molecules strike the cm 2 of A 2 per 
second. Similarly, ydN^i molecules of velocity between c 2 
and c 2 + dc 2 having their velocities directed away from A 2 
will strike a cm 2 of A i per second. Thus, if the molecules striking 
A 2 did not emerge again from A 2 , the energy gain of A 2 would 

be dE l = Hence E x = i m j[ From 

Maxwell’s distribution law, 


whence 


dNi = 


4Ni 


c^e 


.£!? 

a,, dc i, 


_ 1 4AT iai 3 
Ei = -rin- — -==-• 

4 


This at once is converted to the form E\ = -gnN\cJ. In a 
similar manner E 2 = \mN 2 c 2 z . Now E\ is received by A 2 per 

o 

cm 2 per second and E 2 is given up to A\ from A 2 . As the areas 
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are equal, the net gain E r of translational energy by A 2 per cm 1 
per second must be 2?i — E s . Thus the gain of energy of A 2 is 

E t = |m(ATiCi 3 — NiCt*). 

Now the molecules that strike A 2 per cm* per second, if there 
are Ni molecules of average velocity Ci with velocity components 
towards A 2 per cm 3 , are N iCi/2. In a similar fashion the number 
that strike Ai is N 2 c 2 /2. As the molecules leaving these surfaces 
must equal those arriving when equilibrium is established and 
no molecules escape from between the plates, 

gATrfi = \ n 2 c 2 . 

Again, if the two plates be surrounded by gas molecules at an 
average speed c and there are N of these per c|n 3 in order that the 
pressure between the plates remain constant, the number of 
molecules passing out through the edges from between the 
plates must equal the number passing inward from outside. If 
E be the area at the edges the equilibrium is established when 

\N 1 c l E + \n 2 c 2 E = \NcE, or 2N i c 1 = Nc, 

4 4 4 

Nc 

whence Nidi = N 2 c 2 = -g-* 

The expression for E T then becomes 


E t = j^NmciCi 2 - c 2 2 ). 


Since 


- 44 . 


4L± 

273 po 


where T is the absolute temperature and p 0 is the specific gravity 
of the gas at 273° abs. and a pressure 1 dyne per cm 2 , then 


fi 1 Ti — T 

\* P V7oV273T 


where the analogous expressions for Ci and c 2 are introduced and p 
is the pressure in dynes per cm 2 in the space between the plates. 
Thus the energy transferred from A\ to A 2 per cm 2 per second is 
in terms of the pressure of the gas and the temperatures Ti and T 8 
of A j and A 2 , and the temperature T of the gas. 
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This was deduced on very simple assumptions. Among others, 
attention was focused only on the transfer of translatory energy. 
If now rotational energy also contributes to heating the plates, 
then it must be included. The ratio k of the translational e t) 
and rotational e 3 , energies to the translational energy alone is 

lc = — - e * . This, in turn, can be placed equal to - , for, 

Cp “ Cp 

from Sec. 91, 


whence 

and 


2 , ci + e% 
c p 3 C\ 

y = - = ; 9 

Cp 01 * 4 " 02 

0i 

f ,^ + €2 2 

(T-1) .. = 3 

b - ei ± M 

<i (7 - 1)’ 


Now so far in the theory ei = \irnc 2 , the translational energy 
alone has been used in the heat transferred to A 2 . Actually, 
«i + 02 is transferred by each molecule. This would mean that 
k(Hmc*) gives the energy transferred by each molecule, provided 
it is assumed that for each molecule e 2 = (k — l)ei as the equation 
demands. The correct value of E T would then be multiplied by 


% 

the factor k = where y is the ratio of the specific heats. 

This treatment does not satisfy Knudsen, for he states that, 
while, on the average, in impact between molecules the net 
relative values of rotational and translational energies may not 
be altered, the relative values in each molecule are changed after 
the encounter. He assumes that the two quantities are dis- 
tributed independently among the molecules, but that, on the 
average, they bear a definite ratio to each other. This requires 
that the value of E r be redetermined averaging the rotational 
energies separately under this assumption. A 2 receives }idN x Ci 
impacts per cm 2 per second. Each impacting molecule carries 
the energy J^mCi 2 , where C i 2 is the average squared velocity . 
Since e% * (k — l)ci then the rotational energy carried is 
HmCiHk — 1), and the energy transfer per cm 2 per second due 
to rotational or vibrational energies is 
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dEx' = %mCx\k - 1 ) cidNx 
1 Ex' = \mCxKk - 1) I CxdNx 

4 Jci-0 

= |»nCi 2 (fc — l)ciJVi. 

Accordingly, this treatment differs from the translational case in 


that one computes C i 2 


/»Ci« a 

Jci-0 


Jcx “0 


c x dN i here, while before one computed 


C\*dN\. In this case the rotational velocities are averaged 

independently of translation. Likewise the rotational energy lost 
by A 2 is = M raC 2 2 (& — 1 )c 2 N 2 . Thus Ea, the total trans- 
fer due to rotational energy is, on reduction, as before, 


Ea = Ul (k 1)p v7oVmr 

The total energy carried is E T + E A = J5, whence 

E = iJi 1 + l {k ~ 1} }^„ V'273T 

Putting in the value of k in terms of 7 and putting for p the 
1409.2 

quantity X 10~ 12 M , where M is the molecular weight, then 


Ti 


E 


1819.2^-iip 

7-1 


Tx 

Vmt 


in ergs.* 


Practically, E cannot be directly measured conveniently due to 
radiation and residual gases. By measuring E at two pressures 
for a given T% — T 2 , Knudsen gets a quantity e = AE/(ApAT) 
which has the value 

7 + 1 1 

1819.2-^~T-{ in ergs. 

7 ~ IVMT 

Thus for H 2 , 0 2 , and C 0 2 , putting in the values of Lummer and 
Pringsheim for 7 , one has 

* As will later be seen, while von Smoluchowski 1 * agrees with the value 
for Er y he gives reasons for believing that E A is not correctly computed. It 
is in any case an approximation and a change in averaging will change Ea 
only a little numerically. 
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H, 


0 , 

CO, 


e = 10.968 X 10-s/f gram-cal. 
€ = 2.803 X 10-^/f gram-cal. 

« = 3.045 X gram-cal. 


As earlier experiments by others had intimated, Knudsen found 
the values of c in these gases less than the theoretical value. This 
he interpreted as meaning that the molecules leaving A i are colder 
than Ti and that those leaving A 2 are warmer than T 2 , as they 
have not reached thermal equilibrium with the surfaces before 
being diffusely reflected. This might be classified by saying 
that the surfaces are not completely molecularly rough , and the 
term molecular roughness would then apply in the measure that 
the equations were fulfilled. In practice, therefore, the case for 
surfaces which are not molecularly rough must be considered. 
To take this into account, assume that Ci and c 2 are the veloc- 
ities of the molecules moving between the plates, c x those going 
to A 2 and c 2 those going to A 1 . If the molecules had been in 
thermal equilibrium with the surface they had just left, then they 
would have had the velocities C\ and c 2 '. If one can write that 
Ci* — c 2 2 = P(c\* — cV‘), the equation for translatory energy 
exchange E T ' becomes 

E r ' - f 6 Nmcm ft - cY’). 

Since c x * — c 2 '* determines the temperature difference TV — TV 
in the same manner as £i 2 — c 2 2 determined T 1 — T 2) one can 
write simply E T ' = PE T - Thus the coefficient of heat con- 
ductivity €1 between not completely roughened surfaces is 
related to the coefficient of conductivity between completely 
molecularly rough surfaces € by the expression 


«i 




cV 


Ci* - c/ 


Actually, it is necessary to investigate the changes at the 
surface in order to get a theoretical expression for The average 
velocity c x is not uniquely determined by Ci, the temperature 
velocity for equilibrium, with 77, the temperature at A\. It 
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also depends on c 2 , the temperature which the molecule had when 
it struck Ai. This relation could be expressed by 

ci = ac i + bc 2 , 

where a and b are constants. These must be so determined that 
when ci' = ci and Ci = c 2 , the equations hold true, that is, 
b = 1 — a, for then Ci = adi + (1 — a)c 2 = (1 — a + a)ci. 
Accordingly, 

Ci = c 2 + a(c x ' - ct). 

For plates large in dimensions compared to the distance between 
them, and whose surfaces are the same, a must be the same for 
both surfaces, and one can write 

c 2 = C\ + a(c 2 ' — 6\). 

The addition of these two equations gives c 1 + c 2 = C\ + c 2 ', 
an equation which Knudsen had confirmed experimentally in 
earlier work. Subtraction of the two expressions gives Ci — c 2 = 

n 

0 -(c/ — £ 2 ). Multiplying the two expressions, then 

£ a 

Cl 2 - r 2 2 = 2^r a ^ ? ~ e 2 '’)- 

Thus |3 has the value /3 = „ - — The fraction a of the velocity 

equivalent to the temperature of the surface which the molecule 
carries away with itself on leaving the surface is called the 
coefficient of accommodation . The heat conductivity between two 
large parallel similar surfaces is then given by 

c = t = 43.46 X _L_ gram-cal. 

2 ~ a \2 — a/7 — 1 y/MT 

Thus if €n is measured, a can be determined.* 

In practice, it is not easy to measure cn. There is, however, 
a very interesting case, and that is where one of the surfaces is a 
fine cylindrical wire and the other a concentric cylindrical sur- 
face about it. In this case the molecules strike the outer surface 
a great many times compared with the inner surface. The mole- 

* This equation is of the same form as one independently derived by von 
Smoluchowski 17 from similar assumptions, and appears to be the correct 
form. The e used by von Smoluchowski, however, does not contain the 
factor for Ea- 
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cules leaving the inner surface A 2 will have a velocity c 2 = c\ + 
a(c 2 — Ci) as before. Those leaving A h the outer surface, will, 
due to the large number of encounters, have Ci = c/. Thus 
c 2 — Ci = a(c 2 — ci'). In this case c 2 + ci does not equal 
c 2 + Ci'. Actually, for small differences in temperature the 
difference is not great, so that one can write c 2 2 — Ci 2 = a(c 2 '* — 
cY*). A rigorous analysis of the error due to this assumption with 
experimental verifications indicates that this holds quite well, 
and one can then assert that ei* for the concentric cylinders is 
given by «i» = ae. Also one has that = (2 — a)cn. Finally, 
Knudsen analyzes the case for two cylinders of dimensions 
which are the same order of magnitude. The resulting equa- 
tions are more complicated. He finds an expression e r n which 
gives the heat conductivity in terms of €, a, and a function of a, 
r, and R, the radii of the cylinders. By using the same inner 
cylinder, varying the outer cylinder and measuring c rJi , he is 
able to get two equations giving a and e. 

The considerations above were put to experimental test by 
Knudsen. The details of the experiments, because of their 
extreme ingenuity, merit a description. They are, however, 
beyond the scope of the text. A few of the results may be cited. 

For H 2 on glass, a was found to be a = 0.26. This used in the 
expression for t rR gives e = 11.1 X 10” 6 . The value of e from 
the kinetic-theory calculation outlined above is 11.0 X 10~ 6 . 
This agreement is fortuitously good and is better than the experi- 
mental uncertainties warrant. It is possible, from the observed 
value of €, to deduce the heat conduction for three different types 
of surface conditions in H 2 from the relations of € U and € 1 *. 

Glass and an 

Absolutely Rough Absolutely Two Glass 

Surfaces in Hi Rough Surface Surfaces 

€ - 10.97 X 10“« cal. « - 2.9 X 10~* cal. € = 1.67 X 10~ 6 cal. 

Thus it is seen how much the value of c is cut down by smooth 
surfaces. 

Knudsen also measured a in H 2 , using a fine wire and a concen- 
tric cylinder, thus obtaining €i„. The results showed a to vary 
with the temperature. It took on the values 0.35, 0.376, 0.423 
at 0, —79.5, and — 192°C. This may simply mean that at lower 
temperatures the energy exchange with the surface is more nearly 
complete. Experiments with platinum and platinum-black sur- 
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faces in the three gases, H 2 , 0 2 , and C0 2 , gave the following table 
of values: 


Pt 

a «= 

H, 

0, 

a 

o 

Polished 

0.358 

mm 

0 868 

Slightly coated with black 

0.556 

HEM 

wmm 

Heavily coated with Pt black 

0.712 

m 




In a much later paper Knudsen 62 returns to a study of the 
accommodation coefficient and especially the r61e played* by 
translational and rotational energies in exchange. He carried 
out this investigation for the case of two thin platinum strips 
inside a large vessel. The arrangement corresponded theo- 
retically to the case of a small wire in a large cylinder. One of 
the strips was polished platinum on both sides, the other one 
had a very rough surface on one side and a polished surface on 
the other. Measurements were carried out in H 2 and He. The 
equations used were based on the equation for energy transfer, 


E 




i + |(* 


1} iv^ 


which can be converted to 



i + \ (* - 1) 



for the case of H 2 with the strip in a large volume and 



T t 


T \ 


a 


T — T 

for the case of He. a is defined in this case as a = =?> 

I l — I 2 

where T 0 is the temperature of the rebounding molecules, T\ 
is the temperature of the strip, and !F 2 that of the walls. As 

before k — 1 = — > where y = C p /C v . If a" is the value 

7 i 

for the polished Pt, a' that for the rough surface, and if E" is 
the energy transferred from the polished Pt, and E’ that for the 
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rough Pt, one could measure T i, T 2 , p, and E ' + B" with the 
rough-smooth strip. With the smooth strip alone, B" could be 
determined. These two measurements give a! + o!' and a" 
in a monatomic gas (no rotation) and a bimolecular gas (rotation 
present). These measurements enable a' — a" to be computed. 
Now, for only translatory ( i.e ., momentum not energy) exchanges 
on impact, one has the accommodation coefficients a / and a" 
for the rough and smooth surfaces. For a strip with one side 
rough and one side smooth, the differences in a t must lead to 
a pressure difference on the two sides of the strip. Knudsen’s 
experimental arrangements permitted this to be measured as 
p' — p". The difference in pressure on the two sides of the strip 

is related to a' — a" by p' — p" = -- — (a/ — a t ") (see 

page 351). Since all quantities except a/ — a*" can be evaluated 
in this equation, this measurement gives values for a/ — a<" in 
a monatomic and a molecular gas. A comparison of a' — a" in 
the case of energy exchange, and a / — a" for momentum 
exchange, enables one to see at once whether for rotational 
motion in a gas a differs from a t for translational. The results 
obtained gave: 

For H 2 

Conduction a' — 0.735, a" = 0.315, a' — a" = 0.420. 

Radiometric forces gave a/ — a/' = 0.415. 

For He 

Conduction a' = 0.909, a" = 0.411, a' — a" = 0.498. 

Radiometric forces gave a / — a/' = 0.512. 

This means that a' — a" = a/ — a” whether rotation was 
present or not. Thus the experiments show that within the 
limits of error the accommodation coefficients for translatory 
energy and internal molecular energies are the same. The 
result indicates that the inner molecular energy is distributed 
independently of the translatory energy and that the Maxwellian 
distribution is applicable to both forms of energy. This con- 
clusion justifies the mode of procedure used by Knudsen and 
removes the doubt cast by von Smoluchowski 17 on Knudsen^ 
equation (see later). 

The evaluation of a' and a" enabled Knudsen furthermore 
to determine n'/n", the approximate ratio of the number of 
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collisions which the molecules had in escaping from the rough 
surface compared with the smooth surface. It can be readily 
shown that this ratio is given by n'/n " = log (1 — a')/log 
(1 —.a"). A similar relation was independently deduced and 
used by Roberts 67 in an important article to be discussed later. 
Knudsen found n'/n" for He to be 4.5 and for H 2 to be 3.5. The 
difference probably lies in experimental inaccuracies which 
are very great when, as in He for rough surfaces, a approaches 
unity. 

In a paper, M. von Smoluchowski 17 discusses the paper 
of Knudsen 16 and makes certain criticisms which are of value.* 
In 1890, von Smoluchowski 13 had experimentally tested the varia- 
tion of K , the coefficient of heat conductivity, as a function of 
the pressure. He had found it to be independent of the pressure 
down to low values of the pressure. At the lower pressures 
he had observed departures from the predicted law. These he 
explained as being caused by the fact that the temperature drop 
at the surface of the wall was extending well into the conducting 
space at these pressures. The idea of this temperature drop, as 
has been said, came originally from the experiments of Kundt 
and Warburg on gaseous slip and was introduced by them. In 
two papers, von Smoluchowski 18 derived the theory of the tem- 
perature drop at surfaces, using two different viewpoints. In 
these deductions he also had to assume a lack of temperature 
equilibrium for molecules leaving the surface. His first theory 
assumed that molecules leaving a surface had a temperature 0, 
while 0* was the average temperature of the molecules striking 
the surface and 0 O was the temperature of the surface. This led 
to the relation G M — 0 = (1 — P) (0a/ — 0o). This relation 
is based on the same considerations as those used by Knudsen 
and leads to Knudsen’s expression if (1 — 0) be replaced by 
Knudsen's a. The second theory depended on the same type 
of reasoning used by Maxwell for the coefficient of slip, that is, 
he assumed that a fraction / of the molecules was “absorbed” 
and reemitted and a fraction 1 — / was reflected. Under these 
assumptions the molecules in the fraction / have the temperature 
of the wall and the 1 — / are uninfluenced by the impact. As was 
discussed under the theory of the coefficient of slip, Baule 7 shows 

* The paper of Smoluchowski 17 followed Knudsen's 1 * first paper. The 
later paper of Knudsen * 2 answers Smoluchowski^ criticisms and by experi- 
ment shows them to be unjustified. 
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that /is capable of a more detailed analysis and definition in terms 
of the number of impacts necessary to bring it to equilibrium with 
the surface and the chance that it had these impacts. The equa- 
tions deduced gave formally analogous expressions for the heat 
conduction, but ones which led to different numerical results 
for gases at higher pressures. In the conduction at lower pres- 
sures the theories are simpler, and it turns out that for plane 
parallel plates von Smoluchowski’s first mode of approach gives 



in agreement with Knudsen’s theory, and that for 


the latter theory c u — 


This has the same form as Knud- 


ICi V \J\jX UliWi J 1 l g J * wi*v av/aaaj. ww ^*.*av*v* 

sen’s expression for a, but its meaning is different. There is an 
essential difference between the two cases from a theoretical 
point of view. In Knudsen’s theory, the directions of the 
emitted molecules are all random and the Maxwell distribution 
law holds for emitted molecules no matter what the distribution 


of impacting molecules. In the second theory for the 1 — / 
molecules reflected these may be reflected in special directions if 
the impacting molecules have certain chosen directions. Yon 
Smoluchowski points out, however, that both Warburg’s experi- 
ments on the slip of H 2 and Knudsen’s experiments on thermal 
transpiration (Sec. 83) show / for H 2 to be near 1, while the experi- 
ments of von Smoluchowski interpreted in terms of his second 
equation show that / must be much less. Thus von Smoluchow- 
ski’s observed / is not the same as the / which comes from slip, 
and this indicates that for the thermal exchanges the accommoda- 
tion coefficient a must be used, while for momentum transfer 
another quantity / is used. In H 2 , Knudsen found a = 0.26. 
It would seem, therefore, that the action of “ surface roughness” 
is different for directional effects and temperature equilibrium 
on reflection, for it requires only one or two impacts of a molecule 
with the rough surface to wipe out all of its past history, while it 
takes many impacts for a molecule to reach thermal equilibrium 
with a surface. 

In this connection von Smoluchowski points out that the calcu- 
lation of E from E T and E A by Knudsen, in which the transla- 
tional and rotational energies are treated as independent, is not 
justified. It is pointed out that it is likely that faster transla- 
tional velocities will imply also faster rotations. Also it is 
pointed out that Knudsen’s assumption that a is the same for 
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rotation as for translation is somewhat doubtful. Both are valid 
criticisms. The first one, however, raises the question of inde- 
pendence of velocity components in Maxwell's distribution law 
as deduced in Sec. 33. It seems probable that, as the speed is 
altered after each impact, the correlation feared by von Smolu- 
chowski is not an important one. To correct this, von Smolu- 
chowski gives an expression with three unknown coefficients ai, 
o 2 , and 0, to multiply t by in order to get e n . The a x and a 2 are 
presumably the accommodation coefficients for translational and 
rotational energies, and is a constant between 0 and As 
a result of Knudsen's 62 later work these criticisms are unjustified 
and one may safely accept Knudsen's definition of the accommo- 
dation coefficient and his subsequent treatment as in essential 
accord with fact. 

81 . The Reflection of Molecules from Surfaces and Adsorp- 
tion. A. Statement of the Problem . — The discussions involving 
Maxwell’s slip term in the equation for the flow in tubes, and the 
accommodation coefficient in heat transfer problems, together 
with certain observations by Langmuir, 39 * 40 41 Chariton and 
Semenov, 45 and of Cockcroft, 63 Wertenstein, 64 and Clausing, 66 
indicate that there is much that requires clarification in the 
fundamental interaction between molecules and solid surfaces. 
At the time of the writing of the first edition of this book, the 
issues were not at all clear. This was in part due to lack of 
sufficient experimental data which are now at hand and partly 
to the strong opinions expressed by workers, based on results 
obtained in experiments bearing on somewhat different aspects 
of the same phenomenon. Since that time the development of 
the technique of molecular beams has added very much impor- 
tant information so that the problem is somewhat clarified. 69 
The development of the problem from the various viewpoints 
in 1926 has been adequately covered in the first edition of this 
book, and there is little but historical interest in a recapitulation 
of the views presented at that time. In what follows, only a 
brief review of this early aspect will be given, in order that 
space may be available for the treatment from the present-day 
point of view. 

It will be recalled that the careful study of the slip term in the 
measurement of viscosity had shown that of the order of 99 
per cent of the molecules of the gases (H 2 , He, and 0 2 ), studied 
by Blankenstein 8 were diffusely reflected from surfaces of 
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burnished silver oxide. This direct measurement of Maxwell's 
/ thus showed it to be unity within the limits of experimental 
error in these cases. On the other hand, Knudsen observed 
values for the accommodation coefficient a for surfaces which 
indicated that, while the reflected molecules had in general a 
random distribution (indicating an interaction with the walls 
which wiped out their previous momenta), the same molecules 
had not established temperature equilibrium with the surfaces 
struck . While this difficulty received a logical explanation on 
the assumption that it took more impacts with a surface to 
establish thermal equilibrium than to give random directional 
emission, there were other results which confused the issue. 
These results came from the study of the deposition of molecular 
beams upon surfaces (i.e. f the condensation of molecular beams), 
the adsorption of gases on surfaces, and the “activation" and 
ionization of gases on impact with heated metal surfaces. Such 
studies convinced Langmuir, 39 * 40 * 41 the foremost early investi- 
gator in this field, that, in general, molecules “condense" on 
surfaces and reevaporate. In fact he extended his conclusions 
based on phenomena in which such action definitely took place 
to explain the diffuse reflection of molecules from surfaces in 
general. In addition^ the results of Van Dyke 9 * 10 and of Milli- 
kan 49 * 61 on the coefficient of slip of air on surfaces of shellac, 
brass, and watch oil, the former using a rotating-cylinder method 
and the latter, oil-drop measurements, led to values of slip in 
which/ was distinctly less than 0.99 as Blankenstein had observed 
it. Similar results on the diffraction of molecules from crystals 
also indicate the real existence of a type of specular reflection. 
Hence one has on one side the expressed view that molecules 
condense on all solid surfaces and reevaporate after a time r which 
may be appreciable, such that diffuse emission on reevaporation 
and an accommodation coefficient of unity are to be expected 
(i.e. 9 f «* 1, a = 1); and, on the other, that a is unity only for 
very rough surfaces, and that in some cases specular reflection 
of one type or another to the extent of 0.1 or more, / = 0.9, 
may occur. This definitely implies that r is so short that a 
is less than unity, and in some cases no condensation occurs at 
all. It was pointed out in the first edition that a single universal 
picture could hardly be drawn for these phenomena, since such 
effects as condensation depended on the forces between surface 
and molecule, which for the diversity of substances used (e.g. f 
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metals on metals with which they amalgamated and inert gases 
on surfaces of metal or surfaces of occluded gas molecules) must 
vary over tremendous limits. Thus it was to be expected that 
diverse results would be found depending on the substances 
used and the surface temperatures and conditions. This has 
proved to be the case, as will be seen. 

A priori one might, omitting the question of attractive surface 
forces entirely, study the structural effect of surfaces on the 
reflection of molecules of the classical type striking surfaces 
composed of molecules. Such a study, however, requires the 
assumption of spherical elastic solid molecules. It was in fact 
on these classical considerations that Maxwell and Smolu- 
chowski worked. These considerations were carried to their 
logical conclusion by Baule. Baule reasoned that the fact that 
surfaces showed two constants of different values in interaction 
with molecules ( i.e an a and an /) might be explained on the 
basis of energy and momentum exchanges of free gas molecules 
impacting on elastically bound spherical atoms or molecules in 
surfaces. Baule 7 assumed that a solid consisted of a cubic space 
lattice of elastic spherical molecules or atoms which vibrate 
about their equilibrium positions with an average kinetic energy 
corresponding to the temperature. The gas molecules strike 
these and rebound from them following the laws of elastic impact. 
Call Ei the mean energy of the incident molecules, E 2 the mean 
energy of the molecules of the solid, and E ' the mean energy 
of the gas molecules after one collision with the molecules of the 
solid. Then 

E f = ftEi — |— (1 — P)E 2 * 

In this equation P is given by the masses of the molecules and 
indicates the fraction of the energy of the incident molecules 
which they retain after one impact with the solid molecules. The 
value of P depends on the masses m x of the gas molecules and m 2 
of the molecules of the solid, and is given by 

- _ m ±_ + m 2 2 

H (mi + ra 2 ) 2 

Now some of the molecules make more than one impact before 
escaping from the meshes of the surface. For simplicity, Baule 
assumed that all those leaving after more than one impact have 
the energy 25 2 . Assume a fraction v (this v must depend on the 
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form of the surface) makes only one collision. Then if E is the 
energy of all molecules leaving the surface, 

E = vE f -f* (1 — v)E 2 

and thus E = fivEi + (1 — $v)E 2 . 

Since the mean energy is proportional to their temperatures, it 
is possible to write 

T = pvTx + (1 - fr)T*, 
or (T - Ti) = (1 - (lv)(Tt - Ti), 

which gives a, the accommodation coefficient of Knudsen as 

a = (1 - 0v). 

Baule also calculated the value of the accommodation coefficient 
for viscosity. This is a quantity related to Maxwell’s/. Call t>i 
the average velocity component of the incident molecules parallel 
to the surface, and v 2 the tangential velocity of the surface in the 
same direction. Also let v' be the average velocity parallel to the 
surface of the molecules which rebound after one collision. Call- 
ing y the constant of velocity exchange for one impact, he finds 
from analysis that y depends on the masses of the molecules of 
gas mi and surface m 2 and is given by 

mi 

7 mi + m 2 

From this he deduces the relation 

v' = yvi + (1 - y)v 2 . 

If, then, v make only one impact and escape with the velocity v', 
while 1 — v are diffusely reflected, one has, if v be the average 
velocity component of all the molecules leaving the surface 
parallel to it, 

v = vv f + (1 — v)v 2 . 

This at once gives 

v = yvV\ + (1 — yv)v 2 

or ( v - vi) = (1 - yv)(v 2 - Vi). 

In terms of MaxwelPs theory, / is the fraction of the molecules 
absorbed and 1 — / is the fraction specularly reflected. The 
quantity (v — Vi) in terms of MaxwelPs / is then given by 
V = v 2 f + !>i(l - /) 

( v - Vl ) = f(v 2 — Vl ) t 

and thus Maxwell’s / « (1 — yv) in Baule’s terminology. 
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The measurements of / and a help to evaluate v and to check 
the theory. 

For H 2 in contact with Pt, mi = 2 , m 2 = 195, hence ft = 0.98 ? 
and y = 0.01. If the value of a = 0.26 be taken from Knudsen's 
experiments, then v = 0.76 and this gives / = (1 — yv) = 0.992. 
This should be the accommodation coefficient for viscosity. 
This agrees well with experiment where the values found lie 
between 0.98 and 1.0. For Ar in contact with Pt, = 40, 
m 2 — 195, a — 1 — (3v - 0.85 (Soddy and Berry), = 0.72, 
7 = 0.17, and 1 — yv — 0.965. Thus /for gases should decrease 
with increasing density of the gases but is in any case near 
unity. Baule then analyzed the coefficient v on various assump- 
tions as to how the molecules on the surface are shadowed by 
others. Such assumptions must, perforce, be at best very 
hypothetical. Furthermore, Baule left out of account alto- 
gether the question of the action of surface forces. It is manifest 
that in many cases these are of prime importance, especially 
where the atoms condense on impact. 

Zener 66 has attempted to account for the accommodation 
coefficient by considering impacts between gas atoms and 

__r 

surface atoms having a repulsive energy of the form Ce 5 using 
the wave mechanics. The value obtained is 


a — 



In this equation m g and m 9 are the masses of the atoms of gases 
and solids. The function x(0/O represents the effect the quanti- 
zation of the solid has on the value of a. X is the de Broglie 
wave length of a gas atom having an energy kt . 0 is the char- 

acteristic temperature of the metal. The function x(&/t) can 
be computed and lies between x(0) = 1 and x(°°) = 0. The 
function 0(d/X) is an integral which represents the effect of a 
finite time of collision in hindering energy exchange. It has 
the limiting values 0(0) = 1, 0(co) =0. The ratio d/X takes 
on more meaning if X = h/mv is substituted for X. It becomes 

so that 2d is the time the atom moves a distance 

twice that to change the energy to 3^ of its value. mv 2 /2h 


d 2 d/ 
X v\ 
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is the period of a linear oscillator whose energy levels are spaced 
by an amount equal to the kinetic energy of the atom. The 
only values with which to compare the theory are the values 
of a obtained for He on W by Roberts . 67 The temperature 
variation observed by Roberts agrees with Zener’s theory, but 
the theory is unable to calculate the absolute values because of 
an unknown scale factor in Roberts’ results, as well as in the 
theory which considers only normal incidence. 

With the data discussed above it is clear that much remains 
yet to be done in a clarification of the theory of the accommoda- 
tion coefficient. Many more complete experimental data are 
needed for various clean and soiled surfaces, as well as for other 
gases and metals. It is clear that the wave mechanics is pointing 
the way to a correct solution which is more likely to succeed 
since it enables one to introduce surface forces. Thus the very 
simple theory of Baule 7 is untenable as it does not envisage 
roughness and forces, while the wave-mechanical treatment is as 
yet too little developed. Hence a clarification of the issues 
raised can at present proceed only by a study of the experimental 
evidence to date. 

In further discussing the problem resulting from conflicting 
data on specular reflection, accommodation, and condensation, 
one might approach it in attempting to answer certain questions. 
The first question raised is whether the / of Maxwell is ever less 
than unity, i.e. y whether real specular reflection occurs for mole- 
cules on surfaces. The second one, which can only be answered 
if the first is answered in the affirmative, concerns the condition 
under which specular reflection occurs and the reason therefor. 
The third question is whether every case' of diffuse reflection 
must be ascribed to a temporary condensation and reevaporation. 
If this proves to be the case, one must then explain in terms of the 
time of lingering on the surface why it is that the accommodation 
coefficient is not unity in some of these cases. Another question 
of importance is the establishment by experimental investigation 
of a real condensation and reevaporation of molecules or atoms 
on surfaces, followed by a measurement of the time of lingering. 
If such a phenomenon is really proved to occur, then it becomes 
necessary to discuss the state of the condensed molecules on a 
surface. In the end it will be found that under certain circum- 
stances a type of specular reflection of an unexpected nature 
does occur, and that condensation does occur, that under these 
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conditions the time of lingering vane* between such very wide 
limits that it is possible to explain the difference between accom- 
modation, reflection, and adsorption coefficients, and finally 
that these diverse behaviors must depend on the attractive 
force fields of the surfaces as regards the different molecular 
and atomic species used. 

B. The Problem of Diffuse Reflection or Scattering . — This 
problem is discussed by Fraser 69 in his book on “ Molecular 
Rays.” Fraser introduces the problem by referring to the 
diffuse scattering of molecules by surfaces at low pressures 
without regard to equilibrium between surface temperature and 
gas, as the Knudsen law of molecular scattering. The reason 
for this appellation is that despite the fact that the scattering 
varies as the cosine of the angle, this law was first applied to 
non-equilibrium cases by Knudsen 68 in 1915, while the cosine 
law of surface scattering for a gas in temperature equilibrium 
with the surface was already in 1913 shown by Gaede 60 to be a 
consequence of the second law of thermodynamics. The 
equilibrium cosine law has also been derived independently by 
Epstein 70 and later by Clausing. 70 The equilibrium cosine law 
is valid for the most general kind of restitution, i.e. y scattering 
plus reflection, or for either type alone, while the Knudsen law 
applies to scattering alone and is of interest as it does not depend 
on conditions which mark specular reflection. The Knudsen 
law was first roughly tested by R. W. Wood 38 for Hg and Cd 
atoms on glass. Knudsen 68 established it more precisely for 
mercury. 

The most accurate test of Knudsen's law was more recently 
made by Taylor, 71 using atoms of Li, K, and Cs, incident on the 
cleavage planes of NaCl and LiF crystals. The measurements 
extended from 2 to 60 deg. Using a surface ionization gage, he 
proved that in this case the Knudsen law was obeyed to 1 part 
in 10V This, according to Fraser, can only mean that in this 
case the atoms actually condense on these surfaces and later 
reevaporate. One sees therefore that in a particular case 
Knudsen’s law is accurately obeyed. This also seems to be 
nearly the case for gas-coated and somewhat complicated surfaces 
such as those used by Wood, 38 Knudsen, 68 and Blankenstein. 8 

It was the suspicion of the author that the law might be 
attributable to the rough character of surfaces usually used and 
to the presence* of foreign substances on the glass surface. At 
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the suggestion of the author and E. U. Condon, A. S. Adams 
in a master's dissertation early in 1926 scattered Zn atoms from 
the more regular cleavage plane of a crystal of MgO heated to 
about 200 °C. The results obtained verified the cosine law and 
the thesis was never published. As is now known, the failure 
to obtain a different result was doubtless due to the use of a beam 
of Zn atoms which was not a true molecular beam. In 1928 
Ellett and Olson 72 reported that Hg and Od atoms reflected 
from the cleavage surface of an NaCl crystal heated in vacuum 
before use, gave a large percentage of specularly reflected atoms. A 
glass surface outgassed did not show this result. Na was not 
reflected, and H atoms were reflected as atomic H with no 
uniform results. A later , 73 more accurate study confirmed the 
preliminary results for Hg, Cd, and As on NaCl and also KC1, 
but neither fluorite nor orthoclase gave the result. A slotted-disc 
velocity analyzer showed these beams to have a nearly constant 
and narrow velocity range . 73 

The specularly reflected beam was found to be specularly 
reflected from a second crystal at the same angle of incidence. 
Cd atoms from an oven at 440°C. striking NaCl at 45 deg. gave a 
specular beam with 17 per cent of the incident atoms. An 
attempt to correlate this effect with a de Broglie wave length did 
not give a satisfactory agreement and there is no satisfactory 
theoretical interpretation at present. Almost simultaneously 
T. H. Johnson 74 found specular reflection of H atoms from rock 
salt. These experiments at first showed definite maxima corre- 
sponding to specular reflection. They were, however, compli- 
cated by an apparent roughness of the surface lattice and the fact 
that condensed atoms of H on NaCl those giving diffuse 
reflection) were reemitted as H atoms and were registered at the 
detector. In a later study, using H atoms on LiF, the reflecting 
power was found to be much greater (from 50 to 100 per cent at 
grazing incidence) and diffusely reflected atoms came off as 
molecules which were not counted by his M 0 O 3 detector. His 
technique enabled the complete diffraction pattern for H atoms 
in thermal equilibrium to be obtained. It proved quite com- 
pletely the de Broglie wave character of the H atoms and confirms 
the work of Stern's group. 

Probably the most striking and significant experiments indi- 
cating specular reflection are those of Knauer and Stern , 76 and 
Estermann and Stern . 76 These experiments were like Ellett 
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and Olson's and Johnson's experiments undertaken to verify 
the existence of the de Broglie waves associated with atoms and 
molecules of matter. The de Broglie equation ascribes to a 
body of mass m and velocity v a wave length X given by X = h/mv , 
where h is the Planck constant. Now for H 2 at room tempera- 
tures X is of the order of 0.57 X 10~ 8 cm. The crossed-grating 
lattice of crystals of NaCl and LiF has a grating space such that 
waves of this length should be scattered at angles of 20 to 30 deg. 
which can easily be measured. At first without a velocity filter, 
and later with a velocity filter, Stern 75 and his collaborators 
succeeded in verifying the de Broglie equation to 1 per cent. 
Thus in this case not only is diffuse reflection absent, but the 
reflection is strictly governed by the laws of wave mechanics. 
These workers went further, for they investigated the reflection 
of H 2 from a polished surface of speculum metal. In this case 
the irregularities in the most highly polished surface are of the 
order of 10~ 6 cm. To make such a surface into one with irregu- 
larities of the order of 10~ 8 cm in order to look for specular 
reflection, the surface must be viewed at an angle 6 of the order 
of 10~ 3 , i.e., a few minutes of arc. At 0 ** 10~ 3 the reflecting 
power was 5 per cent, while at 0 = 2 X 10~ 8 it was only 1% per 
cent. By reducing the temperature of their H 2 source to — 150°C., 
Knauer and Stern found that the reflecting power for a crystal 
was increased 1.5 times. This is in excellent accord with 
theory, for in this fashion v is decreased and hence X is increased 
in the ratio of \/300/130 = 1.5. Again the surface of a crystal 
is irregular because of the heat motions of its atoms. Thus the 
irregularities of the crystal can be reduced by cooling it, and as a 
result one would expect an increase in specular reflection for 
cooled crystal surfaces. This has been found to be true by 
Knauer and Stern, Estermann and Stern and by Johnson. 

The problem of the reflection of atoms from crystals has 
been theoretically investigated by Zener 76 on the basis of the 
wave mechanics. The fraction of reflections for which all 
the normal coordinates of the crystal remain unaltered is given 
as approximately 
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Here m A and m B are the masses of the reflected atom A and the 
crystal atoms B t 0 is the characteristic temperature of the 
lattice, d is the distance at which repulsive forces between atoms 
A and B fall to 1/e of their value, X is the de Broglie wave length 
of the atom, kt A is the energy of the atom A , and t B is the tempera- 
ture of the lattice. For A on Li at room temperature, U is about 
0.9. 

It is thus seen that in the study of specular reflection the latter 
must be regarded as a problem of the reflection or diffraction of 
matter waves from surfaces rather than from the particulate 
point of view. Under these conditions the reflection will be 
specular when surface roughness is reduced to the order of, or 
less than, the de Broglie wave length of the particles impinging 
on it. If the pattern is regular and of the right periodicity, 
regular diffraction of matter waves occurs, which is a specialized 
form of specular reflection. It must, however, be noticed that 
this occurs for H, H 2 , and He on NaCl and LiF in an experimen- 
tally verifiable form, while for Ne, Ar, and C0 2 the effect was 
not pronounced, if present at all. What is perhaps an analogous 
effect, although it occurs at special large angles only and appears 
to be of a more classical nature, is the specular reflection of Hg, 
Cd, and As from NaCl and KC1. It is possible that Van Dyke's 
and Millikan's experiments giving a Maxwell’s / on oil and 
mercury drops of the order of 0.9 can be explained by the specular 
reflection for grazing impacts. On the other hand, the experi- 
ments of Taylor show that for Li, K, and Cs on NaCl and LiF, 
only diffuse reflection occurs. This appears to be the case of 
Hg and Cd on glass and many other combinations where the 
Knudsen law is observed to hold. It is clear that the specular 
reflection can occur only in the absence of marked condensation 
on the surface, t.e., where surface forces are weak. 

Fraser suggests that the specular reflection is thus dependent 
on the critical data for the impinging gas. While this is doubtless 
a factor, especially for surfaces coated with layers of the gas in 
question, it need not be universally true. The attractive forces 
of the surface for the gas molecules or atoms in question must 
play a part and perhaps introduce new critical constants for the 
condition of the two-dimensional gas phase on the surface. 
Absence of strong surface forces must be the condition for the 
appearance of much specular reflection, while condensation 
must depend on strong forces. It is the importance of the nature 
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of the surface and the practical impossibility of learning anything 
about the character of the surface used that has caused much of 
the confusion. 

C. The Accommodation Coefficient . — It is seen that the first 
two questions asked in the introduction have been answered, 
for it has been shown that, in addition to diffuse reflection, 
specular reflection also occurs, the conditions under which it 
occurs having been indicated. That condensation and reevap- 
oration also occur was indicated by Taylor's results with Na 
atoms on rock salt. Since both these phenomena occur, the 
nature of their influence on the accommodation coefficient must 
next be determined. Some important information is yielded 
in this direction by the experiments of Roberts. 67 Roberts 
studied the accommodation coefficients for fine W and Ni 
wires, using He gas. He utilized for the analysis of his data 
Knudsen's 62 equations for the case of a fine wire in a large cylinder 
(see Sec. 80). He worked, however, with outgassed surfaces, 
in very pure He, the metal being denuded of surface films of 
gases by flashing at a high temperature. In this way he was 
able to study a as a function of the gas adsorption on the surface, 
both for a relatively smooth wire and for a roughened one. If 
To is the temperature of the molecules coming from the gas 
(i.e.j the cold cylinder walls), T 2 is the temperature of the wire, 
and TV, T 2 \ . . . , T 2 n is the temperature of the molecule 
rebounding from the wire after 1, 2, . . . , n collisions with it, 
then 


TV — To ~ a(T 2 ~ To), 

TV' - To = a(T 2 - TV), 

T 2 n _ yyn-i) = a (T 2 - T 2 <— »). 

If one call a n the accommodation coefficient observed for a 
molecule that has rebounded n times with the surface T 2 before 
escaping, one has 

TV - To * a>n(T 2 - To) by definition of a„. 


whence 


a* « 1 - (1 - a n ). 


This is the equation used by Knudsen for the measurement of 
n. If one knows the value of a, and computes the values of a n 
for n ~ 1, 2, 3, etc., then for an observed a n one can estimate 
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roughly the relative numbers of molecules that have made one 
and two, two and three, impacts with the surface. Roberts 
observed for He on W the following values: 

Measured a: 

Clban Surface Dirty Surface 

0.07 0.19 

0.12 0 40 

0.18 0.55 

The values of a for the smooth surface increase from 0.07 to 
0.18 on prolonged heating of the wire, which increases surface 
roughness. A clean wire that is heated only briefly gives the 
values of 0.07; and, if dirty, of 0.19. If the changes in the clean- 
surface values are due to increased roughness, it can be shown 
that the clean-surface value 0.12 corresponds to a n due to mole- 
cules for which Jjf 3 have n = 2, and £{3 have a value of n = 3. 
If these values are used, then the computed values for a clean 
and dirty smooth surface are 0.05 and 0.19. The value of 0.55 for 
a rough dirty surface indicates that ^5 of the molecules escape 
with n = 3 and % with n = 4. These values enable one to 
calculate a for smooth clean and dirty surfaces of 0.05 and 0.18. 
Thus these values for n enable one to interpret the results in 
terms of a about 0.05 for a clean smooth surface and 0.19 for a 
dirty one. The supposedly clean and smooth surfaces were not 
absolutely smooth, but, according to Roberts, they set an upper 
limit which is not off by more than a factor of 2. The values 
for Ni were 0.085 clean and 0.20 after standing. As the values 
for the dirty surfaces should be independent of Ni and W, the 
value 0.20 for the dirty surface is practically constant. The 
value for clean Ni is, however, 0.08 relative to a value between 
0.05 and 0.07 for W. Roberts then points out that specularly 
reflected atoms do not contribute to the energy exchange. He 
therefore attempts to explain the value of a observed, assuming 
that those molecules diffusely reflected leave in temperature 
equilibrium with the surface. This identifies a with what is 
here termed Maxwell's /. (See page 323, where Smoluchowski 
makes the same assumptions.) Actually the f observed is 
usually nearly 1 while a is distinctly less than 1, and Roberts 
theory is incorrect. Roberts also tests Baule's theory for the 
value of a in the case of He on Ni and W. Since the mass 
ratios enter into a on this theory, calculation shows that a for 
He on Ni is about twice the value experimentally observed. 
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Thus Baule's theory is inadequate, as was to be expected as it 
ignores too many structural features. In a later paper Roberts 
shows that for He on W the value of a decreases with tempera- 
ture. It is 0.057 at 295° abs. and 0.047 at 190° abs. and 0.025 at 
79° abs. It may be 0 at 0° abs. 

Aside from the information gained about the effect of adsorbed 
gas layers and the values of n , the paper brings out an important 
point. It indicates that in one of those cases where much 
specular reflection might be found, i.e. f He on a clean metal 
surface, the value of a is surprisingly low. This makes it clear 
that, if one wishes to understand what occurs at surfaces, 
measurements of /, a, and perhaps adsorption should be made 
on the same surface under comparable conditions. Since a and 
/ must be related in some fashion, it is only by such studies that 
these conditions can really be understood. 

For the case where values of a are found that are less than 
the values of Maxwell's/, it must mean that either (1) it takes 
fewer collisions to wipe out a previous momentum than it does 
to alter the energy, or (2) the time of lingering on condensation 
is great enough in such cases to alter the directional velocity 
distribution but not great enough to alter the energy values by 
the full amount found for equilibrium. In general it would be 
easier from a classical mechanical point of view to consider that 
diffuse reflection can take place without condensation and reevap- 
oration (i.e.j as might be the case for slight surface roughness) 
and explain the differences and values of a and / in terms of the 
number of impacts to gain equilibrium. This is doubtless 
the correct interpretation, for, as will be seen, in some cases 
the actual time of lingering becomes comparable with the time 
of an elastic impact. 

D. The Adsorption of Molecules . — In the problem of adsorption 
on surfaces the situation is almost as complex and the experi- 
mental data fully as incomplete and unsatisfactory as in the case 
of/ and a, owing to the difficulty of working with clean and known 
surfaces. In one sense the problem is simpler, inasmuch as 
one is dealing with a question which permits of classical approach 
in that condensed molecules on a surface may be treated as a 
sort of two-dimensional liquid in interaction with its vapor. 
Such a viewpoint enables one to overlook much of the doubtful 
mechanical picture and to deal with energy relations of which 
one can be reasonably sure. 
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The question of condensation on surfaces in the case of molecu- 
lar beams was first raised by R. W. Wood 38 in what he called 
diffuse reflection of atoms from walls. Shortly after Wood's 
work, Knudsen 68 also published a paper on this subject. Then 
followed a series of researches by Langmuir 39 * 40 * 41 on adsorption 
which connected diffuse reflection with adsorption. Langmuir 
thus extended the theory of adsorption to cover diffuse reflection. 
In this generalization Langmuir doubtless went further than he 
was justified in doing, in asserting that all diffuse reflection 
was due to a condensation and reevaporation process, and that 
molecules all condensed for some average time r on the surface, 
thereupon reevaporating. In making this claim, Langmuir 
was actually focusing attention on a series of phenomena where 
the condensation was important and did occur. Actually, as 
Clausing 65 shows in his paper, Langmuir recognized the possibility 
of specular reflection and of random scattering on reflection 
without condensation. Langmuir, however, focused attention 
on the condensation phenomena and did not consider the cases 
he mentioned. From what has gone before on specular reflection 
and in the case of diffuse reflection from the values of the accom- 
modation coefficient, it is clear that true condensation for an 
appreciable average time r on a surface does not occur in all 
cases. If r exceeded several molecular vibrations, which occur 
in a solid in about 10~ 12 sec., there would be no specular reflection 
and the accommodation coefficient would be unity. If the heat 
of condensation is considerable, i.e., if there are surface forces 
on the molecules of a gas such that the energy of agitation at a 
given temperature is of the order of the potential energy of the 
condensed molecules, larger values of r can be expected. If the 
heat of condensation is somewhat less than the energy of agitation 
there will be some condensation, but the average life on the 
surface r (time of lingering) will be quite short. As varying 
conditions of gas pressure, temperature, surface covering, and 
gas species used can extend the relative energies of agitation and 
condensation over an enormous range, one may expect r to vary 
from values equal to the time of an elastic impact with the 
surface to a time involving perhaps hours, corresponding to a 
stable condensed film. As regards the smaller values of r, 
enough has been said in what has gone before, for the values of 
f and a observed indicate their existence. One is now interested 
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in the evaluation of r and in relating it to the energies of condensa- 
tion and the behavior of adsorbed surface layers. 

Following the theory that Langmuir developed as a result of his 
studies, others carried the work farther. Wertenstein 64 in 1923 
measured r for mercury atoms on glass and evolved a theory. In 
1924 Frenkel 43 developed a theory of the phenomenon differing 
in some important details from Langmuir's. Langmuir had 
assumed that the forces of adsorption were localized at certain 
active regions of the surface lattice and had developed his theory 
from this point of view. There is evidence that on clean out- 
gassed metal surfaces the condensation may be governed by 
such considerations. Frenkel studied the condensation, assum- 
ing that the condensed molecules formed a mobile sort of two- 
dimensional gas phase on the surface. In the cases where 
surface forces were not great, r would not be expected to be 
large and no condensate could form under ordinary circum- 
stances. If, however, the beam was so dense that with the 
mobility on the surface one or more atoms on the surface could 
unite to form molecules or agglomerations which did not so 
readily evaporate ( i.e ., for which the time of lingering, r', was 
greater) before the atoms evaporated, a monomolecular layer 
could form and be stable. This theory was treated in detail 
in the first edition of this book. Both Langmuir’s theory and 
Frenkel’s theory lead to the expectation that the question of 
the formation of a deposit at a given temperature must depend 
on the density of the impinging molecular or atomic beam. 
This expectation was in part substantiated by a beautifully 
simple experiment of Chariton and Semenov. 45 Volmer and 
Estermann, 77 Volmer, and others indicated that the assump- 
tion of the motion of the molecules over the solid surface actually 
took place as postulated by Frenkel in cases investigated by 
them. In these cases the surface was probably covered with 
a monomolecular gas film on which the metal atoms moved. 
In 1926 Cockcroft, 63 in a splendid series of experiments, verified 
the findings of Chariton and Semenov and of Volmer and 
Estermann and established Frenkel's theory in a semi-quanti- 
tative fashion. In 1928 Htickel, in his book on adsorption, 
treated the problem exhaustively from a thermodynamical point 
of view, using the concept of a two-dimensional gas. Finally 
a series of very exhaustive studies by Clausing, 65 both experi- 
mental and theoretical, have appeared in which direct measure- 
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ments of the time of adsorption on clean outgassed surfaces 
were made for certain gases in such a fashion that Frenkel’s 
mechanism did not come into play. While definite results were 
obtained, they again indicate the technical complexity of an 
experimental* study and the inability to generalize. Each result 
depends on the circumstances attending it and gives information 
as to what has happened in that case but does not lead to a 
general picture. The theoretical situation is the same as that 
found in the study of the real gas laws, there being in reality 
no single and complete law as more suitable data appear, but in 
reality a special law for each type of gas. In the present case 
the variations in behavior are in the first-order terms, but are 
more difficult to study, in that the results are harder to obtain 
and their significance is more doubtful in view of the impossi- 
bility of controlling surface conditions. 

In this edition of the book Frenkel’s derivation will not be 
given. The theory will be developed in a preliminary fashion 
following the more rigorous discussion of Clausing, and the two 
theories, that of Langmuir and that of Frenkel, will be given in 
the form of the final equations only, their merits being discussed 
in the light of experiment. 

The discussion as to the nature of the average time spent on 
the surface (time of adsorption or time of lingering) must begin 
with the well-known law that the number of molecules v striking 
a cm 2 of surface per second is v = nu/ 4, where u is the average 
velocity, not necessarily the c of Maxwell’s law. This law, 
according to Clausing, is independent of the distribution of velocities 
and of intermolecular impacts but does require the cosine law of 
scattering or emission from the surface. Consider an enclosed 
volume V with a surface S exposed to the gas, then one can write 
an equation 


\nuS\ - Vnu 
4 

in which X is a quantity which defines the average path length 
of the molecules in the gas space between collisions with the wall. 
This follows since Vnu is the total distance covered by all the 
molecules in V per second, while nuS/ 4 is the total number 
of impacts on the walls of these same molecules; thus X = 
Vnu/(}inuS) f i.e ., a sort of free path. The equation may be written 
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S-WM- == Vn. 

4 u 

Here the quantity <r = \/u represents the time which the mole- 
cules leaving the walls consume on the average between successive 
collisions with the walls. Hence Snua / 4 = Vn represents the 
total time per second which the molecules spend in the container. 
The equations above simplify to X = 4V/S which is precisely 
the equation deduced on page 42 originally due to Clausius 
and depends on the cosine law but not the distribution law. In 
studies of absorption, X should be made as small as possible, which 
4 V 

can also mean that <r = - should be as small as possible. This 
u S 

means that not only must a be small, but it must be small 
compared to the time r c which is the average time that the 
molecules linger on the surface. The ratio between <r and r e in 
equilibrium is obviously proportional to the ratio between Vn, 
the number of molecules in the gas phase, and aS , the number 
adsorbed on the surface, a representing the number of adsorbed 
molecules per cm 2 of surface, hence 

^ Vn 
r e Sa 

Vn , 1 

and v — -run, 

Sa 4 

a = vr c . 

This very simple relation represents a very important law. It 
shows that in a wall bombarded by v molecules per cm 2 per 
second, a , the number per cm 2 on the wall at any time, is given 
by vr e where r e represents the average time of lingering or sojourn 
in the adsorbed state. It is interesting to note that this gives a 
very broad definition of adsorption such that, if r e is of the order 
of 10~ 18 sec., specularly reflected molecules are adsorbed in this 
sense. This broad conception will be utilized hereafter, and it 
is clear that it does not in this regard conflict with data on a and/. 

This law is independent of pressure, nature of impacts among 
the molecules in the gas phase, and of the distribution law. It 
does depend on the assumption of the cosine law of emission 


Since a = , 

u s 

4V 

uST e 

whence 
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from the surface and on the assumption that the velocity dis- 
tribution of molecules leaving the surface is isotropic in space. 
Both of these assumptions are required to maintain consistency 
with the second law of thermodynamics. The law is particularly 
important, as it shows that the cosine law as an equilibrium 
law inevitably leads to an average time of lingering on the 
surface, though this time may be very short and of the order 
of the time of elastic impact. Whether this law can be extended 
to non-equilibrium cosine distribution, i.e., the Knudsen law of 
Fraser is not certain as the deduction given covers equilibrium 
only. It is clear that it cannot extend to specular reflection. 
Thus specular reflection, where it occurs, excludes even this 
broad interpretation of condensation. Hence it is seen that 
irrespective of hypotheses peculiar to any special theory, there 
is a true average time of lingering for any surface in equilibrium , 
although the number of molecules on a unit area of surface, a, 
may be complicated by the fact that a is a function of the density 
of molecules on the surface ( e.g as in FrenkePs theory). Thus 
the problem involved in a study of adsorption is that of ascer- 
taining the relations between a and vr e for different cases. There 
is, of course, the possibility of conducting experiments so that 
molecules on the surface do not interact with each other (i.e., 
in which a is so small that molecules never get near enough to 
influence each other). In this case the relationship between a, 
v, and r e is exceptionally simple, and, if a and v can be evaluated, 
r e can be measured. This Clausing later does by a direct but 
complicated investigation. 

The fact that an adsorption time is defined as above leads to a 
study of other times of adsorption which have been assumed. 
Consider a surface which has adsorbed a molecules per cm 2 and 
is in statistical equilibrium with the gas space. In the time 
dt , vdt molecules strike the surface and of these one may assume 
that the fraction p are specularly reflected. By specular reflec- 
tion is meant all emission of individual molecules in which the 
characteristics of emergence are determined by the characteristics 
of impact. All other emission is called diffuse, whether it is a 
reflection or an adsorption and subsequent emission. Thus the 
p here used is in reality MaxwelPs (1 — /). Hence the number 
of molecules adsorbed in a time dt will be (1 — p)vdt = bo. It 
can be imagined as possible, starting at a time t « 0, to tag 
all the molecules that are incident in an interval dt. By means 
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of such tags the molecules can then be identified, and one could 
determine b , the number left at any time, t , later. If one call 
wdt the probability that a molecule will leave the surface in a 
time element dt y then 

db = —bwdt, 

and if w is independent of t y one has at once that 

b = boe~ wt . 

If one call r the average time during which the 6 0 molecules 
remain on the wall after impact, one has 



Thus w is the reciprocal of the average time r on the surface. 
Previously r e was defined as a = vr n and, if reflection occurs, the 
number incident per second is not v but (1 — p)v. Since the 
average life of a molecule on the surface is r as deduced above, 
one must write that a = vr e = (1 — p)vr, so that t 6 = (1 — p)r. 
Actually r e is inferred from a, so that the real time of sojourn is 

T = T c (l — p). 

According to Clausing these generalizations hold if the mole- 
cules influence one another on the surface, as dt is chosen so 
small that the effect may be considered negligible since bo is 
infinitesimal. It is, however, essential that all adsorbed mole- 
cules be identical since otherwise there would be different values 
of w for each kind. In practice either on Langmuir’s theory 
of certain special privileged positions on the lattice or on Frenkel’s 
theory of greater r for agglomerated molecules, this is not the 
case, and it is probable that the conditions in reality are more 
complex than the simple considerations envisage. Langmuir’s 
approach in the study of the subject differed from that of Knud- 
sen and Wood. The latter assumed that a critical temperature 
T n for condensation for a substance A on a surface B existed. 
If J 7 , the temperature of A } was greater than T n , according to 
them, condensation could not occur; while if T < T nf condensa- 
tion occurred. Langmuir assumed that condensation occurred 
for all substances, even though only for a short time. If the view 
of Knudsen and Wood were correct, the number of molecules 
striking the surface, and those reflected, would be equal until 
the critical temperature T n is reached. On Langmuir’s theory 
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of condensation and reevaporation, the incoming molecules 
are not directly related in number to* the evaporating molecules, 
which are governed by the temperature of the surface and the 
chance of reevaporation. Under these circumstances, it is 
conceivable that at T > T n , v can become so great that condensa- 
tion will occur despite this fact. This view, that condensation 
depends on the density of the impinging molecules and that T n 
is a function of this quantity, has now been established beyond 
question by the experiments of Chariton and Semenov, 46 
Estermann, 77 and Cockcroft. 63 Langmuir later studied the 
isotherms for the adsorption of the permanent gases on Pt, 
glass, and mica. The results lead to an equation for condensa- 
tion on glass and mica identical in form with one deduced by 
Huckel which will later be given. To this theory Langmuir 
added the idea that it was only at certain points, i per cm 2 in 
number, in the lattice that molecules could be adsorbed. If 
a molecule strikes a point at which adsorption is impossible, 
it is reflected. If it strikes one of the i points which is unoc- 
cupied, it has a chance a of being adsorbed and 1 — a of being 
reflected. Actually Langmuir sets a as equal to unity. Hence 
the coefficient of reflection is composed of two parts. Call 
f the fraction of cells occupied in the stationary state. Then 

P = f + (1 ~ a)(l — !*)• Since f = a/i, one hasT, = ^1 — 

and a = ar, so that a = vari/(vaT + i). If v is small 

then a • = .var } and if v is large the layer becomes monomolecular, 
i.e., a = i. The time ar is the average time of adsorption of 
molecules falling on a clean surface. The value of ar for various 
gases and surfaces has been determined by Langmuir and is 
summarized in Clausing^ article. The values range from 10~ 6 
to 10~ 4 . The results, contrary to expectation, show i to depend 
on temperature, which is not consistent with the concept of i. 
Thus, while in detail the theory of Langmuir is wanting, the 
values of ar inferred probably correctly represent the order 
of magnitude of the time of adsorption, since, as v decreases, 
the ideal conditions defining r are more and more nearly given 
by the fundamental relation a = var. 

From the laws of statistical mechanics, Jaquet 78 and Hiickel 7 * 
have shown that r e is given by an expression of the form: 



LAWS OF RAREFIED OASES AND SURFACE PHENOMENA 345 


U = 





Here C is a constant; T is the absolute temperature; r e is the 
average time of adsorption in seconds; k = R/N Af where R is 
the gas constant per mole; and N A the Avogadro number, <t> is 
the energy of an adsorbed molecule which in general is less than 
0, = N A <t> } and u = — $, the heat of adsorption per mole. 

For N 2 on mica, Langmuir sets i = 1.79 X 10 14 , C = 1.22 X 10~ 7 
and u = 1,500. Wertenstein 64 found for Hg on glass the value 
of r e at 21°C. to be 1.08 X 10~ 6 sec. Frenkel, from statistical 
reasoning, 43 obtains the relation that 


T e = roe kT — T Q e^ 9 


where r 0 is the period of oscillation of the surface molecules of 
the lattice surface. There is only one essential difference between 
Frenkers equation and that of Langmuir and Hiickel beyond 
the value of the constants of the factor multiplying the expo- 
nential, and that is that this factor in Frenkel's theory is inde- 
pendent of T y while, on Hiickel's theory, it varies as l/\ r T. 
Cockcroft has tested Frenkel's theory for Cd on Cu between 
— 90 and — 150°C. and finds it to hold satisfactorily, giving a 
value of ui = u 0 + Aui of 5,680 cal. per mole. Here u 0 is the 
heat of adsorption of a single Cd atom on Cu, and Au x is the 
energy of dissociation for a pair of Cd atoms on the surface. 
At — 100°C., t 1 was found equal to 3.4 X 10~ 2 sec., where n is 
somewhat different from r c , depending on the formation of pairs. 
Cockcroft finds, however, that this does not establish Frenkel's 
theory that the paired atom is the stabilizing feature, since any 
grouping of atoms would give an analogous result but with differ- 
ent constants. From the small value of the heat of adsorption 
of 5,680 cal., compared with the heat of sublimation of Cd, 
which is 32,000 cal., Cockcroft concludes that smaller aggregates 
may play a r61e rather than larger ones. There may of course 
be no formation of pairs involved at all in this case, U\ being 
sensibly equal to uq. The range of temperatures studied is too 
small to give any decision between the Frenkel and the Langmuir- 
Hiickel theories. Cockcroft further shows that the outgassed 
surfaces give far better condensation, as is to be expected, and 
it was clearly shown that ui for Cd on a pure outgassed Ag 
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surface was distinctly greater than for a gas-coated Cu surface. 
The effect of surface contamination on the values of u x was also 
shown by Cockcroft for the case of the condensation of Cd on 
Cu at different temperatures. 

A direct attempt at the measurement of r* was made by Claus- 
ing 76 on a suggestion by Holst. A vertical molecular beam 
struck a rapidly rotating horizontal plate. The molecules of 
this beam were adsorbed on the plate and carried along in the 
direction of rotation and reemitted to a cooled surface. The 
horizontal displacement of the condensate from the point of 
impact could then be measured. From the speed of rotation 
it should be possible to infer the average time of adsorption. 
Clausing used Cd vapor on glass, picein (a wax), mica, and 
copper. Owing to the momentum imparted to the molecules 
by the disc on emission, there was a displacement of the beam. 
This displacement masked any adsorption time of less than 10“ fl 
sec., as the momentum imparted caused a displacement of the 
same order of magnitude. Thus, at 200°K, Clausing was only 
able to state that for all these surfaces r e was less than 10 -6 
sec. Clausing also calculated r c for some data given by Becker 80 
for alkali atoms on oxidized and clean surfaces of W. Becker 
finds a to correspond to a monomolecular layer or in some cases 
a thicker layer. For layers where a is that for a monomolecular 
layer r e is not 0 and the values of r e between 700 and 910°K 
range from about 600 to 18 sec. 

Clausing 65 then devised and carried out a most ingenious but 
difficult measurement of the time of adsorption of various gases, 
A, Ne, and N 2 , on clean glass surfaces. The method was to 
admit the gases suddenly to perfectly clean outgassed capillary- 
tube surfaces at such low pressures that interactions between 
adsorbed atoms on the surface could not occur. From the theory 
of the flow of gases through tubes at low pressures, the effect 
of the time of adsorption on the flow can be computed and 
compared to the flow under equilibrium conditions, when as many 
molecules reevaporate as condense. These measurements ena- 
bled him, as a result of a theory for which there is no space 
in this text, to evaluate r t and to find the law of adsorption. 
The study consists of measuring the increase in pressure with 
time in a vessel as a result of the flow from another vessel at a 
very low pressure of the gas through a clean outgassed capillary 
tube. The curve of pressure variation permits of the evaluation 
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of l f the average time required for a molecule to traverse the 
capillary, t is related to r c by the equation 



where r is the radius of the tube, L its length, and u is the average 
molecular velocity. With A and N 2 the results were not repro- 
ducible despite the greatest pains to get uniformly clean surfaces. 
A final technique, which was believed to be without serious 
defects, enabled the temperature variation of r e to be measured. 
For A on glass between 78 and 98°K, he obtained 

3,600 

1.7 X 10- 14 e ** 1 

with r e at 78° about 75 X 10“ 6 sec. and at $0° about 3.1 X 10~ 6 
sec. For N 2 no results are reported, and for Ne on glass at 78 
and 90°K r e was less than 10~ 7 sec. Using a modification which 
enabled a wire of W to be used in the tube, preliminary results 
showed that A on W had a value of r e about 1,000 times as great 
as on glass. The movement of the adsorbed molecules over the 
surface of the glass did not influence these measurements. 

The theory of the flow through capillary tubes for the case 
where r e is so short that it does not influence the flow gives the 
average time t for a molecule to get through the tube as t = 
L 2 /4rw, where L is the length, r the radius, and u the velocity 
of the molecules. This law holds only for gas pressures so low 
that molecules do not collide with each other, and if the cosine 
law of diffuse scattering holds. In these experiments A and 
Ne were used with glass tubes at such a temperature that r e 
was negligible. The temperatures were room temperatures 
which gave an estimated r e for A on glass of 10~ n sec. The aver- 
age velocity u, derived from the observed flow, lay within the 
limit of error of 2 per cent in respect to that calculated from the 
Maxwell distribution law. Thus Clausing believes that he has 
tested the distribution and the cosine law of reflection simul- 
taneously to a high degree of precision. This verification of 
Maxwell's law is interesting but is of the same type as that given 
by Knudsen from effusion (see Sec. 79). 

Thus it is clear from the discussion which has preceded that 
in general the interaction of molecules with surfaces represents 
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a very widely differing range of manifestations, which is particu- 
larly sensitive to surface conditions, nature of gases and surfaces, 
and temperatures. Definite evidence exists for some types of 
specular reflection. In other cases there is diffuse reflection 
without temperature equilibrium with the surface, with r« 
so short that it can be set equal to the time of impact. Finally 
in many cases there is an actual time of sojourn, r e , of atoms or 
molecules on surfaces in the form of an adsorbed layer which 
may vary from 10“ u sec. to hundreds of seconds. It also appears 
that in some cases the molecules are free to move or creep over 
the surface and that the formation of groups influences the 
adsorption by prolonging r*. In other cases it is probable that 
molecules or atoms are adsorbed at certain points in the surface 
lattice and this presents a complicating influence in that it gives 
multiple values of r e for the same atoms for different points on 
the surface. Real progress in this field is, however, exceedingly 
difficult because of its complexity and because of the practical 
impossibility of knowing the nature of the surfaces worked with. 
One must finally conclude that no one of the various generaliza- 
tions made in the early days of study are universally applicable, 
though most of them are correctly conceived to explain the situa- 
tions from which they were inferred. Thus again one sees the 
futility of emphatic generalizations in the absence of adequate 
experimental data. 

82. The Absolute Manometer. 14 — The considerations thus far 
dealt with have shown that for very low pressures where the dis- 
tance covered by the molecules is large compared with the dis- 
tance between surfaces, conditions arise that somewhat simplify 
the kinetic-theory treatment of the phenomena. In the preced- 
ing sections the flow of gases through tubes has been investigated 
as well as the transport of heat from one surface to another. The 
former phenomenon at the low pressures gave the volume of gas 
flowing through per unit-pressure difference as independent of 
pressure. The heat conduction between parallel plates at the 
low pressures was, however, proportional to the pressure. It 
might be asked how the momentum transfer normal to the sur- 
faces varies with the pressure of the gas. Investigation will show 
that it is proportional to the pressure. If this momentum trans- 
fer could be accurately measured in terms of mechanical force, 
it is possible that this would be a method of accurately measuring 
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low pressures. This, in fact, Knudsen has achieved, and it is 
of interest to give here the theory of the absolute manometer of 
Knudsen. 

To study momentum transfer, Knudsen makes use of the fact 
that the molecules leaving a heated surface have a higher velocity 
than those leaving a cool surface. Thus there will be a force 
between the two surfaces, and this can be measured by a sensitive 
balance. 

Such forces have been in the past called radiometric forces, as 
they were then identified with the forces acting in the Crookes 
radiometer. In the latter instrument vanes blackened on 
one side, suspended in an evacuated chamber, were shown to 
have forces exerted on them when illuminated with radiant energy 
on the blackened side. Concerning the theory of such radiom- 
eters more will be said later. Here it raajy be mentioned that 
these phenomena are differentiated from the Knudsen case 
because they take place at much higher pressures, that is, well 
above 0.001-mm pressure. The effect at the higher pressures 
turns out to be, in reality, an edge effect, as long before postu- 
lated by Maxwell, 19 and not a surface effect, as in Knudsen’s case. 

Assume two plates A i and A 2 of different temperatures. It is 
also to be assumed that their area is large compared to the dis- 
tance between them, which is, in turn, small compared with the 
mean free path of the molecules (z.e., less than one-tenth the 
mean free path). It is assumed that Ai has a higher tempera- 
ture than A 2 , and that hence the molecules leaving A\ have a 
velocity C\ greater than c 2) that of the molecules leaving A 2 . 
Assume that there are N 1 molecules per cm 3 of velocity compo- 
nents directed towards A 2 from A h whose average value is ci 
and whose average squared value is Gi 2 . Similarly, assume there 
are N 2 molecules per cm 3 leaving A 2 with velocity components 
towards Ai of average velocity c 2 and of average squared velocity 
G 2 2 . It is then possible to get the number striking the surfaces 
per unit time and hence the momentum transfer per second, or 
the force per unit area. If one had considered the molecules 
which had velocity Ci components towards A\ as well as away 
from it in an equilibrium case with A 2 absent, the number would 
have been 2N\ and the pressure would have been given by 
%NimGx 2 . Now the pressure on A 2 is caused by only the mole- 
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cules moving towards A 2 , hence the pressure due to these mole- 
cules on A 2 is y^NimGi 2 , the molecules losing their energy on 
striking the surface. On the other hand, by similar reasoning, 
A i receives },{N 2 mG 2 2 from the molecules leaving A 2 and striking 
A i with a velocity c 2 . The net momentum transfer to the two 
surfaces per cm 2 per second, and hence the force .between them, 
will be the sum of these two, and thus K\ the pressure between 
the plates, is K' = Ym(NiGi 2 + N 2 G 2 2 ). As was shown in 
Sec. 80, the quantities Nidi and N 2 c 2 must be related by the 
expression NiCx = N 2 c 2 when equilibrium exists. Again, if 
the number of molecules outside the plates and their average 
velocity are designated by Nc then, as was shown in Sec. 80, 
NiCi = N 2 c 2 = YiNc . Outside the plates the pressure is 
V = 3 iNmG 2 . The force outside per cm 2 is then the pressure 
outside, which is p, and the resulting force K acting on the plates 
per cm 2 , that is, the force measured, is K' — p. This gives at 
once that 


K ~ K' — p = 


and substituting for p and K', 



K = 


Ta 1 g 1 2 + a 2 gv ,1 

p ‘ = 1 • 

L NG 2 J 


Using the relation between N x ci, N 2 c 2j and Nc, 



Now G/c ~ V3 ir/8 (see Sec. 35), and the question arises whether 
this relation also holds for Gi/di and G 2 /c 2 . Where the difference 
of Ci and c 2 is small this can be assumed to hold. Hence one may 
write G/c = Gi/ci = G 2 /c 2 . The relation then takes the form 


K 


G\ + G 2 
\2 G 


-')=4 ^ 



Whether Gi is equal to the temperature of the surface GY and 
whether Gi is equal to GY is certainly doubtful. In any case 
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Gi > Gi > G 2 > G 2 for such cases as the quantity Gi is assumed 
greater than G 2 '. As was the case in Sec. 80, one may assume the 
existence of an accommodation coefficient a. Then, as in that 
section, one has the conditions 

G\ = (?2 + a(G\ — G 2 ) 

and 

G 2 - Gy + a(G 2 ' - Gi). 

Thus, through addition, Gy + G 2 = Gi + G 2 . As it was 
assumed that the gas about both plates was in temperature 
equilibrium with A 2) then G = G 2 . Making use of this and of 
the relation above, one gets K in the form 


Again, 


*-f® 


G 2 ' 


; cY 
c 2 


where T\ and T 2 are the absolute temperatures of the plates 


A i and A 2 . Thus K 


2 K 


* - •)■ 


or the pressure p 


in dynes per cm 2 . For small temperature differ- 


CM - 0 

ences this changes to the simple form 


rr V 5^1 — T 2 a zr F 2 , , 

^ = 4 — — or p = 4K y—r f r dynes per cm 2 . 


Thus by knowing Ti and T 2 and measuring K one obtains the 
pressure. It is also seen that the momentum transfer per unit 
time K is proportional to the pressure. 

The theory was tested experimentally by using a heated strip 
of platinum opposite and near one side of a platinum vane sus- 
pended at its center by a wire. The force constant of the torsion 
balance could be determined from its period of oscillation. 
The suspended vane had a mirror fastened to the suspension by 
which its deflection could be measured. The temperature of 
the suspended vane was that of the room. The other strip, 



352 


THE KINETIC THEORY OF OASES 


representing A 1 , was heated electrically and its temperature 
determined by its resistance, as it formed one arm of a Wheat- 
stone's-bridge. An example of the results obtained in air for 
plates 0.55 mm apart is given below. First are given T i and T % . 
r 2 was measured at the beginning of each experiment before 
heating T\, on TV From the equation the pressure was calcu- 
lated from the observed deflections. The pressure, as is seen, 
is quite constant. The average value 2.28 dynes per cm 2 is to be 
compared with gage measurements which gave the air pressure as 
0.20 dyne per cm 2 and the vapor pressure of the Hg at this 
temperature as 2.04 dynes per cm 2 , the sum giving the observed 
pressure as 2.24 dynes per cm 2 in good agreement with the 
absolute manometer. 




h 

V 

31.7 

23.4 

2.31 


118.9 

23.7 

2.45 

155.5 

24.1 

2.32 

m 

233.0 

25.6 

2.20 

tl 

252.0 

274.5 

299.5 

328.9 

351.9 

376.2 

h 

26.7 

28.0 

29.6 

31.7 

34.2 

37.2 

V 

2.19 

2.21 

2.20 

2.23 

2.27 

2.31 


The experiments show that this gage does give good results 
when the conditions are fulfilled that L, the mean free path, is 
large compared with the distance between the plates. In the 
original article more precise forms of the apparatus are described 
and realms of applicability are discussed. For the scope of this 
text, however, the material given suffices. 

In a later article, von Smoluchowski 20 discusses and revises 
Knudsen’s theory of the absolute manometer. He points out 
that if this theory using the Maxwell factor / is applied one has 


Knudsen’s expression for the force K 



If, how- 


ever, the accommodation coefficient a is used, this equation 
is only an approximation. Complicated considerations, for 
which there is no room in this text, taking into account the fact 
that when a is less than unity it is necessary to deal with four 
velocities instead of two, lead to a new equation. This takes 
the form below, which, as is seen, includes the accommodation 
coefficient: 
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- 1 + 


1 - 


4(2 




When a is unity it goes over into the first expression.* 

83. Thermal Transpiration. 21 — If two vessels are filled with 
gas at atmospheric pressures and they are connected by a tube 
with a diameter large compared to the mean free path, it is usually 
assumed that if one vessel is warmer than the other the pressures 
will be the same in both vessels, 
although the densities vary in- 
versely as the absolute tempera- 
tures, that is, in Fig. 50 on one side 
of the partition A one has a volume 
Vj, a temperature T i, a pressure 
Pit and a density pi, while on the 
other side the temperature is T*, the 
pressure p 2 , the density p 2 , and the 
volume V 2 . Except for the small region of transition of tempera- 
ture near A, it is asserted on the basis of observation that p\/p 2 = 1 
and that pi/p 2 = T 2 /T 1 . This fact appears to be in conflict with 
the kinetic-theory assumptions. Suppose that the temperature 
difference T 1 to T 2 could be sharply confined to the plane at A. 
The kinetic theory would lead one to expect that, since ci is the ve- 
locity equivalent to T h and c 2 that equivalent to T 2 , the equilibri- 
um would demand N 1 C 1 « N 2 c 2 . This means that Nidi/N 2 c 2 « 1. 
Multiplying both sides of the equation by c x /c 2 one has at once 
that Nidi 2 /N 2 c 2 2 = ci/c 2 and thus that pi/p 2 * y/T\/T%. But 
this is in contradiction to the first statement that pi/p 2 — 1. 
Obviously, both of these statements cannot be true at once. If 
the kinetic theory is to be correct, it must be shown that the 
two deductions are not incompatible. The discrepancy is 

* In a later paper Knudsen 82 develops the theory for the torsion on the 
absolute vane radiometer at very low pressures. This is a torsion balance 
having two Pt stripe with accommodation coefficients 0/ and a" on two 
sides of each strip in such a fashion as to cause rotation. The pressure 
difference on the two sides of a strip p' — p" is given by the relation 


\ 5 

Vi 

* 1 

3 

' Tj i 

$ 

Pi 

e* 

A 

1 


Fig. 50 . 


P' - P" 2? 


Ti - To, , 

~~m 


ary 


1 

~ To 


T 1 being the absolute temperature of the stiip and To that of the large gas 
space surrounding the strips and vane. 




354 


THE KINETIC THEORY OF GASES 


cleared up when it is remembered that, in practice, one does 
not have an abrupt change in temperature at ordinary pressures. 
There always exists a transitional layer many mean free paths 
long in which the equilibrium mechanism may be very com- 
plex, and it is probable that the reactions of the walls enter 
in. Osborne Reynolds 22 was the first to see the consequences 
of these considerations and to grasp the role played by the 
walls. It was he who gave the name thermal transpiration 
to the phenomenon. If by some manner the temperature 
transition could be made quite abrupt, then the second law 
stated, that N\C\ = N 2 c 2f must prevail and the conditions 
should be different. Such conditions would exist at low pres- 
sures where the temperature differences over a mean free path 
begin to be significant. Again, as in all such phenomena, 
the walls play a large r61e, and assist in maintaining large gradi- 
ents over a mean free path. The proof of the kinetic- theory 
assumption must lie in phenomena taking place when two bodies 
of gas are connected by a tube whose dimensions are small 
compared to the mean free path and in which there is a measur- 
able temperature gradient. In fact, it is observed that under 
these conditions pi is not equal to p 2 - A pressure difference is 
generated which depends on the pressure, molecular weight, 
coefficient of viscosity, and the diameter of the tube. The 
phenomenon can be made quite striking if a series of tubes with 
constrictions be arranged between two volumes and the constric- 
tion on the same side be heated to a high temperature. With 
10 such tubes heated to 500°C. each, Knudsen achieved a pres- 
sure in one bulb 10 times that in the other. At ^-mm pressure 
of Hg, and even at 3.5-mm pressure of Hg, he was able to get a 
pressure difference of 3 mm Hg in the two vessels. If the two 
vessels be connected by a second unheated tube, this pressure 
difference will develop a flow of gas from one vessel to the other 
so long as the heating takes place. The direction of flow is from 
the region of lower to higher temperature. This must follow at 
once from the fact that such a flow builds up a pressure pi 
greater than p 2 in the ratio of V TJT 2 before the equilibrium is 
established. That the flow must go this way is seen at once 
also from the fact that N i is proportional to pi and hence to 
1 / 2 * 1 , while N 2 is proportional to 1/7V If Ti is greater than T 2f 
then N% is greater than N x in the ratio T x /T 2 . The velocities ci 
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and c 2 are, however, in the ratio y/ T i/T 2) thus the product Nicy 
is less than N 2 C 2 by the ratio y/T*/Ti. Hence the flow will take 
place from cold to hot until the pressure ratio pi/p 2 = y/ T 1 /T 2 
builds up to check it. In case this does not occur, the flow will 
continue indefinitely as long as the gradient exists. If a body 
could be constructed with capillaries of the order of 10~ 6 cm, 
then temperature differences existing at atmospheric pressures 
should succeed in causing a transfer. Such capillaries actually 
do exist in porous clay vessels. If one of these be provided 
with a heating arrangement to warm the gas inside and then 
be sealed off so that its only outlet emerges through water, cold 
air from outside will pour in and will bubble out through the 
water. The pressures observed with strong heating may amount 
to several cm of Hg, and some 100 cm 3 of gas per minute can be 
made to pass through a bulk of 100-cm 8 volume. 

Thus the phenomenon of thermal transpiration is not an insig- 
nificant one, and, further, it results in completely removing the 
apparent paradox facing the kinetic theory by an analysis of 
what occurs in the region of the gradient. It is therefore worth 
while to study it briefly before closing the subject of low-pressure 
phenomena. To begin the analysis, the phenomenon may be 
regarded as follows: If a plate were placed in the tube, a pressure 
difference due to the difference between N iCi and N 2 c 2 would be 
set up. If the plate were free to move, it would encounter a force 
against the walls of the tube. From the kinetic theory it is seen 
that, even were the plate absent, the walls would receive a tan- 
gential force when the temperature gradient exists. To study this 
assume a tube with a mild temperature gradient down it such that 
the density does not change appreciably over points a few free 
paths apart. Then the molecules striking it from one direction 
(z.e., the warmer side) give it an impulse proportional to nci and 
those from the other direction give it an impulse proportional to 
nc 2 . If the temperature gradient is small, the number of impacts 
dn which unit surface receives from the solid angle dw at an angle 

a is dn = ^ Nc cos a . Let it be assumed that dd/dl decreases in 

the direction of the tube, where dl is an element of length of the 
tube of the order of magnitude of the free path X. Here also 
c is the average velocity of the molecules in the cross section at 
the element, assuming c constant over the area of the cross 
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section. Assume a rectangular coordinate system with origin 
at the surface. The i-axis is along the tube, and the 25-axis 
is normal to the surface. The axis X of the solid angle makes an 
angle a with z and an angle P with J, where X is the mean free 
path. The average velocity of the molecules will be the velocity 

dc 

corresponding to X, and this velocity is c + ^X cos P when a 

dc 

is to the right of the yz plane and c — ^-X cos p when it is to the 

left of this plane, if dc/dl is assumed negative. In this case X 
is small compared to the diameter of the tube. The momentum 
received per cm 2 of surface for impacts to the right of the cross 
section in the yz plane for the solid angle do) is 


mdn(c + fx cos pj cos p . 

From the opposite side of the plane the momentum received from 
a similar solid angle is 


mdn^c — ^X cos p'j cos p. 


The net momentum received per second per cm* from the gas as 
a whole for do) is, therefore, 


dc 

dM ' = 2 m dn^j-X cos 2 p, 


whence 


M’ = 2m J 


X cos 2 pdn , 


if it be assumed that the molecules leaving the surface are 
reflected equally in all directions. Putting the value of dn into 
M' and integrating for M', the expression is obtained: 


M' — — 

lb dl 


Introducing Maxwell’s distribution of velocity then* 

* This step is not obvious. Knudsen uses c. The product crfc, he how- 
ever assumes, requires that the root-mean-square velocity C be implied. To 
continue the use of the average velocity c, the expression must be multiplied 

by ^ as 
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As Nmc\ = ry/0.30967 (see Sec. 59), where 77* is the coefficient of 
viscosity, this becomes 

,, — -3x77 dc 

“ 128(0.30967) 2T 

This is the tangential force exerted by the gas on unit surface of 
the tube. If this force just balances the force of the molecules, 
equilibrium results and there is no streaming motion. Thus if 
there is no streaming in the tube 

2 t vRM - - 0, 

at 


where R is the radius of the tube. Whence the pressure gradient 
existing can be found at once as 


Now 


dp _ 3x7; d£ 

dZ T 64(0.30967)72 df 
27f« 


where T is the absolute temperature and p 0 is the specific gravity 
of the gas at 0° for a pressure of 1 dyne per cm 2 . As 77 varies 
with the temperature, according to Sutherland’s formula one 
has 


V = 


1 + 273 fT , e oox 
(TV 273 ?70 ^ see Sec- 63 ^‘ 

7 JT 


Also 


In H 2 gas, C = 83, ijo = 841 X 10 -7 , and p 0 








1 + — 
^ 273 


1 + 


can be set at 1.12 for two temperatures T\ — 800° and T 2 = 300°, 
whence solving, one has R^~L = 0.0139. For R = 0.0187, 


* It is not clear which value for r\ is used. In later work Knudsen uses 
Chapman’s value, 17 — 0.49,/V'incX. Hence too much emphasis must not be 
placed on numerical agreement. 
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for the temperature difference 500°, p i — p 2 = 371.9 dynes per 
cm 2 . With 10 such tubes in series separated by large-diameter 
tubes, pi — p 2 = 3,581 dynes per cm 2 . The observed pressure 
difference in an actual experiment gave pi — p 2 = 3,693 dynes 
per cm 2 . 

As M is independent of pressure, this calculated pressure differ- 
ence should be independent of the absolute values of pi and p 2 . 
Experimentally, the observed pressure difference rapidly dimin- 
ishes with increasing p. 



Vso thermal Surface 

Fig. 51. 


To explain this case, the hypothesis of equal numbers of 
impacts from both sides, used in arriving at an expression for M f 
must be given up. This change would be expressed by assuming 
that at higher pressures streaming actually occurs in the tube and 
that this streaming is of such a nature that the wall receives less 
momentum than through M y for it is obvious that, if N 1 and iV 2 
were different, streaming would occur. Since this streaming 
goes from cold to hot, momentum due to the streaming gas would 
also reach the walls and this would be, in a sense, opposite to the 
momentum received due to Ci being greater than c 2 going from 
hot to cold. Also this streaming motion must progress in the 
direction of increasing temperatures, for it is in this direction that 
the walls act on the nearest gas layers with their tangential 
forces. As in equilibrium the gas mass as a whole must be at 
rest, there must therefore be a streaming on the inside of the tube 
in a sense opposite to the streaming along the tube walls, when this 
streaming along the tube walls occurs, for the streaming along the 
wall would build up a pressure difference, the pressure building up 
on the hotter side. The return of this moved gas mass which results 
from the walls, in view of the pressure difference built up, will 
naturally take place in the interior sections of the tube where the 
only resistance to overcome is the viscous action of the gas 
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(see Fig. 51). It is seen that if such an action takes place the 
pressures in the two vessels will be equal, while, owing to the 
difference between N\C\ and N 2 c 2 , a streaming does take place. 
This, of course, will occur only at higher pressures. At the lower 
pressures, where the free paths begin to compare with the tube 
size, the simple equations deduced above hold, and a pressure 
difference will be maintained. 

The flow under these conditions may now be investigated 
quantitatively. It is first necessary to calculate M, the momen- 
tum transfer, which every cm 2 of the wall receives per second 
through the temperature drop, because the molecules coming 
from one side have a higher velocity than those from the other 
side. In the present case, c is not the same for all molecules 
coming from any point in the cross section of the tube. The 
isothermal surfaces will now make an angle with the walls. The 
velocity of the gas layers must decrease in the direction of 
the temperature gradient from the axis to the walls. Hence 
the isothermal surfaces will make an acute angle with the walls 
in the direction of the temperature gradient. This will make the 
number of molecules which come from the left with particularly 
high velocities greater than those which come from the right 
with particularly low velocities. Thus the old expression for M 
is numerically less than the real momentum M received by the 
unit surface, regardless of the momentum which comes from the 
streaming gas along the surface. The new M may therefore be 
set as 

3* *r -^dc 37r - x d6j 

M = -m NnicX m ki = ~m ppicX Ti ki - 

If R/\ is small, ki = 1, and if it is large, k\ converges to a value 
between 2 and 3. Again Nm = p was set as equal to pp lf 
where p x is the density of gas at 1 bar (dyne per cm 2 ) and p 
is the pressure in bars. Finally the equation in terms of c 
enables one to write c = v / 8/(7rp 1 ), while dc/c — dT/2T , whence 

M 32 pX r dl kl ‘ 

One must next correct for the momentum given the tube by 
the gas stream flowing from cold to hot, i.e., in a positive sense. 
This flow is not zero at the walls, and it therefore represents a 
flow with a slip term. In the center of the tube there is a very 
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Blow return flow whose velocity compared to the flow at the walls 
is 0. One may call the velocity at the walls relative to the axis 
V and identify it with a slip term in the expression for the flow 
of gas down a tube. In the study of the flow of gases down a 
tube at pressures in the region where the transpiration is of 
interest, Knudsen showed that 


Qt = G 

Vl ~ P2 Pl(Pl ““ P 2 ) 


ap + b 


1 + cip 
1 + C 2 P 


where G is the mass flow per unit time (see page 296). The 
constants a, b } c h and c 2 , Knudsen identified with elements 
involved in the flow. The coefficient a is identified with the 
normal Poisseuille flow* and corresponds to the return flow, 

7T 1 

its value being a = ~ - R A when referred to mass flow in a tube 
o v 

of radius R with a coefficient of viscosity rj. The term b repre- 
sents the slip term which goes over into the Knudsen flow at 
very low pressures and a simple slip term at higher pressures. 
The whole slip term was found to be closely approximated by 


the expression 



which is of semi-empirical origin. 


As the deviations from the simple theory for transpiration were 
observed at higher pressures where 2 R/\ was rather large, a 
first approximation of this expression for b can be used for 
5 jR/\ > > 1. In this case the slip term reduces to 0.81 6. 
Thus the mass flow down the tube at a slip velocity V, defined 
by the mass flow wR 2 pV, must equal the slip velocity term in 

G which is 0.81 Hence tR 2 pV = 0.81 &pi“ On the 

other hand, equilibrium demands that the Poisseuille flow down 
the center just compensate the slip flow at the walls. Thus 
dfn 

a P pi dl’ ^ 0 ^ sseu ^ e mass-flow term, must equal the slip 


flow 0.81 bpi—> Hence V = with a = \~ f which gives 


* This use of a is sightly different from the use of a on page 297, where a 
was set as, a « | - -jj. The a here used omits jj as this appears in the 
expression dp/dl. 
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V = 5 — There is, however, another factor which must be 

taken into account. In the study of the slip it was found that, 
owing to the action of a velocity gradient increasing from the 
walls to the axis, the slip velocity is not just the value V inferred 
from vo as deduced by Maxwell (page 287), but somewhat greater 
than this value as the more axial molecules transfer momentum 


from the faster moving layers to the wall layer. In the regime 
of low pressures Knudsen identifies the correction for this with 


the factor 


1 + 


5 R 


1 + 0.81 


5 R 

X 


which in the pressure region of interest 


at present (p such that 5R/\ > > 1) becomes 1/0.81. Thus 
the V used in flow with slip in this pressure region must be 
corrected by dividing it by 0.81. In the case of thermal trans- 
piration, however, the conditions are the reverse of normal flow 
and the velocity at the wall is greatest, while at the center it 
is reversed in sense and to all intents and purposes is practically 
0. Hence assuming conditions essentially similar in the case of 
transpiration as in normal flow except for the fact that V is 
reduced by the inner flow, Knudsen feels justified in writing the 
slip term into the expression for momentum transfer due to 
flow along the wall as 0.81, the value calculated before. Hence 

the actual slip velocity at the wall, v = 0.81 V = — t?- 

o ij dl 

It was shown on page 291 that B , the momentum transfer to the 
walls from a mass of gas moving with an average velocity v 
down the walls, was given by 


B = || Nmcv . 


Ad seen above, v can be replaced by the velocity of slip F, pro- 
vided a correction be made for the retardation by the more axial 
portions of the flow. Hence 


3ir XT .0.81 R 2 dp noi 3 dp 

B - 32 Nmc -r t t - °- 81 32 t T 


In terms of the Jeans coefficient of viscosity (page 214), Knudsen 81 
in a more recent paper transforms this expression as follows: 


rj = 0.49iVmc\ 
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whence 

x = _I_ /i 1 

0.49 \ 8 

and hence 

R 3tt 0.81 R 2 dp 
256 0.49 X dl 


Thus each unit length of tube receives momentum in the amount 
2irR(M + B ) per second, so that flow equilibrium is expressed by 


2rR(M + B) + irR^ = 0, 


whence 

2wR 


and 


3^ 1 dT 3ir^ 081 R? dp ’ 

32 pX T dr 1 + 256 0.49 X dl 


+ vRt fl = 0 


dp 

dT 


1 P_. 

8 J_# tt/O.81 \R 2 1 2T 7 

3fciX + leWo/x 2 ^ 


Knudsen has shown this to be about correct for large values of 
R/\. Hence the expressions for thermal transpiration at low 
and high pressures, R/\ very large and very small, have been 
determined. In the later paper Knudsen 81 attempts to improve 
the expression for thermal transpiration in the intermediate 
range. In the first edition of this book it was shown that for 
pressures where R/\ ~ 1, one must take into account the 
collisions of molecules which have had their last collision with 
the walls, while others have collided with molecules in the gas 
space. In this case an approximate expression was obtained 
which read 

dp _ 1 dc 

V ’ u 2Sc’ 

~ r X 

so that 

dp _ 1 p 

dT , , 2R2T 
1 + -T“ 


This expression, as Knudsen shows in his later article, may be 
related to the high-pressure equation by an empirical expression 
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(■ 


1 J>_. 

+ a'R\ 2 2T 


From the conditions at higher pressure Knudsen determined 
the best empirical expression for the term a', which varies with 

1 + Hr 

R/\. This expression is a ' = a in which a, b, and c are 

It 

1 + r x 


constants with c > b. 

It must next be noted that X is a function of p and T . Calling 
X = p\ i where Xi is the mean free path at a temperature T and a 
pressure of 1 dyne per cm 2 , and assuming the coefficient of viscosity 
for H 2 , with which he worked, to be given by rj = rj 0 (T /273) 0 - 682 


by setting 


x 1 \tt rj 

Xp 0.49 V 8 VpT 


R Vn ( T Y 
0.49 \ 8 Vpo\273/ 


he 


obtained - = 
X 


J fi _i° ( T \" 

0.49\8 Vpo\273/ 


where p 0 is the density of 


H 2 at 1 bar (dyne per cm 2 ) and 273°C. Comparing the observed 


values of^(f) 


representing the expression to be tested with 


those obtained from approximate values of the constants, he 
was able to evaluate a, 6, and c for H 2 with some success. The 
values found were a = 2.46, b = 3.15, c = 24.6. Thus he found 
that the equation for thermal transpiration for H 2 in cylindrical 
tubes of radius R was given quite adequately by the semi- 
empirical expression 


dp _ 

df " 


1 


1 + 2.46 


X R 

1 + 24.6— J 


with 1/X == 0.08753p(273/r) 1182 in the intermediate pressure 
range. 

For the case where dp/dT was so great that the differential 
form could not be used, Knudsen integrated the equation in a 
simple fashion. It appeared from this expression that the differ- 
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ential form is quite accurate in the region between 293 ± 20°. 
The general equation gives satisfactory values within 1 per 
cent, and it appears to hold at low temperatures within the 
accuracy which can be attributed to the certainty in the values 
of rj. Finally, it is to be noted that this accurate semi-empirical 
equation was developed on the basis of the theoretical expression 


dp 

IT 


1 + 2 


R2T 

X 


For small values of R/\, but such values as are not vanishingly 
small, it was assumed that the above equation held. The 
empirical equation reduces in this case to 


dp 

IT 


1 


i , o R2T 

1 + 2o x 


which can agree with the theoretical equation only if a — 1. 
Experiments show, however, that a = 2.46 in this region. The 
explanation of this discrepancy is not at hand. It may represent 
a defect in the theory or it can represent an error in the evaluation 
of a caused by adsorption phenomena. He concludes that if 
one can be free from difficulties due to adsorption (caused by 
gas liberation at heated points and adsorption at cool points), 
and if the theory is accurate, the method gives a new type of 
evaluation of the mean free path, X, in which X is compared 
directly to the tube radius. One can thus assume that the 
problem of thermal transpiration has been analyzed and devel- 
oped to a satisfactory degree of precision, even though as in all 
this intermediate pressure region the mathematical difficulties 
force a quasi-empirical form on the equations obtained. 

84 . Radiometric Forces in Gases. — It was remarked in Sec. 
82, where the force between two plates at different temperatures 
in gases at very low pressures was derived, that this phenomenon 
might be classed with the various other radiometric phenomena. 
In the sense that the forces involved are due to molecular impacts 
depending on differences of temperature at reduced gas pres- 
sures, they might be identified as belonging to the same class of 
phenomena as those usually termed radiometric. From the 
mechanical point of view, however, the resulting mechanisms 
are radically different in the two cases. The radiometric effects 
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which have mostly been used for measurements of radiation 
intensity are most effective and prominent in a pressure regime 
much higher than the regime investigated by Knudsen. Their 
maximum efficiency lies at about 0.05 mm of Hg, the exact location 
of the maximum depending, of course, fundamentally on the 
dimensions of the apparatus. Aside from the fact that the 
theoretical treatment depends largely on questions of design 
and has been but incompletely worked out, the pressure regime 
involved makes it scarcely more than deserving brief mention in 
this chapter. 

The repulsion of a radiated body under radiation was first 
observed by Fresnel. W. Crookes studied it beginning in 1873, 
and devised many different forms of the device. Among these 
was the well-known vane radiometer, in which light vanes 
blackened on one side were mounted about an axis free to rotate 
in a partially evacuated space. These radiometers are fre- 
quently seen in opticians' windows and are called after their 
discoverer the Crookes radiometer. Crookes found that the 
radiometric force was a function of the gas pressure, depended 
on the absorption coefficient of the wing surface, and was pro- 
portional to the intensity of radiation. Schuster showed that 
this was not due to light pressure. He suspended the chamber 
as well as the vane and found that the vane was moved relative 
to the chamber. This indicates that it was a relative force 
between vane and walls, and not the light pressure, which acted. 
Had it been light pressure, both vane and chamber would have 
been displaced. Donle investigated the forces keeping the 
pressure constant. The information gained by him and others, 
notably Nichols and Rubens, 34 and Nichols and Hull, dealt chiefly 
with the radiation side of the phenomenon and Nichols 36 devel- 
oped a very useful radiometer for the study of radiant energy 
based on this action. 

Even as early as 1874 the effect was ascribed as being due to the 
unequal bombardment of molecules produced on the two sides 
by differences of temperature. That actions of this sort do occur 
was seen in Sec. 82, where Knudsen's absolute manometer was 
discussed. The pressures where such simple actions occur are, 
however, much lower than those obtaining in Crookes' experi- 
ments, and it was soon noticed that the explanation given was in 
contradiction to the kinetic theory at the higher pressures. 
Many attempts were made in those days to explain and derive 
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quantitative theories for the phenomenon which would fit 
experimental facts. These largely failed for two reasons: In 
the first place, the pressure measurements until 1909 were not 
reliable, for it is only since Knudsen’s work that low-pressure 
measurement has reached any degree of precision. In the second 
place, very few of the experiments were ever correlated with the 
temperature measurements on the vanes. The importance of 
the latter will be seen in later discussion. As a result of the 
analyses of the phenomenon, two rival schools were set up. 
The first group contended that repulsion was due to a surface-area 
effect, and was proportional to the blackened surface. This was 
contended by G. J. Stoney 23 and by Fitzgerald. 24 On the other 
hand, Maxwell, 19 - 33 with his remarkably clear vision, contended 
that the large portions of the areas of the vanes were inactive and 
that it was only at the edges that one had any stress arising from 
inequality of temperature in the gas. 0. E. Meyer concurred 
with Maxwell in this view. On Maxwell’s theory, therefore, 
no forces other than edge effects could cause the pressure. 
Miss Edith Einstein again attempted to derive a theory for 
forces proportional to the whole surface, in which she carried on 
Maxwell’s calculations, using higher order terms. Of this, more 
will be said later. 

Subsequently interest again revived in this field, largely 
through the experimental work of Gerlach and Westphal, 26 
Westphal 26 and Gerlach 27 independently, and finally Westphal. 28 
Westphal in 1919 deduced a theory of the effects which virtually 
stood until 1924. In 1924, two theoretical papers appeared. 
One was due to Hettner and Czerny 29 and contained an experi- 
mental test of some of their conclusions. It dealt with the repul- 
sion type of radiometers, such as used by Nichols in radiation 
measurements. The other paper was by A. Einstein 30 and dealt 
in a semi-quantitative fashion with the Crookes type of radiom- 
eter. The content of these papers gives today a clear picture 
of the nature of the usual radiometric phenomena, and they will 
form the basis of this section. Suffice it to state that both 
indicate the predominance of the edge of the vanes in the two 
phenomena, thus establishing the correctness of the view set 
forth by Maxwell 19 * 38 in his paper. The work of Einstein has 
received partial experimental confirmation by Marsh. 81 

Just preceding the work of Hettner and Czerny, Miss Edith 
Einstein 32 worked out a theory of the radiometer for pressures 
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where the free path was not greater than the dimensions of the 
plates. This theory gave the variations of radiometric forces 
with pressure which were observed experimentally. The theory, 
however, led to radiometric forces proportional to the square of 
the heat flow in the gas. This would mean that the magnitude 
of the forces should be proportional to the square of the intensity 
of illumination, while the observed forces are proportional to the 
first power of the intensity. Furthermore, Czerny made measure- 
ments of the absolute magnitude of the radiometer forces which 
showed them to be 10 4 times greater than those calculated from 
Miss Einstein’s theory. From this Hettner and Czerny con- 
cluded that, while the effect predicted by Miss Einstein probably 
existed, it constituted but a small fraction of the observed effect. 

In seeking for an explanation, Hettner and Czerny reverted 
back to the theory of Maxwell discussed in Sec. 77, in which 
Maxwell concluded that, because of temperature gradients at the 
surfaces of solid bodies, tangential forces could be set up which 
would produce a streaming along the surface. Such surface gas 
currents Maxwell suspected might be the cause of the radiometric 
effects, and were the basis of his suspecting the edges as being 
the seat of action. The tangential forces assumed by Maxwell 
were, however, proportional to the second derivative of the 
temperature. They would, therefore, although playing a role, 
cause small effects compared to forces produced by the first 
derivative of the temperature. Maxwell 33 had also calculated 
forces depending on the first derivative, but had not applied them 
to the radiometer. 

The forces last referred to are, however, nothing other than the 
familiar forces discussed in the preceding section, and which led 
to the phenomenon of thermal transpiration. For very low 
pressures, this phenomenon was worked out by Knudsen, who 
also discussed the case at higher pressures. His considerations 
were worked out, however, for special cases, and were not partic- 
ularly adapted to the problem in hand. Furthermore, they 
were more or less first-order approximations. Maxwell’s con- 
siderations were much more general. In his time, the relations 
between molecular impacts and surfaces were not known. The 
later knowledge enabled Hettner and Czerny to carry the 
latter calculations through in a more rigorous fashion than had 
been done before. They, in general, used Maxwell’s method, 
which is based on the development of the distribution of velocity 
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functions as powers and products of the velocity components. 
As this method in the form used is beyond the scope of this text, 
the results of their calculations only will be given. Calculation 
shows that the velocity of the layer next the surface relative and 
parallel to it, u 2i is given by the equation 

_ du 2 _ 3 y dT 
U2 ~ ' dz ~ Infix' 


In this equation f is the coefficient of slip of the gas, f = 

- (Sec. 77), p is the density, y the coefficient of viscosity, 
HI p 

T the absolute temperature, and z is a length along the axis nor- 
mal to the surface, while x is the length along the axis chosen 
parallel to the temperature gradient. If for y one put K } the 
coefficient of heat conductivity for a monatomic gas, where 
K 
V 

du 2 1 K dT 
5 p dx 


— the equation becomes 


u 2 - f 


dz 


This equation gives the u 2 the same sign as the dT/dx, which 
signifies that the velocity is directed in the same sense as dT/dx 
is positive. That is to say, u 2 goes from cold to hotter points 


along the surface. 


If one neglect the slip term, u 2 = j ~ 

4 pi dx 


This for dT/dx = 1° for air at room temperature has the value 
392/p cm/sec. If the pressure p is 392 dynes per cm 2 , (0.294 
mm of Hg), the velocity will be 1 cm per sec. It is, therefore, 
obvious that currents with considerable velocities can be set up 
for even small temperature gradients. 

To compare their result with Knudsen's it is essential to cal- 
culate the tangential force — pi 2 exerted on the wall by the gas. 
Calculation gives 


“P 12 = 


y du 2 
2~dz 


3 _y _ 

4V^ 


4 . 


R dT , v 

MT dx + 2f Ui ' 


From the expression for u 2 above, du 2 /dz can be eliminated and 
then 


3 y l R dT y dv 2 

- Pu 2^%'VMfdF “r 
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Knudsen calculated —pn in Sec. 83 as 

dc e . 

-*» = -mm ai for a 16841118 gas - 

This transforms into 

nio HT dT 
~ Pli ~ -°- 19v ylMTdZ 

while Hettner and Czerny’s equation yields 


— Pn = 0.30?/. 


nr dT 

mtW 



Fi a. 52. 


The difference lies only in the numerical factors 0.30 and 0.19. 
Knudsen’s experiments gave twice the theoretical value for 
— pn, and thus Hettner and Czerny’s value is distinctly more 
satisfactory. 

To carry this over to the case of a radiometer, consider the 
system shown in Fig. 52. Plate I is heated with a temperature 
gradient such that the upper edge is warm while the lower edge is 
cold. Opposite it a cm away is plate II of uniform temperature 
throughout. There will be at the surface I a current from cold 
to hot of velocity Uq . The reaction to this will be a force on the 
vane downward. Call u a the value of u 2 at the plate II, that is 
a cm distant from The velocity u 2 will then be given at any 
point z by 

U* — Uq + (U a ~ Wo)“* 

a 
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The hydrodynamic equations between the plates are fulfilled, 
together with the velocity conditions imposed by the equations 
deduced, when 


Uq — 


u U a 


— Up _ 3 7 ? dT, 
a 4 pT dx 


and u a + £ Ua ~ - = 0 , whence it follows that 


, , 2f\ _ _3 j_dT 

(u a Mo)^l + a J 4 pT dx 

Under the conditions where the equation applies, a must be large 
compared to a free path, while the coefficient of slip has the 
dimensions of a free path. Thus 2f/a is negligible. The 
tangential force of reaction on the plane is then per cm 2 


— p 12 = 


dUz 

v dzl 



3 t? dT 
\apT dx 


As one can measure p i2 , and as a, p, T> 17 , and dT/dx are known, 
the theory may be tested. * 

It is now the question whether these tangential forces may not 
be able to explain quite a number of other of the radiometric 
effects. A qualitative discussion of a few of the more common 
types will be taken up at this point: 

1 . Rubens and Nichols designed a radiometer of the type 
shown diagrammatically in Fig. 53. Plate I is blackened and 
illuminated. Plate II is a conducting plate, or one that is uni- 
form in temperature and not heated. It happens from the 
geometry of the system that the illuminated plate has a tempera- 
ture gradient from the center C to the edges. The existence of 
such gradients has been proved experimentally by Marsh 31 on 
blackened radiometer vanes of mica, by direct measurement. 
He observed, at 1.2-, 0.4-, and 0.04-mm pressure, temperature 
differences of 0.16, 0.24, and 0.28° on two points, 1 cm apart, of a 
vane of mica 0.45 mm thick when illuminated on the blackened 
side by light from a Point-O-Light lamp. The one point chosen 
was 1 mm from the edge, the other at the center of the vane. 
As a result of this gradient the gas will flow along the heated 
vane from the cooler edges to the center. As the opposite vane is 


* This radiometric force has been measured experimentally by Hettner 
and Czerny 90 for He, H 2 , and air and has been found to agree in magnitude 
and variation with that deduced 
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cold and uniform in temperature, the return current of gas 
will flow from the center outward along the surface of plate II. 
Such a flow of gas as indicated by the arrows will, owing to gase- 
ous viscosity, build up a pressure in the center. Thus one will 
have repulsion between the two plates. Hettner and Czerny 
calculated the radiometric force for this case, but do not give it. 
It is stated that the forces in this case for the same ratio of plate 


Cold 



area to plate distance are greater than the one previously calcu- 
lated for the lateral thrust on the vane. 

2. If both surfaces I and II are illuminated, the currents then 
flow along both surfaces from the edges to the center. The return 
currents occur in the center. This arrangement therefore simply 
gives greater forces of repulsion compared to the hot and cold 
plates. 

Perhaps one of the most striking proofs of this mechanism is in 
those forms of radiometers where the motion can take place in 
the direction of the sharp edges. As the edge is cooler than the 
central part, it will cause the metal to be given an impulse in the 
direction of the edge while the gas streams in the opposite sense. 
An amusing form of such a radiometer is one made of two half 
cylinders of bright tin, mounted on arms placed on a pivot. 
On illumination, these rotate about the pivot with the concave 
sides leading. 

The actual calculation of the forces and their quantitative 
verification, however, must be confined to simple cases. It 
is quite clear that the conditions which determine this type 
of radiometric action are entirely too complex to permit of any 
exact calculation. Hettner 68 and, independently but later, 
Sexl 84 have calculated the radiometric forces on certain solids 
of simple geometric form suspended in a large gas space. Hettner 
works out the equations, using hydrodynamical considerations 
for the case of a sphere. Sexl works out the case of an ellipsoid 
of rotation which can be reduced to the case of a sphere and of a 
plane circular disc. Both of these calculations are exact and 
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rigorous and the equations agree in the case of the sphere, 
except for the numerical coefficient which is slightly different, 
due to a different definition of the mean free path in the two 
cases. The theories are tested in their application to the case 
of the photophoresis discovered by Ehrenhaft 89 and lately 
quantitatively investigated by Mattauch. 88 In this case, 
particularly at lower pressures, approximations must be made 
for the fact that at very low pressures the force is a surface 
effect and varies with p, while at higher pressures it is an edge 
effect and varies as 1/p. Knudsen, 62 in a later paper, makes a 
similar approximation for the case of intermediate pressures, 
all three approximate solutions leading to the experimentally 
discovered law of Westphal 36 in this region, which says that 
1 » 1 

= L _ where K is the force and a and b are constants. 
K a bp’ 


If in this equation one set y/ajb = p 0 , and log p/po = x, then 


\/ab 


— > which is the symmetrical law of Westphal giving 


K - _ , _ 

e* + e 

a maximum at x = 0 or p = p 0 . 

The analysis of Sexl 84 proceeds as follows. He considered 
an ellipsoid of revolution whose axis of symmetry lay along the 
x-axis, which also represents the axis of propagation of the radiant 
energy. The surface of the ellipse thus receives a temperature 
gradient giving rise to the Osborne Reynolds surface streaming. 
The forces produced by such flow can, for the case of the ellipse, 
be studied from the standpoint of classical hydrodynamics. 
The problem thus resolves itself into three steps: (1) the establish- 
ment of the velocity distribution law for a gas in which there 
exists a temperature and velocity gradient; (2) the calculation 
of the kinetic-theory boundary conditions at the surface of 
the ellipsoid; (3) the solution of the hydrodynamic problem. 
The calculation of item (1) follows in essence the Boltzmann 
H-function method of approach which Epstein has shown to 
be particularly adapted to this type of problem, and which is 
independent of the nature of the intermolecular impacts. This 
generalized calculation is beyond the scope of this text and must 
therefore be omitted. As regards the interaction of the molecules 
with the wall and the surface, Sexl assumes that the fraction 
/ of the molecules striking them is diffusely reflected in tempera- 
ture equilibrium with the wall and according to the well-known 
cosine law, while the fraction 1 — / molecules is elastically 
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reflected with the original energy distribution, the normal 
component of velocity being reversed. This is essentially one 
of the approaches to the accommodation problem taken by 
von Smoluchowski (see page 323) and the one which was shown 
to be the least satisfactory. It transfers the concept of Maxwell's 
/ for momentum exchange with a surface to the one for energy 
exchange. It is doubtful whether the use of / exclusively is 
correct. Actually for most solid vanes / = 1, while a, the accom- 
modation coefficient, is different from unity, particularly if one 
has different surfaces on the two sides of the vane. Thus for 
momentum transfer the use of an / is justified, but it is not 
justified for the evaluation of the energy of the escaping or 
reflected molecules. Application of the law of conservation 
of momentum to the case yields a value for the velocity of the gas 
at the surface of the ellipsoid, assuming a plane surface. The 
expression for the streaming velocity is of the same form as that 
obtained by Hettner. 58 The constant of Sexl's equation is, 
however, different as might be expected. 

Application of the hydrodynamical principles under these 
conditions gives the radiometric force R on the ellipsoid of 
minor axis b and major axis a as 


R = g^6Tb 2 - 2 x - a ° ■ 

n + 5 T xo + «o<x 2 

If the ellipsoid degenerates into a sphere, a = f>, a 0 = %, xo = 

2a 2 . This gives 6 2 -?— — — = Whence the force on a 
Xo + olo a 2 2 

spherical radiometer is 

R ' vk n + 5 T 8T ‘ 


Here L is the mean free path, p the pressure, T the absolute 
temperature, and n represents the number of degrees of freedom 
of* rotation and vibration active, i.e. } n — 0 for a monatomic gas 
(see Sec. 91). This expression agrees with that derived by 
Hettner 68 which reads 


K = ^ fyT = 4(0.49)’^7\ 

Hence, except for a numerical coefficient coming from the fact 
that the definitions of the mean free paths used in the two cases 
were different, the two equations agree. 
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The interpolation of this equation between this high-pressure 
form and the Knudsen low-pressure form predicts the results 
of Mattauch 88 on the photophoresis of small spheres quite well. 
If a be made so small that the ellipsoid degenerates into a disc of 

radius b, a 0 = 2 — xo = irab, such that b 2 -^—. — — 4 = 1 
’ b * ' Xo + «o a 2 

and Rduc is given by 


R 


disc 


14.72 pL 2 
n + 5 T 


ST. 


If I is the radiant energy falling on the surface per second, if Ki 

8T 

is the heat conductivity of the plate and 8 its thickness, K »— = J, 

o 

whence 8T = -^rl and one has 
Ai 


14.72 8 r pL 2 
n + 5 Ki T * 


This agrees very closely with an equation of Epstein 86 for a disc 
which is conducting. 

According to Sexl this equation agrees with experiment in that 
it makes R proportional to 1/p (L is proportional to 1/p), to /, 
and to the nature of the gas through L 2 . The sign will be nega- 
tive or positive depending on the sign of 8T. 

In a paper published simultaneously with that of Hettner, 29 
A. Einstein 30 treats in a qualitative but clear manner the theory 
of the action of the vane radiometer first made by Crookes. 
His considerations are as follows: 

1. Take a body small compared with the mean free path placed 
in a gas space of large extent in which there exists a temperature 
gradient. The homogeneous temperature flux lies along the 
z-axis. All molecules are considered as having the same velocity 
u except for small differences representing the temperature 
gradient. It is further assumed that the molecules move only in 
the directions of the coordinate axes. The mean free path L 
is treated as a constant. This schematic representation of the 
gas will give results of the proper order of magnitude. Using 
more rigorous methods will cause only small changes in the 
value of a constant factor, as is the case with all refinements of 
kinetic-theory treatment. 

Assume a surface element 8 whose size is small compared to L 
placed normal to the z-axis, and assume the absence of any mass 
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motion of the gas. Then exactly equal number of molecules pass 
through 8 per second in opposite directions equal to HiHNsu), 
where N is the number of molecules per cm*. To account for the 
heat flow, the velocity of the molecules u+ in the positive sense 
of the x-axis must be slightly greater than u and that of those 
on the negative side «_ slightly less than u. The heat flow sf 
through the surface is given by 

sf - lNsu(^u + * - 


If one call = %KT, and if one assume that u+ and u _ are 

appropriate to the temperatures existing at the place of their 
last collision ( i.e ., at L cm away from s), then one has in place of 
the above expression 


/- 


N„ r dT 

2 KLu -dx 


for 


1 Q dT 

\m(uy - uJ) = -ftffW 


In place of the surface area considered, let one now assume a 
small solid body of surface s. There will be more momentum 
given it per unit time from the positive side of the x-axis than 
from the negative side. Thus there will be an excess of momen- 
tum k in the direction of the positive x-axis. This is given by 

k — ^Nsu(mu+ — muJ). 


If the impulse given due to the recoil of the impacting molecules 
is neglected, then k will also be the force on this surface. From 
this expression and the preceding one, the following equation 
results 


k = 



1 L dT 
2 P T dx s ’ 


if it is assumed that u+ and are nearly equal to u , for 

sf = - w_)(u+ + u_) 

_ + uJ)' 

~ * 2 

or fs = ku, 

where p is the gas pressure. The quantity / is, of course, only 
the heat flow due to translational velocity. To get the velocity 
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v of the particle the frictional force K ' of the gas on the particle 
must be calculated. This force arises from the fact that the 
particle gives every molecule it strikes the impulse mv . A simple 
calculation gives this as follows: Call v the velocity of the particle, 
and m its mass. The molecule striking it from behind gives 
2 m(u — v) of momentum to the particle, the one striking from 
in front gives —2 m(u + v). The number of collisions from 
behind in unit time is }iNs(u — v ) and from in front is %N$(u + 
v). The net momentum transfer in unit time is 

-As • 2 m[(u — v) 2 — (u + v ) 2 ] — -Amf— Auv]. 

O o 

The resisting force K' is, therefore, 

K' = -^Nsu(mv). 


Equating k and —K’, 

= i _L - _I k*l - II 

V 4 RT 8 U Tdx 4 p’ 

This velocity can be quite appreciable, and if the particle is small 
compared to L the velocity is independent of s as the equation 
shows. If L is 0.1 cm, dT/dx = 30, T = 300°, and in H 2 gas 
one obtains v of the order of 10 2 cm/sec. At atmospheric pressure 
this would be 0.1 mm/sec. 

2. Consider next the effect of a small hole in a large thin parti- 
tion placed normal to the heat flow. It is well known that in a 
vessel, even if its temperature is not uniform, there exists an 
equality of pressure. This holds as long as the dimensions 
considered are large compared to a free path as seen in Sec. 83. 
Thus if the small elements of the preceding paragraph had 
been replaced by a large plane normal to the temperature flow, 
even though a temperature difference existed on both sides, the 
pressures would be equal. Every molecule striking from the 
negative x-direction has a velocity u n on striking and leaves with 
a velocity u in the direction of the negative x . v n such impacts 
occur per second per unit area. The quantities u v , u } and v v are 
the corresponding quantities on the positive side of x. It is 
assumed that u, the velocity of recession, is the same in the 
positive and negative senses of x . The condition for equality 
of pressure is that the total pressure p = mv n (u + u n ) 388 
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mvpiu + Up ). Moreover, the heat flow must be the same on 
both sides of the plate, which is expressed by the equation 


/- 



v v m 

~2~ 


( u 3 — u p 2 ). 


Dividing the second equation by the first, 


2 / 

— = U n ~ U = U — Up. 
V 


If this be placed in the expression 

/p p p 

— = v n (u + u n ) = and if — ~ — - be called v and 

m A 

set equal to then — = and — = ^2w — — Y 

6 m \ p f vfi \ p / 

Whence 


Vp — V n 



Vp) 


6 p 


If there were a minute hole of surface s in the plane, then ( v v — 
v n )s more molecules would pass through in the sense of decreasing 
x in unit time than in the other sense. Thus the hole would have 
a current of gas of velocity v given by v v — v n = — Nv passing 
through it. From this equation and the preceding equation, 
therefore, 


Both these considerations belong really to the pressures in the 
Knudsen regime. They, however, furnish a clue to the problem 
of the radiometer at higher pressures, for consider a vane of area 
large compared to a free path but placed in a vessel whose dimen- 
sions are larger than that of the vane by many free paths. At 
some distance from the edge of the vane, equality of pressure will 
exist as deduced above. At some distance beyond the edge of 
the vane, if a temperature gradient exists, conditions will obtain 
in which a minute body would experience a force sf/u . At the 
edges of the vane a gradual transition will occur between the two 
conditions. The width of the zone where this occurs will have 
the dimensions of a free path L. There will thus be a force 
normal to the edge of the vane whose value per unit length of 
edge is given by 


fL 


1 L 2 dT 
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This will occur as long as the plate or vane is large compared to 
the free path. 

Einstein carries this over to the case of the vane warmed on 
one side only. To get this expression from the equation above, 
one must convert dT/dx for the gas into AT, the difference of 
temperature on the two sides of the vane. On page 317 the 
relation between the energy transport through the gas and the 
temperature difference was given by Knudsen as A E = eApAT. 
dT 

In this case AE = K-r-’ where K is the heat conductivity. 


Baule 7 has evaluated - as - = 

e e n + 4~ 

v 15 R-r\ 

K - -m ’ ’ 


and Bleibaum 87 uses 


/ M 

0.78 Lp x (see page 363 as well). Putting 


these equations together, one has AT = where B is a 

constant depending on the nature of the gas and the numerical 
values above. Placing this in Einstein’s equation 


K _ 1. L'dT _ A T 

K = ~2 P T Tx = 


Einstein himself does not give this transformation but merely 

AT 

gives the approximate equation K = — (setting B' = 1), 

as the force per unit length of edge. 

It is seen that the equation predicts a force which will move the 
vane from the warm to the cold side. The force is not propor- 
tional to the area of the vane, but to the area of a strip along the 
edges one mean free path wide. Furthermore, in the radiometer 
heated on one side the force should be independent of pressure, 
for pL is a constant independent of pressure. 

To test this out Marsh, Loeb, and Condon 37 made radiometers 
having vanes suspended from a quartz fiber. These vanes were 
so constructed that they had equal area moments about the sus- 
pension, but their edge moments were greater on one side than on 
the other. On illumination, such vanes always deflected towards 
the side of greater edge moment. The deflections were not in the 
ratio of the edge moments, however. Later investigation by 
Marsh 31 showed that this was due to the fact that the deflection 
is proportional to AT as well as to the edge moment. The side 
of the vane with the greater edge moment was, by measurement 
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of its temperature, found to be markedly cooler than the side 
with the smaller edge moment. This was in keeping with the 
cooling effect of the edges mentioned by Hettner and Czerny. 
Again, the deflection should be independent of the pressure. A 
fourfold increase of the deflection was observed from 0.4 to 0.04 
mm. It was found that the quantity AT also increased by a 
factor of 3 for the same pressure change. As the accuracy of 
temperature measurement was not high, it is impossible to say 
whether or not all the change in deflection with change in pressure 
could not be ascribed to changes in A T, Finally, the equation 
given by Einstein, which is good in order of magnitude only, 
was checked by actual measurements of the forces on the suspen- 
sion, and the values of p, L, AT, and T observed. The force was 
found to be 0.02 dyne per cm of edge at a pressure of 0.03 mm. 
The Einstein equation gave a force of O.0& dyne per cm of edge 
at the same pressure and with the value dt AT observed. This 
agreement is good considering the experimental uncertainties and 
the undetermined constant in the equation. 

The field needs further careful experimental work under con- 
trolled conditions and with a knowledge of the temperatures 
involved. Work of this nature would help a great deal to guide 
further theoretical investigation. 

The equation of Einstein was unfortunately deduced on a 
basis of reasoning which was not strictly accurate. This was 
shown by Sexl 83 for the case of a body of dimensions small 
compared to L in a temperature gradient. Einstein, page 375, 
wrote that 

k = ~ Nsu(mu+ — muJ). 

Sexl points out that in a stationary state with a temperature 
gradient normal to the small particle, one cannot write the 
expression as above assuming N = N+ = AL., hence 

k = £$(iV+7ym+ 2 — N-muJ) = 0, 

o 

for in this case the quantities N+/N- = «_*/«+* in the body of 
the gas. This fact is not inconsistent with the observed radio- 
metric forces as Sexl points out, for these arise when are 
different on the two sides of S, i.e., when there is a temperature 
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difference present. According to Bleibaum 87 and apparently to 
Sexl, 88 * 84 despite the difficulty mentioned, the reasoning of Ein r 
stein is in essence correct, for since pressure equality holds for 
surfaces large compared with L while in the space outside small 
particles suffer a radiometric force (whatever the origin), there 
is a radiometric edge effect along a strip of the dimension of L 
at the edges. This effect is further borne out by all the experi- 
ments such as those of Bleibaum, 87 and Marsh, Loeb, and Con- 
don, 37 and Knudsen. 82 Bleibaum goes further and assigns to 
the single-vane radiometer an action based on the Einstein effect 
alone, while, as Hettner and Czerny 28 * 90 show, the action of the 
fixed vane-moving vane radiometer is determined by the surface 
streaming. Certainly, as shown by Hettner and Czerny 90 
(page 369), the Osborne Reynolds forces definitely play a r61e 
in the case of a single vane. Both Hettner 58 and Knudsen 82 
show diagrammatically how the Osborne Reynolds streaming 
can cause a radiometric action on the single- vane radiometer in an 
enclosed space, though it appears possible that these considera- 
tions will be modified by relative dimensions. It must be 
clearly stated that the Einstein effect and the one due to Osborne 
Reynolds streaming are different and must not be confused. 
The difference lies in the fact that, while the approximate 
equation of Einstein gives the force K per unit length of edge as 
AT 

K = — B 'pL-^-* and hence the force on a vane of perimeter l as 
AT 

R' = Kl = — B'plL-jr* the exact equation of Sexl 84 for a circular 


14.72 T2 AT 

disc or plate gives R = — — * 


Hence the Einstein 


effect is independent of pressure and depends on vane perime 
while the Osborne Reynolds effect as deduced by Hettner 68 ^ 
Sexl is proportional to 1/p (since L is proportional to 1/p) and 
independent of the size of the disc. Dependence on edge le: 
has indubitably been shown for larger vanes by several * ?"■ 
gators, and pressure independence within the limitat ons 
temperature variations has also been shown. The Hettnr p 
equation has been checked only quantitatively for very ia ^j c 
particles (about L in dimensions, i.e., for photophores 
this only by use of a semi-empirical equation since in thin 
of dimensions an intermediate equation between th i*.; — 
equation and the Sexl equation could be applied. ' — . 
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states her belief that at higher pressures than 10~ 2 mm of Hg 
the Osborne Reynolds phenomenon must play an important rdle, 
though more work must be done in this field to give a decisive 
answer. Knudsen, 62 as will later be seen, discusses the semi- 
empirical equation from the point of view of the edge effect. It 
is probable that both effects occur and that the predominance of 
one or the other depends on the material, size, shape, and sur- 
faces of the vane, the dimensions of the gas space, and the method 
of heating. 

Before taking up Knudsen 1 ® latest contribution, one or two 
more theories must be mentioned. One is due to Sterntal 85 
which makes the radiometric effect at higher pressures an effect 
dependent on surface area. His equation utilizing the effect 
of the nature of the surface (accommodation coefficient) accord- 

v d,T 

ing to Bleibaum, 87 gives the pressure P = -j* “ Wh— -r- in 


R' 

contradistinction to the Einstein law which reads K = ~j = 


k"L 2 ~ — ~ It has, however, been shown by Sexi 84 that the 

law of Sterntal violates the law of conservation of momentum 
and is therefore incorrect. In an abstract P. S. Epstein 86 gives 
two equations for a thin-circular-disc single-vane radiometer 
at pressures where the dimensions of the vane are > >L, whose 
derivation is not available. These equations give the radiometric 
forces Ri'., and R 2 for the case of a vane with poor heat conduction 
(R\) and one with good heat conduction (R 2 ) as 


Ri’ = and R 2 


2.66 S pL\ 
Ki T 


p, IP, and L have the same meaning as before, while K a is 
(1 neat conductivity of the gas, Ki that of the vane material, a is 
* Msc radius, and 8 is its thickness, while I is the radiant energy 
f ' ri on unit area of surface. The equation for R 2 ', except 
a slight difference in numerical constants, agrees with that of 
tij, 'page 374). If the heat conductivity of sooted mica is 
me*^ ed poor, it is possible that the equation for Ri will agree 
hea results of Marsh as it is proportional to the perimeter. 31 
sati ‘Uations merit experimental test. 

K- 4 J tf 2 in his admirable paper on radiometric forces and 
thei\ ration coefficient, discusses the expression for the vane 
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radiometer at low pressures when two sides have different accom- 
modation coefficients a/ and a" for translatory energy. In 
this case the vane is uniformly heated to a temperature Ti above 
the gas and is isolated in space. He heats the vane which is 
conducting either electrically or by radiation. The pressure 
difference set up on the two sides at low pressures then is 

p' _ p " = P(r 4 1 To — (a/ - a,"), (page 322) when Ti - T 0 is small, 

where T i is the temperature of the vane or strip, T 0 that of the 
gas, and p' and p" are the pressures on the sides of the vane hav- 
ing accommodation coefficients a t ' and a respectively. Thus, 
if ai is greater than a/', p' will be greater than p", and the 
vane will move toward the side of lower accommodation coef- 
ficient. The motion in this case is opposite to that for the vane- 
plate radiometer blackened on one side, shown in Fig. 53. At 
higher pressures Westphal 28 found that log p plotted against 
V ' - p" gave a curve which is symmetrical about a maximum 
value (see page 372). This relation, as previously shown, 

demands that p' — p" = -- — > where a and b are constants. 

— + bp 
ap r 

Knudsen observed small but practically negligible deviations 
from Westphal's law so that he uses it. This gives a semi- 
empirical relation for the general radiometric equation good 
for all pressures, of the form 

y - y. . ~ ‘K ~ 

1 + b,p + cip 2 

which fits his observations in He and H 2 a dmir ably Here 
a t ’ - a," and the constants h and ci vary very little with T h 
These experiments were carried on with a constant T i - T» 
which was maintained by heating the strip. Since the radi- 
ometer effect is an edge effect at higher pressures (at which c$* 
predominates), c, must be proportional to the breadth B of tfej 
vane. (In Knudsen’s case the vane was a long narrow strip.) 
Hence Ci = CB. For small values of Ti — T 0 the equation 
reduces to 



p' - p" 1 

Ti - To 4 To 
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If B is in cm, y/C = 0.0105 for He and 0.0149 for H 2 , while 
6i = 0.00545 for He and 0.00819 for H 2 . The quantities b\ and 
y/CB must have the dimensions of 1/p. When y/CB = 1/p, 
the forces have a maximum and 



Experimentally bi is nearly y/ CB. Setting hi = y/CB } one 
obtains 



Thus to get the maximum forces for a given area, B must be made 
small by cutting the area into strips. 

This study of the radiometric forces differs from the preceding 
cases as it maintains a constant body temperature and measures 
forces due to edge effect and accommodation coefficient. Hence 
in this case the maximum is reached at higher pressures than 
for the case where the vane is illuminated by a radiant source. 
In the present case T\ — To is maintained constant, while, as 
p varies with the irradiated vane due to changing gas conduction, 
T i — To decreases rapidly, thus bringing the maximum effect 
at lower pressures. Knudsen 80 analyzed the gas motion in the 
case of the strip placed along the axis of a cylindrical tube. 
The blackened side with a higher a/, and thus an equivalent 
higher gas temperature adjoining it, causes a streaming from the 
cold side a/' to the warmer side. Hence the streaming causes a 
reaction on the vane from the blackened side to the polished side. 
It acts as if the gas on the blackened side had a higher tem- 
perature and hence higher pressure than that on the polished 
side. The narrower the tube and hence the less space for 
equalization, the greater the pressure should be. Hence for 
this type of reaction it is clear that the exact equations must 
contain terms involving the shape and dimensions of the con- 
tainer. Knudsen attempted to find a relation between radio- 
metric force and the energy emission from the two sides of the 
heated strip. The results were quite complicated and no 
satisfactory relations were established. 

Knudsen then constructed a torsion balance. On one side 
there was a long narrow strip of Pt with the front blackened and 
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the rear polished. On the other arm the system consisted of two 
strips of Pt with polished sides towards each other and separated 
by thin glass strips. The front side of this double vane was 
blackened and the other side was polished. Each strip could be 
illuminated separately from either polished or blackened side. 
With this arrangement the single strip being a good conductor 
allowed of a comparison of the effects produced by the difference 
in accommodation coefficients alone, when illuminated. Illumi- 
nation on both sides of the single strip produced deflections away 
from the blackened side, the one with the blackened side illum- 
inated being the greater as T 1, the vane temperature, was 
greater in this case in virtue of greater absorption. This effect 
is clearly explained as due to a difference in the accommodation 
coefficients as the temperature was sensibly the same on both 
sides of the strip. 

In the case of the double vane, the effects were such that at low 
pressures the illuminated side was always repelled. This simply 
meant that, while accommodation coefficients played some rdle, 
the higher temperature of the illuminated side produced an effect 
which preponderated over that due to difference in accommoda- 
tion coefficients. The force on the double vane at low pressures 
when the blackened side was illuminated was four times that 
of the single vane so illuminated, thus showing directly the effect 
of temperature difference. At high pressures the force on the 
double vane was away from the blackened side on illumination 
of either side in the same fashion as for the single vane at all 
pressures . Under these conditions, the higher gas pressure 
increased gaseous conduction between the two sides of the double 
vane so that the temperatures on the two sides equalized and 
the side with the higher accommodation coefficient experienced 
the greater force. At very high pressures the forces on single and 
double vane were nearly equal with either side illuminated. 
When air with a low heat conductivity replaced the H2 gas used 
above, analogous results were obtained, except that at high 
pressures the double vane always showed greater forces than 
the single vane. When the double vane was illuminated on 
the polished side, the force was always away from the source of 
illumination since the blackened side never reached the tem- 
perature of the illuminated side, owing to poor conduction 
between them in air, even at higher temperatures. Knudsen 
also used two strips of the same length and thickness, one being 
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one-half the width of the other. The force on the narrow 
and broad vane was the same at higher pressures, showing the 
edge effect quite clearly. This equality held from 33.5 mm of 
Hg to about 1 mm. Below this pressure the broad strip began 
to show the effect of its greater area (the wider strip was 3 mm 
wide, 45 mm long; the other had the same length but was 1.5 mm 
wide, and both were 0.0026 mm thick). At very low pressures, 
i.e.j in the Knudsen regime, the force on the broader strip was 
about twice as great as on the narrower strip. 

The result of Knudsen's investigations thus adds the following 
important facts to the knowledge concerning the nature of 
radiometric forces at higher pressures. The force is again 
shown to depend on the edge length and not on the area, until 
the pressures are such as to bring one to, the Knudsen regime in 
which the area is the determining factor. The effect is shown 
to depend on a real or effective difference of temperature of the 
two sides, the forces being such as to cause the force on the 
warmer side to predominate. A vane with different accommoda- 
tion coefficients on the two sides but having sensibly the same 
temperature on both sides will cause the side with the larger 
coefficient to have the greater force exerted on it, just as if it 
were the warmer side. This force, due to a difference in the 
value of the coefficient on the two sides of the vane, is of appre- 
ciable magnitude even at the higher pressures. The gaseous-heat 
conductivity can play an important r61e in altering the tem- 
peratures of the sides of the vanes in cases where the heat 
conductivity of the vane material is low. These facts must be 
considered in any investigation of the nature of the radiometric 
forces at different pressures. 

One may then summarize the results of the investigation of 
the action of the vane radiometer at higher pressures as follows. 
The effect is an edge effect in part of the Osborne Reynolds 
type and in part of the Einstein type. The predominance of 
one type over the other doubtless depends on the particular 
disposition of the vane and adjacent surfaces in the gas space, 
as well as material and construction of the vane, and at present 
no exact general and comprehensive single theory of the phe- 
nomenon exists, although theories applicable to either phe- 
nomenon and special cases have been derived. In this direction 
much more experimental study is needed. In the discussion 
of these forces it is essential that the temperature distribution 




CHAPTER VIII 


THE REALITY OF MOLECULAR MOTIONS, BROWN- 
IAN MOVEMENTS 

85. Introduction. — In the preceding seven chapters the kinetic 
concept of a gas and its consequences was developed in some 
detail, and the development in many cases resulted in predictions 
which were more or less successfully verified by experiment. 
Thus in more recent years the predicted velocities of silver atoms, 
the distribution of velocities, and free paths were directly measured 
and found to be in agreement with the theory. Furthermore, 
the representation of the various constants of transfer discussed 
in Chap. VI in terms of the kinetic theory at an early date 
furnished strong indications of the correctness of the assumptions 
of the kinetic hypothesis. However, while these predictions 
were fulfilled, until 1908 no direct proof of the fundamental 
assumption of the kinetic theory existed; to wit, no proof of the 
continuous and eternal heat motions of the molecules was known. 
To place the kinetic hypothesis on the basis of a proper theory, 
such a proof was absolutely essential, and it was due to the lack 
of this evidence that the proponents of the school of energetics 
(see Chap. I) had a legitimate foundation for their criticism of the 
kinetic conception of gases. 

Again, before 1908, there was no direct means of estimating 
the Avogadro or Loschmidt’s number N, that is, the number of 
molecules in a gram-molecule or in a cm 3 . It is true that the 
quantities N and a, the molecular radius, were bound together 

in the equation for the mean free path, L = — , and it is 

V 2ir<r 2 N 

clear that if <r could be evaluated N could be determined. Pre- 
vious to this date attempts had been made to evaluates from the 
limiting thickness of soap-solution films just before they break 1 
{i.e., where the film was supposed to be two molecules thick), and 
from the value of Van der Waals’ b . 1 The first method gave very 
crude and uncertain resuU ->f * ’ r of ten times the value of 

<r obtained from b taken ... .at- critical data. Clearly then, it 
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remained for a direct determination of N } and a direct proof 
of the heat motions of the molecules to establish the kinetic 
hypothesis on the firm basis of an acceptable theory. 

These conditions were realized at one stroke through the genius 
of the French physical chemist, Jean Perrin, 2 in 1908, by a study 
of the Brownian movements. By means of these movements by 
two independent lines of reasoning, based on the assumptions that 
they were the result of molecular motions, Perrin was able to 
obtain a value of N in good agreement with the value of N calcu- 
lated from tr from the critical data. The value of N thus obtained 
was alsd in satisfactory general agreement with the early rough 
values of N obtained by Millikan 8 and Rutherford 4 from Ne and 
the value of e the unit electric charge by entirely different means. 
The agreement of observations on the Brownian movements 
with the equations derived, assuming them to be the result of 
molecular impacts, definitely established the real existence of the 
assumed heat motions. Later experiments of Millikan and Flet- 
cher 6 using minute electrically charged oil drops in air giving an 
accurate value of the Faraday constant Ne verified the assump- 
tions in a still more striking manner. The theory and the results 
of these measurements will constitute the body of this chapter. 

86. Brownian Movements. — In 1827, an English botanist, 
Brown, observed that in aqueous suspensions of fine inanimate 
spores the spores were apparently in constant motion dancing 
hither and thither in the field of the microscope without apparent 
rhyme or reason. He extended his observations to suspensions 
of a large number of inorganic substances, the so-called colloidal 
solutions, and found it to be a general phenomenon. His 
observation of the motions led him to venture the idea that 
the motion was due to the unequal bombardment of the particles 
on various sides by the molecules of the liquid executing their 
heat motions and that they were therefore a manifestation of 
molecular heat motions. This started a violent controversy and 
a long line of experimental investigations by now nearly unknown 
investigators which definitely terminated only with the quantita- 
tive experiments of Perrin. The investigations preceding the 
work of Perrin established the following facts, which in a qualita- 
tive fashion pointed quite strongly to the correctness of the 
tentative explanation of Brown. These facts are as follows: 

1. The motions are complete^ irregular and random. No two 
particles in one lofttHty are taidvihg in^the same direction at the 
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same time. The motions are also independent of the location of 
the particles in the observation chamber. Thus they cannot be 
due to eddy, convection, or streaming motions in the liquid. 

2. They are independent of jarring or shaking of the vessel. 

3. The lower the viscosity of the liquid the faster the motion. 

4. The smaller the particles the greater the motion. 

5. Two particles the same size move equally fast at the same 
temperature. 

6. The motions are continuous and eternal, that is, the colloidal 
quartz particles in the liquid suspensions included in certain 
quartz specimens that are thousands of years old still show the 
Brownian movements. Thus these cannot be attributed to 
special types of physical activity, such as is displayed by camphor 
on a clean water surface, for such actions cease after a short 
interval of time. 

These results indicate first that the njotions are properties of 
individual particles, that each one of these acts independently, 
and that local convection currents, streaming, and mechanical 
agitation are not the cause of them. The variation of the motion 
with size, viscosity, and temperature is in agreement with the 
concept that they are due to unbalanced forces of the molecular 
type. Finally, the eternal nature of the motion suggests that 
the energy cannot come from the chemical or electrical properties 
of the suspension and the only source of energy of this duration is 
the ever-present heat motion of the liquid molecules. 

Accepting Brown’s hypothesis then, the following picture of 
the processes at work may be drawn. The suspended particles, 
large compared to the molecules of the liquid (perhaps milliQns 
of times larger) are being continually bombarded on all sides by 
molecules of the liquid executing their heat motions. If the parti- 
cles are sufficiently large, on the average, equal numbers of mole- 
cules strike them on all sides each instant. For smaller particles, 
from the laws of chance, the numbers striking various sides each 
instant may not be equal. Thus the particle at each instant 
suffers an unbalanced force due to the inequality in the number of 
molecular impacts on different parts of the surface. The result of 
such an action is a force causing the particle each instant to move 
this way or that in response to the force, its motion being opposed 
by the viscous drag of the liquid. Thus the particles act just like 
very large molecules in the liqu.4 and the motions they exhibit 
should be exactly analogous to the «real motions of the molecules. 
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It is the similarity of these large observable particles to molecules 
that Perrin used as the basis of one of his proofs, for if these 
particles differ from molecules in their behavior in respect to 
heat motions just in size, they should obey the laws of partial 
pressures and of molecular atmospheres. Also if the particles 
are moved hither and thither by the unbalanced forces of the 
liquid, the mathematical theory of the amplitude of their motion 
in a given time for particles acted on in the fashion deduced by 
von Smoluchowski and later independently by Einstein should 
be applicable to this case, and the dependence of the amplitude 
on various factors, such as temperature, size, and viscosity, should 
be in accord with that observed. The test of this equation con- 
stitutes the second of Perrin’s methods of attack and it will be 
the task of the next two sections to derive the relations and indi- 
cate the success of the measurements. 

87. Brownian Movements and the Law of Atmospheres. — 
The study of the physical chemistry of solutions has shown that 
molecules of dissolved substances in a liquid behave in many 
respects as if the same molecules were moving freely as gas mole- 
cules in empty space. Thus the molecules of 342 grams ( i.e ., 1 
gram-molecule), of cane sugar dissolved in 22.4 liters of solution 
act very much as if they were molecules of sugar vapor at a 
pressure of 1 atmosphere at the existing temperature, that is, they 
execute heat motions and exert a partial pressure on the walls, 
commonly known as the osmotic pressure. By using heavier 
molecules than sugar, the case is not altered, for there is no change 
in the observed laws with molecular weight. There is no reason 
why the molecules to be discussed, even if they have the size of 
colloidal protein molecules visible as diffraction patterns in the 
ultra-microscope, should not show exactly the same behavior as 
sugar solutions of low molecular weight. 17 * It is, therefore, not 

**It appears now that, in spite of the views of certain colloidal chemists, 
colloidal particles in suspension do not differ essentially from crystalloidal 
particles in solution. Their chief difference lies in their greater size, which 
makes them unable to pass through certain filters and which also enables 
them to scatter light. They are also at times electrically charged, the charge 
being very active in preventing agglomeration and precipitation. Certain 
crystalloidal solutes (the ions), however, also exhibit charges in solution 
whose nature may not be very different from that of the particles above. 
They also follow the laws of osmotio pressure. It is possible that the 
charges on Perrin’s particles might have affected his results. Apparently, 
he chose particles where this was not the case. That he did so is evidenced 
by results of later workers who oould not check tome of his results. 



MOLECULAR MOTIONS , BROWNIAN MOVEMENTS 393 


unlikely that the laws of solutions and hence of gases are justifiably 
applicable to suspensions of colloidal particles in liquids. It was 
this analogy which lead Perrin to the first of his considerations. 

Assuming that the colloidal particles in a suspension may be 
compared to an atmosphere of molecules in free space, say the 
nitrogen molecules of the atmosphere, it is possible to proceed as 
follows. The nitrogen molecules of the earth’s atmosphere are 
in constant heat motion. Due to this, they are moving equally 
in all directions. At the same time they are acted on by gravity. 
Accordingly, those in the outer layers have a resultant force 
urging them towards the center of the earth, that is, there is a 
pressure exerted by them on the next inner layer of molecules. 
These, in turn, are attracted inwards, and they add the force of 
attraction upon themselves to the pressure exerted on them by 
the outer layer. Through their heat motions the pressure is 
transmitted from layer to layer of the gas, becoming continually 
greater as the center of the earth is approached. Since the 
pressure acting from above increases the density of the gas, more 
molecules are crowded into each successive layer than there were 
in the layer before. Hence the attractive force on an inner layer 
will be greater than on the next outer one and the pressure will 
increase more rapidly than by a linear law with the decrease in 
distance from the center. Also, the heavier the gas molecules 
the greater the gravitational force on each layer, and hence the 
more rapidly the pressure will increase with decreasing distance 
from the center. Thus for nitrogen there is an atmosphere like 
that of the earth — tenuous outside, dense at the surface. For 
molecules like sugar that are some 10 times heavier than nitrogen 
it would be necessary only to go up a distance as high to reach 
the same fractional density as is exhibited by the atmosphere. 
For colloidal particles whose mass may be 10 6 times that of the 
sugar molecules the fractional change in density, which in the 
atmosphere requires kilometers in height, will occur in milli- 
meters in colloidal suspensions. Thus if the colloidal particles 
showing Brownian movements act exactly as if they were large 
molecules, their motions being due to the heat motions of the 
molecules of the liquid, a colloidal suspension should show a change 
in density for different layers depending on the mass of the parti- 
cles, but exactly analogous in form to the changes in density of 
the earth’s atmosphere. To study this, the law of atmospheres, 
which was originally due to Laplace, must be deduced. 
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Consider a cylinder of gas of cross-section a and also one of the 
layers mentioned above dh cm high. Call the pressures on its 
bottom and top p and p r . Then p > p', for the mass of the layer 
dh acted on by gravity has been added to p' to make p. Thus 

p — p' = This merely says that the force of gravity 

a dhpg acting on the gas divided by the area a is the difference in 
pressure p — p'. Here g is the constant of gravity and p is the 
density of the gas in grams per cm 3 . Hence 

j t Mgdh 

dp = p — p = —dhpg = — — 


the minus sign indicating that as h increases p decreases. Here M 
is the mass of a gram-molecule of gas, and v the corresponding 

volume p = Since it was assumed that the Brownian 

particles act like nitrogen molecules, it is legitimate in the rough 
calculations to follow to assume that Boyle’s law holds. Then 
for such particles as for N 2 one may approximately write pv = 
R a T, where v and R A refer to a mol, and one has 


or 


dp = — 


Mgdh 

RaT 


V 


dp 

V 


Mg ,, 
- - R7T <'*• 


Integrating this from p = ’p 0 at^ = 0, top = pat h = h> 


C p dp __ __ Mg 

Jp„ p “ R * f 


J* dh, log p - log p 0 


Mg . 

P = p 0 e r a t 


Mg 

RaT 


h 


Further, since the number of particles or molecules per cm 3 , n 0 
and n, are proportional to p Q and p, respectively, 

- M ±h. 


This is Laplace’s well-known law of atmospheres and it expresses 
precisely how the number of particles or molecules per unit 
volume will vary with distance from the earth’s surface. * The 
*This law is also a consequence of the law of equipartition of energy 
(see p. 93). 
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equation may be modified a bit further by replacing M, the gram- 
molecular mass, by mN A , the mass of a single particle times the 
number in a gram-molecule, hence 


n a 


Thus the density of particles increases exponentially as the height 
decreases. The rate of increase is greater the greater the mass m 
of the particles, and the lower the temperature. If the values of 

?n, g , ft, R, and T were known for a given — and ft, N At the Avo- 

Tlo 


gadro number, could be found. 

In the colloidal particles in solution the force of gravity acts on 
the particles which are buoyed up by the liquid in which they are 


suspended. Thus mg must be replaced by m ( ~D~ ) gl where d 

is the density of the liquid and D is the density of the particles. 
If V is the volume of the particles, then 


IL « e ~R A T m 0 ““ i>)° h 

n 0 

n a 

pV(Z> - d)oh. 


In the logarithmic form this becomes 

'<-& -«>*»• 

To test this experimentally, Perrin used colloidal suspensions 
of gum mastic and of gum gamboge. These could be prepared 
by dissolving the gum in alcohol and then pouring the clear solu- 
tion into water. In this way clear spherical globules of the sub- 
stances appeared, of which the smaller ones showed the Brownian 
movements very nicely. The equation to be tested, however, 
demands the Form for all the particles considered be the same. 
To insure this, Perrin separated particles of one size from the 
assorted groups present in the initial emulsion by fractional centri- 
fuging. These were then placed in small cells kept at constant 
temperatures by water baths and placed on the stage of the micro- 
scope. Since the depth of focus of a microscope is very sharp, 
the number of particles in the field F of the microscope and of a 



396 


THE KINETIC THEORY OF GASES 


depth dh could be easily counted. By raising or lowering the 
microscope, the numbers n at different levels in the volume Fdh 
could be counted at different depths. The value of h for different 
settings of the microscope yielding a number n could be read 
accurately from the graduated head of the adjusting screws of the 
microscope governing its distance from the solution. Thus n Q} n, 
and h starting at some arbitrary depth in the solution could be 
determined. The counting of moving particles in the field was 
difficult, due to the motions. This was overcome by reducing 
the field so that about 10 particles appeared at one time. Perrin 
then counted the number in the field (the bursts of 0 to 10 parti- 
cles) at various successive intervals of time. By averaging a 
large number of counts and knowing the area of the field of 
the diaphragm, he was able to arrive at a fairly accurate value 
of n. / 

The most serious difficulty in the measurements lay in an 
evaluation of m or V, and D. D was determined in three ways: 
(1) by the use of the pycnometer; (2) by direct measurement of 
the density of the fused dry gum; (3) by adding KBr, or a salt of 
known composition, to the solution to increase the density of the 
liquid until the density of the suspending liquid was so near that 
of the particles that violent centrifuging would not separate the 
particles. 

1. The pycnometer method consisted in filling the pyc- 
nometer first with distilled water, and then with the suspension 
at the same temperature, and weighing it. The emulsion was 
next evaporated to dryness and the resin desiccated at 110°C. 
and weighed. The dry weight gave the mass of the gum particles 
present. The difference in the weight of liquid and distilled 
water gave the excess in mass of all the particles in the suspension 
over the water which they displace. 

2. Unless the process of suspension changes the density of the 
gum, the density of the dried extracted gum should be the same 
as that of the particles. 

3. The separation of particles by centrifuging, that is, by 
using powerful centrifugal forces, depends on the fact that the 
particles or substance of greater density will be thrown outward 
relatively more than the less dense substance (i.e., the substance 
of ^|ss inertia, the solution). If the densities are the same, 
sepa|ation should be impossible. The precision of this method 
depends on the centrifugal forces being great enough to separate 
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particles of small enough differences in density to a noticeable 
extent in the time intervals used. It also demands that the 
salt added does not affect the nature of the suspension by causing 
agglomeration or change of constitution. 

The results of the measurements by the three methods on the 
same suspension for one case are given by Perrin as Z)i = 1.1942, 
D, « 1.194.0. » 1.195. 

The next problem was the accurate determination of m or V for 
the particles. The particles appeared as spheres, but the edges 
were not sharply defined, owing to the diffraction effects. Thus 
it was impossible to measure the diameter of any one accurately. 
It happens that if a very dilute suspension be evaporated on an 
uncovered microscope object glass the capillary forces of the 
liquid cause the particles to run together in groups. These 
groups are, in general, one particle in depth and may lie more pr 
less in horizontal rows, or in sheets. Thus the diameter can be 
found by counting the number in a given area or the number 
lying side by side in a given straight row. As an example, Perrin 
found the diameter to be 0.746 X 10~ 3 mm for the average of 50 
rows of from six to seven particles, and 0.738 X 10~ s mm for 
2000 particles distributed over 10 -5 cm 2 . Thus if the diameter 
is known, V can be computed, assuming the particles spherical, 
and m can be found from D and V. Another way in which the 
mass of the grains can be found is by direct weighing. In 
slightly acid solution (Koo normal), while the grains do not 
adhere to each other, they all adhere to the walls on striking 
them. Hence, after some hours all the particles are precipitated 
on the glass walls of the vessel. Thus, by precipitating the grains 
in this fashion on the walls of small cylinders whose volume 
could be measured, and by counting the number of grains so 
precipitated at various parts of the cylinder, a close estimate 
of the number of grains in the whole small volume of solution 
was obtained. By then evaporating a known volume of solution, 
the weight of the particles present could be determined. Thus 
by dividing the weight so obtained by the number of particles 
in this volume, deduced by the counting, the mass m of a single 
particle was determined. A third method of determining the 
radius ofH^e particles made use of Stokes' law. Stokes hail 
shown mathematically that for spheres moving through a viscoffe 
liquid under the action of uniform force, when the spheres are 
small compared to the diameter of the vessel but large compared 
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to the discrete structure of the liquid,* the velocity of fall is 
given by 

V(D - d)g ? a 'V ~ d ^° 

V = — as i 

Dirria 07T r\a 

where a is the radius of the sphere, v the velocity of fall, and n the 
coefficient of viscosity. This law holds for macroscopic spheres 
and for microscopic spheres, if they are not too small . If v , the 
velocity of fall of a cloud of suspended particles down a capillary 
tube, be observed in a liquid (distilled water) for which tj is 
known, a can at once be found. Using these three methods, 
Perrin found the following values for a from a single emulsion. 

Alignment Weight Stokes’ Law 


a 0.371 X 10~ 4 cm 0.3667 X 1CT 4 cm 0.3676 X 10~ 4 cm 

n 

With these data then, it was possible to get N A , for — and h 

n 0 

were observed, while m or V , D, and d were measured and R A 
and T were known. 

Before computing N At however, it was essential to know 

n 

whether the equation between — > h, m , and T was verified, t This 


was found to be the case. The results obtained by Perrin in 
two typical experiments are as follows: 

1. Particles of radius 0.212 X 10~ 4 cm, with 13,000 particles 
counted at depths of 5 X 10~ 4 , 35 X 10~ 4 , 65 X 10~ 4 , and 95 

X 10~ 4 cm gave — proportional to 100, 47, 22.6, and 12. 
n 0 

Had these accurately followed the exponential law, they would 
have given 100, 48, 23, and 11.1. 

2. In another series of experiments the particles were photo- 
graphed in a plane normal to the earth's gravitational field and 
the numbers of particles at various levels were counted on the 
photograph. These particles had radii 0.52 X 10~ 4 cm and 
the distance between the levels was 6 X 10"" 4 cm. The numbers 
found for four levels were 1880, 940, 530, and 305. The expo- 
nential law leads one to expect 1880, 995, 528, and 280. The 

* This assumption demands conditions which are the reverse of those 
for which the Brownian motions become noticeable. It is to this circum- 
stance that part of the discrepancy between Millikan's result and that of 
Perrin is ascribed. 17 

t/The question as to why particles can remain suspended and in motion 
in the gravitational force field often arises. The answer lies in the fact 
that the PQergy, of agitation kT is greater than the potential energy mgh 
due to the forces (see p. 93). 
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deviations are ail within the limits of probable variation for the 
numbers counted. Counts were made on suspensions of differ- 
ent sorts, rj varying in a ratio of 1 to 125. T was varied from 
— 9 to +60°C., while the volume V varied in the ratio of 1 to 50. 
These suspensions all obeyed the exponential law and led to 
values for the constant term which yielded a value of N A lying 
between 6.5 X 10 23 and 7.2 X 10 23 . In these values there was 
no systematic variation of N A with any factor. It can be safely 
assumed that the constancy of N A and the verification of the 
exponential ratio confirm the assumptions involved in the 
deduction of the equation beyond a reasonable doubt. 

88. The Displacement of the Particles in a Given Time and 
the Verification of the Brownian-movement Law of Einstein 
and von Smoluchowski. — The most striking proof of the molec- 
ular origin of the Brownian movements lies in the quantitative 
agreement of the displacements measured in a given time with 
the predicted value of the displacement based on the theory of 
Einstein 6 and von Smoluchowski. 7 As was stated, the particles 
are acted on each instant by unbalanced forces due to unequal 
molecular bombardment on various sides. The force opposing 
this motion is the viscous drag of the liquid. As a result of 
this, the particles move hither and thither through the liquid. 
If one particle be observed in the field of the microscope which 
has a series of lines cutting each other at right angles in its field 
of view, one can plot the position of the particle at any instant 
on a system of Cartesian coordinates. If the distances of these 
lines from each other be known, the position of the particle at the 
end of equal time intervals ( e.g. f every 30 sec.) can be plotted, 
and hence the distance it has moved in these time intervals may 
be determined. Thus the average distance A moved through in 
a given time r can then be found. This distance depends on the 
forces acting on the particle, the viscous drag of the liquid, the 
size of the particle, and other constant factors. If the variation 
of A with rfj V , etc. predicted by theory, and the values of the 

constants computed from observed values of ^ for a given 

particle, agree with values obtained in other ways, the under- 
lying assumptions can be taken as completely verified. 

The theory for this effect was first deduced by von Smoluch- 
owski and Einstein independently about 1905, and the deduction 
here given is a simplified treatment due to Langevin. 8 For sim- 
plicity, it will be convenient to use not the average displacement of 
the particle A for any time interval r, but only the x component of 
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this along one of the observing axes arbitrarily chosen as the 
x-axis. 

Assume that the particle encounters an unbalanced force X 
£Iong the x-axis. It is retarded in its motion by the viscous drag 
which for a spherical particle is given by the constant factor in 
the Stokes' law equation mentioned before. This is 

j = -6 wvav = —Kv = ~K d j t ’ 

where v is the velocity, a the radius, and rj the coefficient of 
viscosity. The equation of motion is, then, 
d 2 x _ „dx y 
m dt> ~ ~ K dt + 


Now x may be positive or negative along the axis, for the particle 
will move in one sense or the other. To get rid of the + and 
— signs in the equation which occur because the particle moves 
one way or the other; that is, to enable one to deal with the magni- 
tude of the displacement only, it is easier to modify the equation 
so as to get rid of x terms and deal only with terms in x 2 . To do 
this, one multiplies by x 

_ I fdX y 

mx dtt* ~ ~ Kx dt +Xx • 

Now 

d 2 x __ 1 d 2 (x 2 ) /drV 

X dx? ~ 2~W \dt) 

and 

dx _ 1 d(x 2 ) 

X dt 2 dt 


Hence, 


md 2 x 2 
2 ~dt 2 



-K d{x 2 ) 
2 dt 


+ Xx . 


For a large number of displacements the xX term will, in general, 
cancel out, for the sign of the xX is as often positive as negative, 
that is, the average motion is as much in one sense as another. 
Thus Xx } the average Xx, is zero. Also, approximately, pV A = 

R a T ® AmC 2 , where V A is the volume of a gram-molecule, 
Ra is the gas constant for this mass of gas, and N A is the number 

7flC 2 

of molecules in this volume. Hence the kinetic energy is - - 

3 R T 

- In dealing with the kinetic energy along the x-axis only, 
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the kinetic energy along x is the total kinetic energy (see 

1 RaT 

2 N a ■ 

2"\dtJ 2 N a ‘ 

deduced above then loses the Xx term and becomes 


1 /3 R T\ 

Chap. IX); that is, g ^ ~N~) or 6 Accordingly, one may 

= The equation for the displacement as 


set 


Call 


md 2 x 2 
2 d< 2 


RaT 



Kd& 

2 dt 


+ 0. 


and the result is: 

mdz R a T _ K 

2 dt Na 2*’ 

dz = -X 

or 2 -RaT m 

2 NaK 


Integrating this for z from 0 to z, and for ( from 0 to f the result 
obtained is: 



Now for finite intervals of t of the order of 10 -6 or 10 - * sec. the 

- 4 

e m vanishes. For K = 6tijo and m = -giro 3 , where a is about 

10~ 4 cm and y is 0.01 the exponential has the value e -4 * x,0 *‘. If t 
is greater than 10 -4 , the quantity e - "*- 5 * 108 ' is negligible. .Thus 
restricting the value of t to finite intervals t of the order of 10~ 4 
sec. or more, the quantity dx 2 must be replaced by Af 2 and the dt 

by a finite interval r in z = and the e~m* vanishes. Therefore 
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Accordingly, 

a -* _ 2RaT t 
Ax N a 6 ima 

Thus Ax 2 , the average squared displacement of a particle due to 
Brownian movements along the x-axis in a time r, is given by an 
equation containing the absolute temperature, the gas constant 
R A , the Avogadro number, the coefficient of viscosity, and the 
radius of the particle. It is, consequently, open to simple experi- 
mental verification, since all these quantities may be measured, 
or it can be verified by seeing if Ax 2 varies as predicted, and if N A 
fits values from other data. Finally, a verification of the random 



X 

dye -from Brownian Pai-hern 
Fig. 54. 


nature of the Brownian movements and the verification of the 
predicted law of diffusion of particles under Brownian move- 
ments deduced by Einstein give additional proof. 

Perrin made these measurements using the camera lucida and 
a coordinate system where 16 divisions represented 5.0 X 10~ 3 cm. 
The time interval chosen was 30 sec. The average squared x 
component of these displacements (see Fig. 54) gives Ax 2 , and 
this leads to a test of the theory. 

1. Proof of the Random Nature of the Brownian Motions . — 
The distribution of the x projections for a given time was found 
to be according to the Gauss-Laplacian law of probability which 
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would be expected as a result of molecular motions obeying Max- 
well's distribution law, that is, out of N projections considered, 
f** 1 1 

N I i e x * ^ s ^ ou ^ have projections lying between x x and 

X 2 , the mean square x 2 being measured as above. Using an 
emulsion of gamboge with a = 0.211 X 10 ~ 4 cm, the number N 
of displacements lying between successive multiples of the length 
X 2 — Xi = 1.7 X 10 ~ 4 cm were as follows: 


Xi Xt 

One 

series 

Another series 

N obs. 

N calc. 

| N obs. 

N calc. 

0 and 1.7 

38 

48 

48 

44 

1 . 7 and 3 . 4 

44 

43 

38 

40 

3.4 and 5.1 

33 

40 

36 

35 

5 . 1 and 6 8 

33 

30 

29 

28 

6.8 and 8.5 

35 

23 

16 

21 

8 5 and 10 2 

11 

16 

15 

15 

10.2 and 11.9 

14 

11 

8 

10 

11 9 and 13 6 

6 

6 

7 

5 

13.6 and 15.3 

5 

4 

4 

4 

15 3 and 17 0 

2 

2 

4 

2 


This analysis and a series of others on the same subject but using 
different methods of representation established the completely 
random nature of the displacements on a quantitative basis. 

2. Ax 2 should be proportional to r. Perrin found that, mak- 
ing r 120 sec., Ax 2 was about four times what it was for 30 sec., 
that is, that 

AXao 2 = 30 _ 1 
Ax, 20 s 12 0 4 

3. The Test of the Brownian-movement Equation . — Up to 1908, 
tests of the Einstein-von Smoluchowski conclusions were made 
using the meager data available. They yielded better than an 
agreement in order of magnitude. 

A. The Variation with Temperature. — From the theory above, 
the average displacements Vax? and VaS * 2 at two tempera- 
tures Ti and T t at which the viscosities are 171 and 172 should be 
in the ratio 
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For a temperature interval from 17 to 90°C. in one suspen- 


sion, the variation should have been 2.05 for 



The 


observed value was 2.2, which lay within the limits of experi- 
mental error for these results. 

B. The Variation with y and a, and the Evaluation of N A . — 

R T t 

If the theory is correct, N A should be given by N A = - 

Ax 2 3 Trrja 


If a is measured as in the law of atmospheres, then N A will be 
determined. The summary of a series of results is given in the 
accompanying table : 


IOOtj 

Emulsion 

Radius 

X 10 4 cm 

Mass 

X 10 16 

Number 
of dis- 
place- 
ments 

N a 

IQU 

1 

Gamboge 

0 5 

600 

100 

8.0 

1 

Gamboge 

0.212 

48 

900 

6.95 

4-5 

Gamboge in 35 per cent 
sugar solution 

0.212 

48 

400 

5.5 

1 

Mastic 

0.52 

650 

1,000 

7.25 

1.2 

Large mastic in 27 per 
cent urea solution 

5 5 

750,000 

100 

7.8 

125 

Gamboge in glycerine 
with 10 per cent water 

0.385 

290 

100 

6.4 

1 

Gamboge of very uni- 
form quality 

0 367 

246 

1,500 

6.88 


Thus masses varying in the ratio of 1 to 15,000 and viscosities 
varying from 1 to 125 gave sensibly the same value for N A within 
the limits of experimental error, so that the equation is verified 
as regards variation of Ax 2 with these factors. The value of 
N a from the last measurements, namely, 6.88 X 10 23 , lies within 
1 per cent of the value found from the law of atmospheres for the 
best case, and is near the value 6.2 X 10 23 found from L and Van 
der Waals’ 6. He therefore adopted the value 6.85 X 10 23 as 
the true N A . Rutherford, from measurements of the charge for 
a particles in about 1908, found N A from e and the Faraday con- 
stant to be 6.22 X 10 23 , and Millikan’s accepted value, based on 
a measurement of e and a knowledge of N A e, gives N A = 6.06 X 
10 23 . The proof of the nature of the Brownian movements of 
Perrin seems, therefore, to be quite conclusive and it may safely 
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be assumed that these experiments establish the validity of the 
kinetic theory. 

4. The Application of the Einstein Theory of Rotational 
Brownian Movements . — Applying the analysis of Einstein 6 for 
the rotational movement of Brownian particles, which involves 
the assumption of the law of equipartition, Perrin was again able 
to obtain a value of N A = 6.5 X 10 23 which is in good agreement 
with his translational experiments. This verification therefore 
also establishes the validity of the equipartition hypothesis as 
applied to the distribution of rotational and translational kinetic 
energy. 

5. The Study of the Diffusion Rate of the Brownian Particles and 
Another Determination of N A . — A still further value of N A was 
obtained from the diffusion rate of mastic particles in glycerine 
solutions by Brillouin 9 under Perrin’s direction. Einstein pre- 
dicted that the coefficient of diffusion D should be given by the 
relation 

D = B A r 1 
N a 6wria 

for solutions where the particles were so large that the Stokes 
law relation held. By measuring D in an ingenious manner, 
Brillouin was able to evaluate N A > and found it to be 6.9 X 10 28 ; 
in agreement with the earlier work of Perrin on displacements. 
The absolute values of Perrin for N Af while consistent with them- 
selves, are, as a whole, higher than those from Van der Waals’ b , 
and from Rutherford or Millikan's values. This difference does 
not lie in any fault of the theory. It lies chiefly in the inac- 
curacies present in the difficult measurements of Perrin, notably 
on the value of a. Another error of some significance in these 
results lies in the assumptions of Stokes’ law as Millikan 3 has 
shown. As the error was the same throughout, it makes the 
results of Perrin consistent. Where it was eliminated Millikan 
was able to get an accurate verification. 

89. Accurate Verification of the Brownian-movement Rela- 
tions for Gases, and the Determination of the Avogadro Number. 
A. Verification of the Brownian-movement Relations for Gases . — 
In all Perrin’s work the accuracy of the results was limited by the 
difficulty of evaluating a, the radius of the particles, and also in 
the Brownian displacement measurements by the uncertainty of 
the validity of Stokes’ law assumed for the small particles used. 
Furthermore, the results are based on analogy between colloidal 
suspensions and particles in a gas acted on by molecular impacts. 
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They are thus open to some theoretical criticism as a complete 
proof. Millikan overcame this objection in a very striking man- 
ner. He worked with minute droplets of oil floating in air or H 2 . 
These took on a spherical form, owing to cohesive forces. He 
eliminated at one stroke both the assumption of correctness of 
Stokes’ law and the uncertainty in the determination of a by a 
technique used in the determination of the elementary charge e. 
To accomplish this, he charged the drop electrically and studied 
first the lateral Brownian displacements of the drop when sus- 
pended in the air, then its rate of fall under gravity alone, and 
finally under gravity which was opposed by an electrical field 
acting on the charged drop. The measurements were carried out 
by Millikan and Fletcher 33 in 1911. As was shown in Sec. 88, a 
particle undergoing Brownian movement is assumed to be 
retarded by a viscous force F = —Kv. If the Stokes' law holds, 
K = 6t rrja. If it is possible that it does not hold, the use of an 
undetermined factor K is more accurate for the discussion. Now 
it is this constant K which depends on a, and, as the law may not 
hold, the indeterminate form will be used. Assume the particle 
for which the Einstein equation holds in the form 


Ax 2 = 


2 R A T t 

n a k 9 


to be placed in a uniform electrical field of strength F parallel 
to the earth's field. Assume that it has an electrical charge 
ev on it (where e is the electron and v is some whole number), 
of such a sign that the force acting on the particle opposes the 
action of gravity. The drop will then fall under the force mg of 
gravity with a velocity Vi if the field is absent. If the field F 
acts on the drop, it will fall with a retarded speed v 2 under 
the force mg — Fev. Since the retarding force is the same in both 
cases and the fall is uniform, then 

v i _ mg Fev __ v 2 + V\ 

v 2 Fev — mg mg V\ 


ve = JJJfo + *>. 

Now Stokes' law says that mg = Kv i, so that ^ = K. 

K K. 

Therefore ve = — (t> 2 + Vi). For v equal to unity, e « 

(v 2 + t>i) 0 and K * 


(t>i + v 2 )o 
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Now Millikan in a separate series had actually determined e, 
so that it was easy to get v and to find the value for v 

K 

= 1. Actually, e need not have been known, for e = p,{v* + i>0o 

could be found by charging the drop a number of times to differ- 

K 

ent values, and finding the least common divisor for y(v* + t’i). 

This would give -„(vi + v 2 )q. Thus one could obtain K by 
t 

observation from Vi, v 2 and F and e. 

Putting the value for K into the Brownian-movement equation 
above, then at once 


Ax 2 = 


2 RaT ( v\ + v 2 )$ 


__ 2 RaT 

F Ax 2 


If, accordingly, the Brownian-movement theory is correct, 
measurements of Ax 2 an( ^ ( yi + ^ 2)0 for a given r, T, and F should 
yield N A e, the Faraday constant for the electrolysis of a univalent 
ion. In these experiments Millikan and Fletcher first held a 
drop suspended between the plates and measured its Brownian 
motion along a line normal to the direction of sight and gravity, 
timing the transits of the drop across cross-hairs of known 
distance in the eyepiece of the telescope. By using gases of 
low rj and working at lower pressures, values of Ax 2 could be 
worked with 50 times as large as those of Perrin for the same drop. 
Hence much more accurate measurements were possible. Next 
the drop was allowed to fall in the absence of F , and Vi was 
determined. Then it was charged to varying amounts and 
was measured. From these measurements (v x + u 2 )o was 
determined for a given F. The measurements as made gave the 
average Ax for a given r. For convenience, Ax> the average, 
was computed and then squared. This gave (ax) 2 - I n the 
Brownian-movement equation the average of the squares 
Ax 2 occurs. Thus, to insert the values for ax observed into 
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The temperature in these measurements was also easily more 
accurately controlled by a thermostat than in those of Perrin. 
The results should, consequently, be more reliable. With 1,735 
displacements on a drop with unit charge, Millikan and Fletcher 
got N A e = 2.88 X 10 14 electrostatic units (e.s.u.). For a uni- 
valent ion in electrolysis, N A e comes out as 2.89 X 10 14 e.s.u. 
The probable error on the number of counts used is 2 per cent 
and the observed difference is well within this limit. Both 
in the accuracy of the result and in the avoidance of any ques- 
tionable assumptions this beautiful piece of work confirms 
Perrin's conclusions in a striking manner and can be regarded 
as one of the triumphs of modern technique in experimental 
kinetic theory. It definitely establishes the correctness of the 
kinetic-theory explanation of Brownian movements and thus 
verifies the kinetic theory of matter beyond a doubt. 

B. Determination of the Avogadro Number . — As indicated in 
Sec. 85, by 1908 there were but one or two values of the number 
of molecules per cm 3 , (Loschmidt's number) or the number of 
molecules in a gram-molecule (Avogadro's number), and these 
were uncertain in the tens of per cent. With the work of Perrin 
and the development of precision in the newer fields of radio- 
activity and atomic structure, 1913 already saw several inde- 
pendent and accurate evaluations of this important constant. 
In 1926, when the first edition of this book was in the process of 
being written, already some seven or more methods giving sensibly 
the same value of this number were well developed. In the inter- 
vening seven years, the number of methods has jumped to more 
nearly a score. In fact there are so many ways in which this 
number can be estimated that it is difficult to determine the exact 
number, owing to the interrelations of the quantities used in 
different methods. In a recent article, Virgo 32 summarizes 
the measurement of this quantity. In it he states that more 
than 80 different experimental evaluations have been made to 
date. In this section it appears desirable to depart from Virgo's 
excellent analysis and proceed according to a different scheme. 
For the purpose of discussion, methods will be termed independent 
if by these different methods a quantity is evaluated which in 
combination with other relations previously used yields the value 
of the number. For example, as will be seen, the Faraday 
constant Ne can be used to yield N by combining it with the 
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value of e yielded by any one of the many methods giving e , 
and any such method can fairly be called an independent method. 

In detailing these methods, a number of them may be grouped 
under a common heading. These are as follows: 

1. The combination of the Faraday constant with the value 
of the electron e determined in three different ways, to wit: 

а. Millikan’s oil-drop measurement. 

б. Rutherford’s measurement of the charge on the a particle 
and the knowledge that the particle is a doubly charged He atom. 

c. From the average fluctuations in thermionic emission for a 
given current with known capacity and resistance in the circuit, 
e is evaluated. 

2. Radioactive measurements yield the value of N directly 
in two ways. If the number of a particles (doubly charged He 
atoms) emitted per gram of Ra per second can be evaluated 
accurately by scintillation counts or Geiger counter, the value 
of N can be determined by: 

a. The measurement of the volume of He gas produced per 
year per gram of Ra. 

b . The measurement of the decay constant of Ra or of Io (if 
the number of a articles emitted per second from this are 
known). 

3. Kinetic-theory methods yield a number of ways of evaluat- 
ing N a - These fall under several heads: 

а. Mean free path: 

(1) Evaluation of the mean free path from the coefficient of 
viscosity. Combined with the evaluation of another relation 
between molecular radius and the number of atoms in unit 
volume by measurement of : 

(2) Van der Waals’ b from either the Joule-Thomson effect or 
critical data. 

(3) The molal volume of the substance in the liquid state. 

б. Evaluation of Boltzmann’s constant k defined by k = 
R a /N a . Hence as R A is known, N A can be evaluated. This can 
be accomplished by the following means: 

(1) From the average Brownian displacement of a small mass 
on a pendulum of known period and moment of inertia. 

(2) From the fluctuations of potential across a resistance 
produced by the thermal agitation of the electrons. 

c. From the law of atmospheres for colloidal suspensions. 



410 


THE KINETIC THEORY OF OASES 


d . From the study of the Brownian displacements of particles 
in a solution or suspended in a gas, or by the rate of diffusion 
of such particles in a solution or gas. 

e. From the change of viscosity of a solution on dilution by the 
solute. 

/. From the adsorption of molecules on liquid surfaces. 

g. From fluctuations of density, critical opalescence, and 
miscibility. 

4. From X-rays by measuring the wave length with a ruled 
grating at grazing incidence and applying this to determine 
the spacing of crystal planes in a crystal of known structure, 
one obtains, by means of the density of the crystal, an accurate 
value of the Avogadro number. 

5. From the molecular scattering of light by molecules, notably 
the sky, Rayleigh showed that the value of the Avogadro constant 
could be determined. 

6. By the intercombinations of many equations resulting from 
modern investigations of spectral and atomic structural nature 
which contain two or more of the fundamental physical quantities 
such as the Planck constant h, the electron e, the mass m of the 
the electron, and the Boltzmann constant k. TJiere are some 
eleven relations of this nature which can be intercombined 
effectively to give either e, or k and hence N A * It is futile to 
attempt to determine the number of different independent 
combinations which can be used. It suffices, however, to give 
the phenomena involved in order to illustrate the diverse ways 
in which this important constant appears: 

a. From the photoelectric-effect and ionization-potential 
studies with either light or X-rays, one has h/e. 

b. From the atomic-diffraction experiments of Stern and 
Estermann, one evaluates h/m , when m is the mass of the atom 
diffracted. 

c. From the Stern-Gerlach determination of the magnetic 
moments of atoms and the evaluation of the Bohr magneton, one 

obtains ~h. 
m 

d . From three different procedures one can evaluate e/m for 
electrons; these are: 

(1) Electric- and magnetic-deflection experiments on electrons. 

(2) From the simple Zeeman effect on certain types of spectro- 
scopic lines. 
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(3) From the Rydberg constant for He 4 * and H atoms. 

e. From the fine-structure constant a which can be derived 
from certain spectra, one evaluates e 2 /h. 

f. From the Rydberg constant for infinite mass, R one evalu- 
. e 2*rV 

a es m h*c 2 R m ' 

g. From the Wien displacement law = c 2 /jS, one can 

evaluate h/k. 

h. From the Planck radiation law and the Stefan-Boltzmann 
constant, one evaluates h 3 /k 4 . 

i. From the Compton shift in X-ray wave lengths, one obtains 
h/m. 

j. From electron-diffraction experiments, one obtains the 
de Broglie wave length X which gives h/m ff the velocity v of the 
electron is known. 

Owing to lack of space it is impossible t© discuss the methods 
in detail. In most cases the equations will be given together 
with the references and comments as to the accuracy of the 
method. In this discussion it will be assumed that as N A e, the 
Faraday, and R A = N A k , the gas constant per mole, are known, 
N a is at once found if e or k is evaluated. 

la. The evaluation of e by the oil-drop method of Millikan 3 
is believed by Birge 10 to give the most accurate value of e and 
hence of N A • The method is indicated in the first part of this 
section and is given in detail in Millikan’s book “The Electron.” 
It is too well known to be repeated here. The value of N A = 
6.064 ± 0.006 X 10 23 and e = 4.77 X 10" 10 e.s.u. 

16. Rutherford 11 and Geiger caught the a particles from a 
fixed quantity of radium over a given solid angle in a Faraday 
cage for a given time and measured their charge. The number 
of a particles from the same radium emitted over a smaller 
solid angle was determined by the scintillation method. As the 
a particle carries two units of positive charge as shown by e/m 
measurements, it is simple to obtain the charge on the a particle 
and hence e. The value found by Rutherford was 4.65 X 10*“ 10 
e.s.u. and by Regener was 4.76 X 10~ 10 e.s.u. The method was 
one of the first accurate determinations of e. Its weakness lies 
in the difficulty of catching all the a particles without loss of 
charge or secondary effects and in the uncertainty of scintillation 
counts. The modern Geiger counters are now much more 
reliable and the method can be improved. 
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1 c. Schottky 12 showed that for weak thermionic currents the 
fluctuations of the current were due to the irregular liberation 
of electrons by the hot filament. Since this is a purely statistical 
phenomenon, it is amenable to statistical treatment. Analysis 
shows that the alternating current excited in a tuned circuit 
by the fluctuations in thermionic emission has a mean square 
value given by J 2 = i 0 e/2RC, where i 0 is the thermionic current, 
R is the resistance, and C the capacity of the tuned circuit. 
Hull and Williams in this fashion determined the mean value of e 
as 4.76 X 10“ 10 with a variation lying within 2 per cent of the 
mean value. 

2a. Dewar, 13 and later Boltwood and Rutherford, determined 
the volume of He produced by radium. The value obtained 
was 163 mm 8 per year per gram of Ra element. This combined 
with the number of a particles given out per gram of Ra element 
per year gives the number of He atoms in 163 mm 3 of He, for 
each a particle gives 1 He atom when neutralized. The method 
is inaccurate because of the difficulty of measuring small quanti- 
ties of He, the loss of He by occlusion in the walls, and the 
uncertainty in the exact value of the number of a particles per 
gram of Ra per second (now given as 3.7 X 10 10 ). The method 
is, however, a very direct method and gives a value in accord 
with those from other methods within the accuracy of the 
method. The value of N A was 6.0 X 10 23 for Dewar and 6.6 X 
10 25 for Boltwood. 

A modification of this method arises from the fact that each 
a particle emitted from a given amount of radium per second 
represents the production of an atom of radon. If X is the decay 
constant of radon, then if Q a particles are emitted from a gram 
of radium per second, the condition for equilibrium between 
production and decay of radon yields the number of atoms of 
radon present at any time as n - Q/X. Now n = NV , where 
N is the Loschmidt number and V is the volume of radon in 
equilibrium. Thus N * Q/XF and as Q and X are known, if F 
can be measured, N can be evaluated. Wertenstein 32 measured 
F as 6.39 X lO^ 4 cm 8 for 1 curie of radium and obtained a value 
of N a of 6.16 X 10 28 . 

2b. Radioactive substances decay according to the law 
n * ntfr u , where n is the number of atoms present at t } n 0 
is the number present at t * 0, and X is the radioactive-decay 
constant which can be measured. Knowing Q 0 , the number of 
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a particles emitted per gram of Ra per second, one can calculate 
the number of a particles emitted during the course of the life- 
time of 1 gram of Ra. Since each atom of Ra emits one a 
particle, one can write 

Q = Jo Q«e~' tdt = X' 

whence the number of atoms in a gram of radium is known once 
X is known, and multiplication by the atomic weight gives N A . 14 
This method suffers from the inaccuracy both in Q 0 and in the 
evaluation of X. It is, however, noteworthy in that it is a direct 
evaluation. The method has been used by Boltwood, Meyer, 
and Schweidler, Keetman, and Ellen Gleditsch 32 and gave values 
between 7.6 and 6.35 X 10 23 for N A . 

за. The mean free path of a gas molecule as defined by Tait 
is given by L T * 1.0 5/(y/2w<r 2 N) (see Sec. 39). The mean 
free path can be evaluated in different ways, the most accurate 
values being yielded by the coefficient of viscosity 17 = 0.499pcL. 
Since C = \/3 p/p and c = V^VC, it is clear that rj will give 
a value of L. It is also clear that L depends on the value of <r 
and the Loschmidt number N. Hence any independent measure- 
ment of a quantity depending on N and a alone will give either 
one. From critical data Van der Waals’ constant b — 

can be evaluated. This, combined with the mean free path, will 
give N . The value of b can also be obtained from the isotherms 
and from the Joule-Thomson effect. The molal volume of a 
substance in the liquid state enables one to obtain another 
expression involving a and N. This gives V = (%w<r 3 N)a, where 
a is a coefficient less than unity expressing the packing coefficient. 
All these methods suffer from a serious defect as regards accuracy, 
in that the constants in expressions for L y rj, a, etc., cannot be 
accurately known, owing to mathematical complexity. Further- 
more, the quantities <r and also L determined by different methods 
are not the same, since their definition is imposed by the condition 
of measurement. It is thus clear that, while such methods 
can give an approximate value of N Ay the agreement to be 
expected with more accurate determinations is no better than 
the theoretical and experimental uncertainty which may exceed 
10 and 20 per cent. 

зб. The kinetic theory, by means of heat conditioned fluctua- 
tions, enables the Boltzmann constant k to be evaluated : 
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(1) E. Kappler 16 studied the fluctuations in displacement of a 
small vertical mirror suspended from a small quartz fiber as a 
result of the unequal bombardment due to molecular impact. 
The average squared angular displacement <f> 2 is related to the 
directed force D (due to torsion) by the relation D$ 2 = kT, 
where T is the absolute temperature. To evaluate D y one uses 

the relation that the period of oscillation T 2 = 4lt 2 j^’ where I 

is the moment of inertia and D is the force constant. I can be 
evaluated by loading the system with a small mass of known 
moment of inertia and measuring the altered period T '. The gas 
pressure was varied from atmospheric pressure to 10“* mm of 
Hg. This very delicate but direct method was carried out and 
after 101 hr. observation yielded a value of k which gave N A as 
6.059 X 10 23 ± 0.6 per cent, an excellent value. 

(2) J. B. Johnson 16 showed that the so-called tube noise in 
vacuum-tube amplifiers is due to fluctuations of potential 
between the terminals of a conductor. This fluctuation is due 
to the thermal agitation which causes a small but definite mass 
motion of the electrons giving rise to potential differences. From 
the assumed random nature of these fluctuations, Johnson 
showed that the observed average square fluctuation of the 
current I 2 is given by 

P = fl(") Y M du, 

where k is the Boltzmann constant, T is the absolute temperature, 
R( <d) is the real component of the impedance of the conductor, 
Y (u>) is the transfer impedance of the amplifier, and w/2v is the 
frequency. From measurements Johnson obtained k — 1.27 X 
10~ 16 erg per degree with a mean deviation of 13 per cent. This 
gives N a as 6.54 X 10 23 which is about 8.5 per cent higher than 
the accepted value. 

3 c. The evaluation of N A by Perrin 2 from the law of atmos- 
pheres has been adequately discussed in Sec. 87. Later measure- 
ments are due to Westgren, 17 Svedberg, 17 and Shaxby. 17 

3d. The Brownian-movement studies of Perrin have been 
discussed in extenso in Sec. 88 and no more need be said. The 
chief drawback to this and the preceding methods lies in the 
impossibility of an accurate evaluation of drop or particle size 
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and mass. Later applications of this method are due to West- 
gren, Svedberg, Nordlund, and Shaxby. 17 Fletcher 88 applied 
the method to Hg droplets in air and Schmid 88 to selenium 
particles. Fletcher found N A = 6,03 ± 0.03 X 10 28 . Similar 
results to these for solutions have been obtained for the coef- 
ficient of diffusion D = in contrast to Ax 2 = ~ - > 

N a 6 Trja N a 3tj ia 

where D is the coefficient of diffusion of the particles. Here 
again a must be estimated to obtain N A from measurements on D. 

3e. Einstein, 18 on the assumption that large molecules such as 
sugar diffusing in a solution behave like spheres in a homogeneous 
medium, deduced a relation for the viscosity of a solution which 
states that the ratio of ri a , the viscosity of the solution, to i?, that 
of the pure solvent, is given by the relation 

7 - 1 + 2 5 ”(r«') 

Here a is the hydrodynamic radius of the assumed spherical sugar 
molecule, and n is the number of sugar molecules per cm 3 of 
solution. The diffusion coefficient of these same spherical 
molecules is given by 

d -*£-!- 

N a Qirrja 


Since n/N A = m/M , where m is the mass per unit volume and 

M is the molecular weight, we have n = whence — = 

M TJ 


1 + 2 . 


>4 i 7TI 

3 / A ~M a3 combined with the expression for D, 


gives Na- This equation, while accurate in order of magnitude, 
like all kinetic-theory equations, is uncertain in the magnitude 
of the constants so that it is not of great value. 

3/. Lecomte du Noiiy 32 ' 37 studied the adsorption of organic 
molecules on a liquid surface in monomolecular layers using 
methods initiated by Langmuir. He measured the adsorption 
of sodium oleate on water. There appeared to be three critical 
areas for surface distribution of these layers. These three areas 
were interpreted by du Noiiy as representing layers in which the 
molecules were arranged with one each of their three axes 
(assumed at right angles) perpendicular to the surface. Thus, 
from the density of the molecules in the three layers, assuming 
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them to be monomolecular, du Noiiy calculated the extension 
of the molecules along the three axes. From these three dimen- 
sions for these molecules he obtained the volume of the molecules 
by multiplying the figures together. From the density of the 
substance and the molecular weight the Avogadro number was 
calculated as N A = 6.003 X 10 23 . While the agreement is 
fortuitously good and the interpretation seems reasonable, there 
is considerable doubt as to the validity of the reasoning and 
hence as to this method. Alexander points out the uncertainty 
of the method quite clearly. 

3 g. Aside from the methods outlined above, the fluctuations 
in density, which is a molecular phenomenon, a study of the 
critical opalescence, and studies on the miscibility of two liquids 
have led to very rough evaluations of N A in the hands of Con- 
stantin, 32 Keesom and Onnes, 82 and Fiirth 32 and Zernike. 32 The 
values range from 6 X 10 23 to 7.7 X 10 23 . 

4. In recent years the measurement of absolute X-ray wave 
lengths by diffraction at grazing incidence by ruled gratings has 
been developed to a high degree of precision. 19 Hence X-ray 
wave lengths are certainly and accurately known. If such 
X-rays are scattered from a crystal of known structure, the 
crystal X-ray spectrum relates the wave length X to the grating 
space by the equation X = 2 d sin 0. Thus if corrected for the 
index of refraction of the crystal, the true grating space d ' of 
the crystal can be found to a considerable degree of precision. 
This quantity d' is given by d' = [nM/[pN<f> (0)]}>*, where 
n = M is the molecular weight of calcite, p is the density, 
and is a geometrical constant depending on the crystal 
structure of calcite. If the crystal structure is regular, the 
accuracy claimed for the method approaches, if not exceeds, that 
of the oil-drop method in evaluating e. The value of e obtained 
from this value of N is definitely higher than Millikan's value, 
i.e. f of the order of e « (4.794 ± 0.024) X 10~ 10 e.s.u. It is 
today an open question as to which result is the most accurate, as 
some doubt is being cast on Millikan's value on account of the 
uncertainty of the coefficient of viscosity of air used in its 
calculation. 

5. The explanation of the blue color of the sky in terms of 
molecular scattering was originally due to Lord Rayleigh. In 
the theory it appears that the intensity of the scattering depends 
on the number of molecules per unit volume involved in the 
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scattering. Modem techniques made it possible for Dember 2034 
to evaluate the Loschmidt number N from the intensity of the 
light Ei and Et scattered at angles of <t>i and fa with the sun 
using a photoelectric cell. Operating from Monte Rosa and 
the Peak of Teneriffe, where the air was free from dust, N = 
iVji/22,410 was evaluated by 


N = 


32t» 

3 


o* - urn 


r 1 b esc 
273 X 4 bo log Ei 


CSC <f > 2 

log El 


Here n is the index of refraction, M the modulus of the natural 
system of logarithms, Ho the height of the homogeneous atmos- 
phere, 6 0 the barometric pressure at s$a level, b the pressure 
at the point of observation, X the wave length of the light used, 
and T the absolute temperature. Dem^er obtained a value 
of N a = 6.48 X 10 23 . The method is in itself sound, but the 
measurements are subject to serious errors due to the inability 
to control natural disturbances such as dust and due to the 
variable density of the air from which the light is scattered. 
Fowle, 34 by an indirect but ingenious and more accurate method, 
using this principle found N A to be (6.06 ± 0.04) X 10 23 . 

6. As stated in the summary there are a large number of 
equations derived by experiment from atomic or electronic 
structures and behavior which give relations between e the 
electron, h the Planck constant of quantum action, m the elec- 
tronic mass, and Boltzmann's fc, and thus, by solution for k or 
e , yield the value of the Avogadro number. The combinations 
which can be used to give this constant are very many and will 
not be indicated, as but few of them are of great enough accuracy 
when combined to be of importance. They present, however, 
new independent ways of evaluating N A and thus help to confirm 
the belief in this fundamental concept of kinetic theory which 
was denied by the school of energetics. 

6a. In the photoelectric effect, the Einstein 21 equation says 
that the kinetic energy of an electron liberated by ultra- 

violet light or X-rays from a metal surface, is given by Hmv 2 = 
Ve = hv — hv o. Here m is the mass of the electron, v is its 
velocity, V is the potential through which an electron of charge 
e must fall to get the energy }4mv 2 (i.e., the opposing potential 
required just to annihilate the velocity v of the electron), h is 
the Planck constant, and v is the frequency. hv 0 is the photo- 
electric threshold, i.e., the energy required just to liberate an 
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electron from the surface against the electrical forces which 
hold it. Thus v 0 is the limiting frequency to just cause a photo- 
electric effect. v 0 can be measured as the photoelectric threshold 
or from the work function of the metal obtained from ther- 
mionics, and V can be measured as can v . Thus one could 
obtain a value for h/e . It is easier to eliminate hv 0 by changing 
v and observing the stopping potential V. From the slope of 
the curve dV/dv = h/e , this ratio can be accurately evaluated. 

From, the ionizing potential of an atom, i.e. f the energy 
expressed as volts free fall of potential required to give the 
electron a velocity sufficient to remove an electron from another 
atom of known sort, one can determine the ratio h/e. The 
same could be done for the potential required to excite an atom 
to any given frequency of emission v . From spectroscopic 
measurements, v e and v t * for excitation and ionization can be 
determined with high precision. The potentials V e and F» can, 
however, be measured to a tenth of 1 per cent only, owing to 
the velocity distribution of the electrons used. Hence from the 
relations hv e = V e e and hvi — V one can get e/h. The values 
obtained from both methods are fairly accurate, but are not so 
good as the values from the determination of e by Millikan's 
method. 

66. Recently Estermann, Frisch, and Stern 22 have succeeded 
in diffracting atoms of He and molecules of H 2 from the crossed 
grating lattices of NaCl and LiF crystals. According to the 
wave mechanics, the atoms and molecules have a wave length 
X given by X = h/mv y where m is the mass of the molecule or 
atom, h is the Planck constant, and v is the velocity of the atom 
or molecule. Using a molecular-velocity analyzer and measur- 
ing X from the angle of diffraction and the grating constant of 
the crystal, they succeeded in obtaining values of X good to 
about 1 per cent. From the relation Xt> — h/m , one has a relation 
between h and m, the mass of the atom or molecule. This can 
be used with values of h from other equations to give m. The 
Avogadro number is then found from N A m = M, where M is the 
molecular or atomic weight in grams. 

6c. The beautiful Stem-Gerlach experiments proving the 
quantization of magnetic moments and evaluating the Bohr 
magneton lead to another relation between e/m and h of con- 
siderable precision. The most accurate recent study is that of 
Meissner and Scheffers 28 who projected a beam of Li atoms or K 
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atoms through an inhomogeneous magnetic field at right angles 
to their path. This caused a separation of the beam into two 
parts, those of atoms with one Bohr magneton parallel and the 
other with one Bohr magneton antiparallel to the field. From 
the separation, or better, displacement, of the beam, /*, the 
magnetic moment of the Bohr magneton, can be determined. 
2 kT 

The relation is n = where kT is the kinetic energy of 

the molecules, S a is the displacement of the molecules having the 
most probable velocity a = y/2kT/m , and A is given by A = 
C 1 qjj 

dl I — l being the length of the beam in the field H, and 
o Jo oz 

H, being the component of the field normal to the beam. They 
obtained a value for n = (0.916 ± 0.005) X 10“ 20 for the Bohr 
magneton. The Bohr theory evaluates title magnetic moment n 

j • t i 6 h _ .1^. i » 


for such an atom as m 


Whence this measurement gives 


a relation between e/m and h . This can be combined with e/m 
evaluations to give h , or with the value of h/m from the electron- 
diffraction experiments (see 6j) to give e. 

6 d. The quantity e/m can be evaluated with great precision 
by one of three methods, the first being direct, the other two 
indirect from spectroscopic measurements. 

(1) The earliest measurements of J. J. Thomson showing that 
the cathode rays were negatively electrified particles evaluated 
e/m and v for these particles by electrical and magnetic deflec- 
tions. Today free electrons accelerated by a known field and 
separated out by a magnetic velocity analyzer are subjected to 
deflections by electrical or magnetic fields, and e/m is measured. 
Several devices using oscillating potential differences have also 
been tried to get accurate values. 24 * 36 The value of e/m appeared 
to be higher for this method than that yielded by spectroscopic 
methods. Recent results indicate a downward trend in value 
toward that obtained from spectroscopy. 

(2) The simple Zeeman effect by which a spectroscopic line 
is broken up into three components when the source is placed 
in a magnetic field and is viewed transversely to the field gives 
e/m according to the equation e/m = Ax ctik/riHX 2 , where AX 
is the separation of either component of a normal triplet of wave 
length X, c is the velocity of light, H is the magnetic field, and 
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ri is the index of refraction of the medium in which X and AX are 
measured. The best result, according to Birge, 10 is that of 
Babcock 26 which has a probable error of some 2 parts in 1,700. 

(3) Sommerfeld in his “ Atomic Structure and Spectral Lines/’ 
5th German ed., Chap. II, Sec. 5, indicates the effect on the 
simple Bohr theory due to the motion of the nucleus as well as 
the electron owing to the finite mass ratio of the two. The effect 
is to alter the Rydberg constant given to the Bohr theory by 
dividing the Rydberg constant for a nucleus of infinite mass by 
the factor 1 + m/m H , where m is the electronic mass and m H is 
the mass of the H nucleus, which is chosen for illustration. This 
enables the ratio of the mass of the electron to be related to the 
mass of the H nucleus by means of the Rydberg constant for 
infinite nuclear mass and the same constant for H. An analo- 
gous expression can be derived for He in which m He replaces 
the m H above. Between these equations one eliminates the 
Rydberg constant for infinite mass and from the relative masses 
of He and H atoms one obtains a relation in terms of the masses of 

He and H atoms which gives the ratio — • As — = 

m H m H e/m 


one can write 


e 

m _ m H _ (A H « — A H )(He — m) ^ 
m Y i _e_ /2 H (He — H — m) 

m 

where A H e and A H are the observed Rydberg constants for He + 
and for H, while He, H, and m represent the atomic weights of 

N A e 

helium, hydrogen, and electron, respectively. Now is 

N A m H 

the Faraday constant F divided by H — m. Hence one can 
write 

_e — AA H (He — H — m) 
m (A H « — A H ) (He — m)(H — m) 

Thus e/m was accurately evaluated by Houston 26 in recent years. 
The value obtained is (1.761 ± 0.001) X 10 7 absolute electro- 
magnetic units (abs. e.m.u.) per gram and has one-half the 
probable error of Babcock's value. It is in agreement *with the 

* The symbols He and H in these equations stand for the atomic weights 
of He and H atoms, i.e., for Nam h« and A/aTOr. 
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latter, and both are below the earlier deflection values by about 
8 parts in 1,700. 

Thus the values of these ratios are available for combination 
with p appropriate ratios from other experiments for accurate 
evaluation of the Avogadro number. 

6e. Sommerfeld 27 originally successfully explained the fine 
structure of the spectral lines in the Balmer’s series for H and 
in the case of He + by placing the relativity correction for the 
variation of mass with velocity into the Bohr formulation. A 
constant a , occurring in the complex equations resulting, called 
the fine-structure constant , is given by a = 2 ire 2 /he, where c is 
the velocity of light. The value of a, as given by Birge, 1 is 
a = (7.283 ± 0.006) X 10*” 3 . The early evaluation of a was 
quite accurate but was purely fortuitous as the electron spin 
was neglected. It happened that the original assignment of 
quantum numbers by Sommerfeld was in error and this led to 
the agreement. With the discovery of electron spin and the 
proper assignment of quantum numbers, the evaluation of a is 
again possible and is in agreement with older values. X-rays, 
where electron spin does not play such a role, also enable the 
accurate evaluation of a. Hence one has another combination 
of e and h which can lead to a determination of e when combined 
with item 6a above. 

6/. The Rydberg 28 constant for a nucleus of infinite mass R „ 
enables a relation between e, m } and h to be obtained. This 
constant R «, is given by 


2tt 2 c 6 

R CO = / \ 

CO 

Now R «, can be deduced from the observed value of this constant 
for H by the relation 

Rco = rJi + — ) = Rut 1 H \ (see part (3) of item 

v W { W) 

It is clear that while the values of the quantities involved are 
very accurate, the expression is too involved and requires 
combination with too many other relations to give a good value 
of N a . It does, however, furnish another set of values. 



CHAPTER IX 


SPECIFIC HEATS AND THE KINETIC THEORY 

90. Definition of Specific Heats and the Simple Experimental 
Facts. — After the perfection of thermometry to a point where 
physicists could discuss such measurements from a common 
viewpoint, the next great advance made in the field of heat was 
the definition of a term which is called the quantity of heat. 
In the master mind of Black, 1 the obvious interpretation of his 
measurements connoted to him the existence of an imponderable 
heat fluid which he could measure. The heat theory based on 
this connotation is, of course, now completely abandoned, as a 
result of the interpretation of heat in terms of the kinetic theory 
which arose scarcely 60 years later. It still remains to interpret 
this very definite concept, the quantity of heat, in terms of a 
theory ascribing all heat to the kinetics of gas molecules. Closely 
associated with the concept of heat quantity is another concept 
inseparable from it, and without which the definition of a unit of 
heat quantity is impossible. This quantity is defined as the 
specific heat. It is the capacity of a body to absorb heat fora 
given rise in temperature. The unit commonly used in physics 
is a purely arbitrary one, based for convenience on the most 
serviceable and common substance used in heat-quantity 
measurements, to wit, water. The definition of the precise unit 
is at present much a matter of choice, the convenient unit used 
being easily convertible into any other unit. This situation 
arises from the fact that the specific heat of water, i.e., its thermal 
capacity, varies with the temperature. It is, in general, defined 
as the heat required to raise 1 gram of water 1°C. at a given 
temperature which is convenient for the work in hand. Since 
the change of heat capacity of water with temperature is known, 
all these may be referred back to the heat necessary to raise 1 
gram of water 1°C. at 20°C. This unit of heat quantity is called 
the gram-calorie. It furnishes a convenient reproducible unit in 
which to define heat quantity. If with this unit the heat required 
to raise a gram of any other substance 1°C. be measured, the heat 

426 
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capacity of that substance relative to water is obtained, or its 
specific heat . This is measured and expressed in terms of calories. 
A table of values of the specific heats of a number of common 
substances is given below in order to represent the order of magni- 
tude of the quantities involved. 



Tempera- 

Specific 

Tempera- 

Specific 

Substance 

ture, 

heat at 

ture, 

heat at 

degrees 

constant 

degrees 

constant 


centigrade 

pressure 

centigrade 

volume 

Water 

0 

1.0094 



Water 

20 

1.0000 



Mercury 

20 

0.0338 



Silver 

15-100 

0.0560 



Aluminum 

15-185 

0.2190 



Lead 

20-100 

0.03050 



Carbon (graphite) 

11 

0.160 



Benzene 

10 

0 340 



Ice .... 

21- 1 

0.502 



Air 

20 

0 2417 

0 

0.1715 

Hydrogen 

.... 

3.4020 

50 

2.402 

CO* 

0 

0 2010 

55 

0.1650 

Argon 

20- 90 

0.123 

0-200 

0.0746 

Water vapor 

! 100 

0 4652 

100 

0 340 


It is to be noticed that there are in the table two types of 
specific heats listed — those taken at constant pressure, and those 
taken at constant volume for gases. The former, designated in 
what follows by the symbol C P1 is the amount of heat required to 
raise the temperature 1°C. when the substance is expanding 
against a constant pressure. Thus this quantity is the heat 
required to raise the temperature plus that which goes into the 
work of expanding against the atmospheric pressure. For 
solids and liquids this is small, and C p nearly equals the other 
specific heat, that at constant volume, designated hereafter by 
C v . C v is the heat required to raise 1 gram of the substance 1°C. 
when the volume is constant, that is, when it does no work. In 
this sense it measures the true heat capacity of the substance. 
For gases where expansion is appreciable, C p contains an appreci- 
able heat expenditure as external work and is distinctly greater 
than C v . For solids this is less but is not negligible, as was shown 
by G. N. Lewis 2 for a number of pure substances. 
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It is also seen in the table that this quantity varies from 3.4 for 
hydrogen down to 0.033 for some solids, water having the next 
highest specific heat to hydrogen. Furthermore, there is, 
apparently, no regularity in the way in which they vary except 
that the lighter elements or substances seem to have the highest 
specific heats. For substances whose densities change rapidly 
with temperature there is, in general, a rapid change of specific 
heat with temperature. Thus it might be suspected that, by 
some correlation of Weight or density, the apparent disorder of the 
values of the specific heats could be changed to show more 
regularities. In investigating the specific heats of pure elements 
two Frenchmen, Du Long and Petit, in 1819 observed the 
important fact that for most solid elements the specific heat 
multiplied by the atomic weight was a constant, and took on a 
value of about 6 cal. 


Table or Atomic Heats 


Substance 


A1 

Pb 

Br 

Fe 

Au 

Cu 

K 

Li 

P 

Hg (solid) 

S 

Ag 

Bi 

C (diamond 10°C.) . . . 
C (diamond 985°C.). . . 
C (graphite 10.8°C.). . . . 

C (graphite 985°C.) 

B (26°C.) 

B (233 °C.) 

B (red heat) 

Si (crystalline, 21.6°C,). 
Si (crystalline, 232.4°C.) 


Atomic 

weight 


27.1 

206.4 

79.76 

55.9 

196.7 
63.18 

39.03 
7.01 

30.96 

199.8 
31.98 

107.66 

208.38 

11.97 

11.97 

11.97 

11.97 

10.9 

10.9 

10.9 

28.3 

28.3 


Specific 

heat 


0.2143 

0.0314 

0.0843 

0.1138 

0.0324 

0.0952 

0.1655 

0.9408 

0.1895 

0.0319 

0.1776 

0.0570 

0.0308 

0.1128 

0.4589 

0.1604 

0.4674 

0.2382 

0.3663 

0.50 

0.1697 

0.2029 


Product 


5.80 

6.48 
6.33 

6.36 

6.37 
6.01 
6.46 

6.59 
5.87 
6.37 
5.68 
6.14 
6.42 
1.35 

5.49 
1.92 

5.60 

2.60 
3.99 
5.45 

4.80 
5.74 
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Since a gram-molecule or a gram-atom of a substance is its molec- 
ular or atomic weight in grams, this law says that for such simple 
substances it takes 6 cal. to raise a gram-atom 1°C. Now this at 
once suggests an interesting conclusion, for by Avogadro’s rule 
(see Sec. 8), the gram-atom of all substances has the same 
number of atoms. Hence for these elementary solid sub- 
stances it takes the same amount of heat to raise the atoms in 
a gram-atom of the solid 1°C., irrespective of the substance. 
This rule holds well (if the C P measured is converted to C v ) at 
ordinary temperatures for all but boron, carbon, and silicon, where 
the atomic heats are much lower. Investigation shows that these 
increase their atomic heats, approaching 6 as the temperature is 



Fig. 55. 

raised, while the others all fall below 6 cal. as the temperature 
falls. At absolute 3 0 all atomic heats approach 0, as shown by 
the curves of Fig. 55. At very high temperatures the atomic 
heat for elements normal at room temperatures begins to increase 
slowly above the value 6. 

If the same criterion be applied to the values of C p and C v for 
gases, the apparent chaos disappears and again a semblance of 
order appears, with, of course, some deviations. The atomic or 
molecular weight of the gas multiplied by C v and C p gives the 
following approximate values for three types of gases: 

uc„ uc p , 

Calories Calories 

3 5 

5 7 

6 8 


Monatomic gases 
Diatomic gases . . 
Polyatomic gases . 
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In the diatomic gases certain chemically very reactive gases, 
such as Cl 2 and Br 2 , show distinctly higher values than the rule 
permits. This holds true also for many of the polyatomic gases, 
particularly those regarded as chemically reactive at ordinary 
temperatures. At higher temperatures these approximate con- 
stants all increase in value, while those deviating at room tem- 
peratures tend to conform to the rule as the temperature decreases. 
Finally, the general rule may be applied to a number of com- 
pounds of definite molecular composition. Neumann 4 found that 
for oxides and sulphides of the form indicated below the molecular 
heats took on values characteristic of the molecular constitution. 


Type op Oxide Molecular Heat 

RO.... 11 =55X2 

R0 2 14.0 - 4.7 X 3 

ROa 18.4 =4.6X4 

R 2 0 3 26.9 = 5.4 X5 

RS 11.9 = 5.9 X 2 

R 81 18.1 =6.0X3 

RC1 12.75 = 6.4X2 

RC1 2 18.7 = 6.2 X 3 

RNO s .24 -4.8X5 

R(NO>)s 38.2 —4.2X9 

RSO 4 26.4 -4.4X6 

R 1 SO 4 32.9 - 4.7 X7 

RCOa 21.4 =4.3X5 

R 2 C0 8 29.1 - 4.9 X6 


Thus there is, clearly, a heat contribution which is roughly 
proportional to the number of atoms in the molecule, which is, 
however, influenced in magnitude by certain constitutional 
differences for specific types of groupings. This remarkable 
discovery of Du Long and Petit was not only of great use to 
the chemist in his attempts to establish the correct formulae for 
his compounds, but led to an expression for the specific heats 
which put them into some semblance of order. This order 
remained unexplained for many years and the kinetic theory 
offered the first and only explanation. The clue to the meaning 
of these laws is suggested by the rule of Avogadro that points 
to the fact that, in elementary solids, the same number of atoms 
under certain conditions have the same specific heat. Not only 
have the regularities proved of use, but the very irregularities or 
deviations have yielded a remarkable service in showing where the 
classical treatment and understanding ended and the mysterious 
quantum actions began. In fact, the applications and limitations 
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of the treatment of specific heats by the kinetic theory furnish 
one of the most dramatic and fascinating chapters of the kinetic 
theory and perhaps one of its strongest supports. 

91. The Mechanical Properties of Molecules, the Doctrine of 
Equipartition, and the Classical Values of the Specific Heats of 
Gases, a. Mechanical Motions and Definition of Degrees of 
Freedom. — As was shown in Chap. II, the energy of the molecules 
of a gas is definitely related to the absolute temperature and 
hence to the heat content of a gas. It is therefore clear that the 
specific heats of gases must be intimately connected with the 
energy distribution in and among the molecules or atoms of 
gases. Up to the present, emphasis has, for simplicity, largely 
been placed on the energy of translation of the constituent 
particles of a gas. This can no longer be done when one is 
interested in the heat content of a gas, for, since molecules and 
atoms are mechanical systems, these must also undergo rotations 
and vibrations. In order to study the energies apportioned to 
these motions it then becomes essential to analyze the effects 
of rotation and vibration relative to the energy content of 
mechanical particles. To this end a brief review of the mechanics 
of particles must be given. 

If one regard a perfectly rigid solid body in an attempt to 
describe its condition or behavior at any instant, one could 
proceed in several ways. The state or condition of such a body 
is described completely by its position and its component 
velocities or, better, momenta at any instant. The position 
can readily be described by choosing any fixed point on the body 
and describing its location in space at any time relative to a 
conveniently chosen set of coordinate axes. In general the 
description of the motion is more complicated, since the body 
as a whole not only moves through space, i.e., it undergoes 
translatory motion as a whole, but in addition the parts of the 
body move relative to each other, i.e., it undergoes a tumbling 
or spinning motion. A material simplification in the behavior 
of a body is achieved in the proper choice of the fixed reference 
point in the body. The early study of statics showed that in a 
gravitational field the action of gravity on each element of mass 
of a complex body could be satisfactorily described by assuming 
that the whole mass m of the body was concentrated at a single 
point, the center of gravity or, better, the center of mass of the 
body. Thus the center of mass might logically be chosen as a 
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convenient fixed point in the analysis of the mechanical behavior 
of the body. Under these circumstances the position of the 
body at any instant is given by the position coordinates of the 
center of mass at that instant. Again, since the center of mass 
alters its position in space from one point to another with time, 
the velocity of the center of mass at any instant can be repre- 
sented by the rate of change of its position at each instant. This 
gives the instantaneous value of the translational velocity. In 
addition, however, the body may rotate or spin about its center 
of mass. Thus the complete description of the state of the 
body at any instant is given by the evaluation of the position 
of its center of mass, the time rate at which this position changes 
along the axes chosen, and the angular velocities of rotational 
motion about the axes chosen, through the center of mass. As 
mechanical space is three dimensional, these quantities can be 
evaluated in terms of any conveniently chosen independent 
three-dimensional coordinate axes, e.g ., the rectangular Cartesian 
coordinates X y Y, and Z, or the polar coordinates r, 0, and <f>. 
To represent the condition of the body without recourse to any 
particular system of axes, one may denote the general position 
coordinates by the letters q lf q 2l and q 3 , which can represent either 
one of the above axes or any other convenient system. The 
velocity components of the center of mass will then be dq x /dt y 
dqz/dt, and dq 3 /dt . 

Actually it is more general and useful mechanically to evaluate 
the properties of the body in terms of its momentum than its 
velocity coordinates. If the mass m is independent of velocity 
as is the case with most gross mechanical systems, the state is 

adequately described by rr ^i anc * Actually 

Newton’s second law of motion is more general in defining force, 
for it says that force is equal to the rate of change of momentum , 
that is, force is dp/dt, where p, the momentum, itself must be 

dn 

used and not the m being considered constant. As a 

matter of fact, any and all studies involving the acceleration of 
masses to velocities comparable with that of light require, as a 
result of relativity, that Newton’s second law be applied in its 
strict form, since m is a function of velocity or, better, dq/dt . 
Thus the values of the forces must be derived more indirectly 
from the energies involved. Hence dp/dt is given by dpk/dt = 
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— dEp/dqk for any coordinate k « 1, 2, 3, etc., where is the 
potential energy, while E k , the kinetic energy, is related to these 
quantities by 

- T [($)’ + (tf + (t)] ‘ 

Finally for any particular coordinate k, one has from the above 



Again the rotation of the body about its center of gravity can 
be resolved into three independent components about three 
appropriately chosen axes. In rotational motion, however, the 
velocities are the angular velocities o>i, and a> 3 , about the three 
axes chosen and the analogue of mass for rotational motion, the 
moment of inertia h, I 2f and / 3 about each of the three axes, 
must be used. Thus the rotational state is described by the 
three products hwi, I 2 o) 2 , and / 3 c«> 3 . Hence a complete descrip- 
tion of the state of the body at any instant requires a knowledge 
of the three sets of three independent coordinates, e.g., the 
position coordinates q h q 2f and <73, the translational momentum 
coordinates p h p 2 , and p 3 , and the rotational momentum coordi- 
nates Jia>i, 1 2 c*) 2 , and 1 3W3. 

If the translational velocities along the Cartesian coordinates 
X, Y y and Z, are u y v } and w, and if the mass is independent of 
velocity, the translatory kinetic energies are %mu 2 , }4mv 2 , and 
^mw 2 and the corresponding rotational energies are %I i^i 2 , 
/'^I 2 <^ 2 2 and y 2 Iw 2 . 

In the study of the heat content of a gas, and changes in this 
quantity, the positions of the centers of mass of the molecules 
in space are of little importance unless a potential gradient 
exists, which for the present discussion can be omitted. Hence 
these coordinates can be left out of consideration. On the other 
hand the components of translation and of rotation are of para- 
mount importance. In resolving the motions into three inde- 
pendent components to conform to three-dimensional space, these 
components are mutually independent, so that it is customary 
to speak of these independent components, or modes, of motion 
as degrees of freedom of motion. Hence it is clear that in general 
a body has 6 degrees of freedom of motion } 3 of translation and 3 
of rotation. If a body is a single mass point, t.e., it has no 
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spatial extent, h, / 2 , and h are zero so that it will have no 
rotational momentum and thus it will possess 3 degrees of freedom 
of translation only. If a rigid body consists of two such mass 
points only, they will lie on a line and thus have moments of 
inertia h and 1 2 about their common center of mass about axes 
at right angles to the line of joining the points, but Z 3 about the 
line joining the points will be zero. Hence such a system will 
have 5 degrees of freedom of motion, i.e. t 3 of translation and 2 
of rotation. Any other non-linear assemblage of mass points 
making a rigid body will have the full 6 degrees of freedom 
described above. 

In discussing material bodies from the point of view of their 
mechanical motions, there was at the outset, for the sake of 
simplicity, added a restriction to these considerations, which in 
view of the actual structures which one is to study must now be 
removed. The mechanical body was assumed perfectly rigid. 
Now it is conceivable that bodies exist which are not completely 
rigid. That is, the separate mass points composing them may be 
integrated into a unit such that they have a common center of 
gravity and move as a whole while they may still be bound 
together in such a fashion that one of the masses can be displaced 
relative to the center of mass of the group. If in g\ich a system a 
displacement' occurred in an irreversible fashion, the only change 
would be that the center of mass and moment of inertia would 
change at the time of the displacement and thereafter the motion 
would continue with the changed values, energy having been 
consumed in the process. If, however, one of the mass points 
were bound to the system with a spring ( i.e., if one had an 
elastic body), the motion of the body could not completely be 
described in terms of that for a rigid body. In the case of the 
elastically bound mass, a relative displacement of the mass point 
in question and the center of mass of the system would result 
in a relative vibrational motion of mass point and center of 
mass. If the amplitude were great, the whole system would 
undergo marked periodic changes in moment of inertia: and center 
of mass and this would give a most complicated motion to the 
system. If the amplitude is relatively small, then one may 
regard the system as essentially unchanged in its fundamental 
properties and add only the vibrational motion of the two com- 
ponents to the study. Thus in addition to degrees of freedom of 
both rotation and translation, one must consider the possibility of 
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degrees of freedom of vibration in a study of the degrees of freedom 
of motion which a body can assume. As regards the number of 
degrees of freedom of vibration possible, these must depend on the 
number of independent vibratory motions of mass points involved. 
In the case of a single mass point there can be no vibration. 
For two mass points there can be 1 degree of vibration only, the 
vibration taking place along the line of junction of the mass 
points. Impacts at right angles to this line merely cause rota- 
tion. Three mass points will give 3 degrees of freedom of 
vibration and in one configuration, 4 degrees. Thus, for any 
number of mass points, the degrees of freedom of vibration will 
depend on the number of mass points and their distribution. In 
general n independent mass points have Zn degrees of freedom. 
Thus it can be stated that for three-dimensional space a single 
body composed of n mass points will have Sn degrees of freedom 
of motion. Of these, 3 will be used in translation of the common 
center of mass, 3 will be used in rotation about the center of mass 
(except in linear configurations), and the remaining 3n-6 degrees 
will go to vibration relative to the center of mass. For a linear 
configuration there are 3 degrees of translational freedom, 2 
of rotational freedom, and hence 3n-5 degrees of vibration. 
Thus for most configurations of n mass points there are 3n-6 
degrees of freedom of vibration and for linear configurations, the 
number is 3n-5 degrees. Hence for the three mass points above 
there will be either 3 degrees of vibration or 4 degrees for the 
linear arrangement. 

In considering the degrees of freedom of motion which a 
molecular system can have, it is essential to take stock of the 
energies involved. For each of the degrees of freedom of trans- 
lation in a mechanical body the energy is entirely kinetic and is 
given by %m(dqk/dt) 2 = pu 2 /2m , where k refers to the kth degree 
Of freedom. In the case of rotational motion, the 3 degrees of 
freedom have each only kinetic energy of rotation in the amount 
liheUk 2 - In the case of vibration the energy is part of the time 
kinetic and part of the time potential. If the motion is simple 
harmonic , on the average the energy will be one-half kinetic 
and one-half potential. As the period of oscillation T = 
2ir\/m/(f/a), where m is the mass of the particle and / is the 
force to give a displacement a, then, if v = l/T is the frequency, 

4^2 

the potential energy of oscillation is given by P.E. * — rav^a* 2 , 
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if the amplitude is a*.. The kinetic energy is K.E. * Pk 2 /2 m, with 
P.E. = K.E. and P.E. depending on a k and v k . 

b. Molecules as Mechanical Systems . — It is now possible to 
apply these principles to atomic and molecular systems. The 
establishment of the nuclear atom by Rutherford showed that 
for gross mechanical considerations the atom consists of a mass 
point (nucleus) having, even in the case of the lightest atom, 
0.998 of its mass concentrated within a radius of 10~ 12 cm. The 
remaining 0.002 part of its mass, the electrons, are situated about 
10~ 8 cm from the center. For heavier atoms the concentration 
of mass at the center is even greater for, although the number of 
electrons increases nearly in proportion to the atomic weight, 
the higher the atomic weight, the more the electrons are con- 
centrated toward the center. Thus the single atom, as far as 
mass distribution goes, is essentially a mechanical mass point, if 
one neglect the very small mass of the more external electrons. 
Actually it is strictly not a mass point, for it is clear that the 
electrons should be capable of being given a spin about the 
nucleus and thus possess a real but minute moment of inertia 
about it. In practice the electrons do not exhibit a spin about 
the nucleus for reasons which are best left for later discussion. 
Hence atoms of the elements in the gaseous state, or monatomic 
gases, can be considered as essentially composed of single mass 
points. As such they can have only transitory motion and 
hence only 3 degrees of freedom of motion. 

Where two atoms unite to form a molecule, they unite in such 
a way that the nuclei are in the neighborhood of an atomic 
radius apart, i.e., 10~ 8 cm or so. Mechanically for the same 
reasons as governed the case of the atoms, they may be regarded 
as two mass points lying on a line but separated by an appreciable 
distance. They can therefore have 2 degrees of freedom of 
rotation about axes which are mutually perpendicular and are 
perpendicular to the line of centers. The small mass of the 
electrons surrounding the line of centers as in the case of single 
atoms results in a suppression of rotation or spin about the center 
line as axis. Thus such diatomic molecules can have 3 degrees 
of translatory freedom of their common center of mass, and 2 
degrees of rotational freedom about it, even though in virtue 
of their tenuous electronic shells, they may have a space exten- 
sion in the order of 10~ 8 cm normal to the center line. In 
addition these atoms are bound together by forces such as were 
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pictured in Fig. 35 to form the molecule, the attractive forces in 
the present case being far greater in magnitude than the Van 
der Waals forces there pictured. It is seen, however, that, if by 
some external force (such as an impact with another molecule) 
the atoms are forced together so that r decreases, an oscillation 
about r 0 will follow. The amplitude of the oscillation will 
obviously depend on the energy imparted in the impact and may 
cause but little oscillation or one of such magnitude that 
the atoms will fly apart, that is, the molecule will dissociate. 
Theoretically at least, even the slightest impact should suffice 
to call into being an oscillation or rotation as well as trans- 
lation, so that one might expect all molecules at all times 
to show at least a feeble rotation and a feeble vibration. Again y 
for reasons which later will be revealed, this cannot occur, and, as 
with the spin of the outer electron shell, there are definite restric- 
tions on the occurrence of the vibrations and rotations which the 
classical mechanics leads one to expect. In general, however, 
both rotation and vibration must be looked for. 

Hence one can expect of a diatomic molecule 3 degrees of 
translatory energy, 2 degrees of rotational energy, and 1 degree 
of vibrational energy. 

A polyatomic molecule, it is seen, will correspond to three or 
more mass points separated again by distances of atomic dimen- 
sions. Hence one may at once ascribe to such a molecule 3 
degrees of translation, 3 degrees of rotation, and as many degrees 
of vibrational freedom as there are independent vibrational 
modes ( i.e ., 3n — 6 or for a linear molecule 3 n — 5 where n is the 
number of atoms in the molecule). Whether all are at any one 
time operative is again a question which must be reserved until 
later. 

In any case it is clear from the information gained about 
atomic and molecular structure that atoms and molecules are, 
from the standpoint of classical mechanics, capable of acting 
as the mechanical systems which have been discussed. 

c. The Theorem of Equipartition . — In Sec. 9 it was shown that 
if the kinetic interpretation of pressure is accepted, and is 
combined with Avogadro’s rule for mass-point molecules making 
elastic impacts, it follows that on the average every type of 
atom or molecule of a gaseous mixture has the same kinetic 
energy and that this energy is related to the temperature of the 
gas. Thus, as was shown, if two types of molecules, mi and m 2 , 
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of average velocities Ci and C 2 exist in a gas of pressure p in a 
volume v at a temperature T, then 

pv = inwiiCi 2 = ^nm 2 Ct 2 = RT, 

where n is the number of molecules in v. 

By Avogadro’s rule, n/v = N is constant, if p and T are the 
same. Hence one may write 

|“.<V - J-A* - ffr - |m*, 

where R/n = Ra/N a — k is the value appropriate to one mole- 
cule, t.e., the Boltzmann constant. This means that the kinetic 
energy of translation of the molecules mi and m 2 in a mixture of 
gases is on the average the same, or that the kinetic energy is on 
the average distributed equally among the molecules, whether of 
different types or not. This is a statement of the law of equipar- 
tition of energy for a special case. This law has been tacitly 
assumed in the early sections of Chap. IV and is discussed in 
detail in Sec. 36. In this discussion it was shown that it is 
doubtful whether the law of equipartition can be deduced from 
purely mathematical physical premises. The suspicion is always 
present that in assuming elastic impacts and the random nature 
of the motions, together with large numbers of molecules in 
such a deduction, one also unconsciously introduces the assump- 
tion of equipartition such that the law must follow as a logical 
result of the reasoning. Be that as it may, equipartition of 
energy among molecules seems to follow as a logical consequence 
of the conditions required to describe molecular behavior. 
Experimentally, as will be seen, it appears to exist among 
molecules and govern molecular behavior within certain definite 
limits. At first, attempts to prove it experimentally met with 
surprising success. Later, exceptions to the law appeared which 
eventually were all led back to a type of conditions, now termed 
quantum conditions , which place a definite limitation on the 
operation of the law. For the present, one may omit the dis- 
cussion of limitations and consider the applications of this 
principle of equipartition to the case of gases in the classical form. 

The assumption of equipartition of energy among different 
molecular species in a gas was not the only use of the assumption. 
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In fact, in Joule’s simple deduction of the pressure equation from 
kinetic-theory principles, another assumption involving equi- 
partition was imposed in the conditions placed on the gas to be 
considered. It was assumed that one had enough molecules in 
the volume ABC so that on the average one-third of the molecules were 
moving parallel to one axis with the same velocity. In more 
esoteric derivations of this law, and in the derivation of the 
distribution of velocities according to Maxwell’s method, great 
care was taken so to choose conditions of equilibrium that the 
numbers of molecules and the velocities of the molecules were 
on the average equally likely in all directions in space, and thus 
one could assert that, on the average, the energy was distributed 
equally along all three Cartesian rectangular coordinate axes in 
space. In this case one dealt, for simplicity, with molecular 
mass points and hence translatory energies only. In Sec. 36, it 
was, however, also shown that not only did equipartition apply 
to translation, but that it applied as well to rotation. Finally, 
the study of molecules in a potential field showed that the 
energy distribution, and hence equipartition, applied to mole- 
cules in equilibrium in the case of potential as well as kinetic 
energy and that the equilibrium and equipartition thus involved 
the relation between these two. Thus it is clear that vibrational 
motion with its kinetic and potential energy must, on classical 
mechanics, also be considered in the applications of the law of 
equipartition. Accordingly, the doctrine of equipartition implies 
that for all types of molecular activity, translation, rotation, and 
vibration, one must expect the energy on the average to be 
equally distributed. Hitherto in the text the chief concern 
has been the distribution of the energy of translation. However, 
when one deals with the heat absorbed by the molecules and 
realizes that, mechanically at least, vibration and rotation 
also occur, the application of equipartition demands that a 
study be made of the distribution of energy among the various 
forms of molecular activity. The question thus arises, how can 
one apportion energy equally among the activities of the mole- 
cule. The solution is arrived at very easily as follows. It was 
seen above that for a molecular species one could write 

inmiCi 2 = 2 nm 2^2 2 = “ftT. 

Now y inmiCi 2 represents the total kinetic energy of the mass- 
point atoms with the average velocity C i and the temperature 
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T. For one molecule the energy, on the average, is = 

Q D Q 

* %JcT. Now as was stated, there are three degrees of 

71 L 

freedom of this translational motion and, if equipartition be 
invoked, it will be seen at once that each translational degree 

of freedom of the molecule will have on the average = 

\kT ergs of energy of translation. Thus it is seen that 


equipartition allows one to assign an average amount of energy 
to each translatory degree of freedom. For a mole of gas, the 
energy to be assigned to each degree of freedom is 


\njct = \r a t. 

Expressed in calories R = 1.9885, which within the accuracy of 
many heat measurements can be set as 2 cal. Thus a mole of 
gas has about cal. = T cal. of heat energy per degree 

of freedom of motion. 

If other degrees of freedom than translation are present, it is 
logical to apply equipartition in such fashion that it allots to each 
additional degree of freedom the same amount of energy as there is 
found for a degree of freedom of translation. Hence one may 
apply the doctrine of equipartition of energy to molecules of a 
gas by stating that to each degree of freedom of motion active on the 
average there is assigned by equipartition the energy %RaT cal. per 
mole or %kT cal. per molecule. Roughly speaking this would 
mean that for each degree of freedom present the energy allotted 
to that degree of freedom by equipartition is IT cal. per mole at a 
temperature T. 

d. Specific Heals on the Basis of Classical Mechanics and the 
Theorem of Equipartition . — The total energy, E per mole, of a 
gas it was seen is thus composed of the sum of the energies 
involved per degree of freedom for translation, rotation, and 
vibration for all the molecules which are present. Hence one 
can write 

£ s® Et 4" Er “h Er f 

where Et 9 Er, and E y are the total translatory, rotational, and 
vibrational energies per mole. Now all gas atoms or molecules 
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have 3 degrees of freedom of translation. Hence E T = 3(3 4R a T) 
per mole, E R = r(%R A T) per mole, where r is the number of 
degrees of freedom of rotation and can be 0, 2, or 3 for atoms 
and diatomic and polyatomic molecules; E v = 2v(} 4,R A T) = 
2(3n — 6) Q4RaT) per mole for molecules composed of n atoms with 
3 degrees of rotation and Ev = 2(3n — 5 )(HR A T) for molecules 
which are linear and thus have but 2 degrees of freedom of 
rotation. Here v is the number of degrees of freedom of 
vibration. The factor 2 in this equation comes from the fact 
that the energy of vibration is equally distributed between the 
kinetic and potential forms. Since in equipartition these both 
share and are equal, the energy must be %R a T for each degree 
of freedom of vibration. Of course this analysis is classical and 
assumes that all degrees of freedom present are active. In the.case 
of linear molecules or single atoms, this, however, is nonclassical in 
that the analysis assumes no spin of the electron shell considering 
atoms to be single mass points. One accordingly may write 

E = | R a T + ^RaT + ~R a T 

= | RaT + \RaT + vRaT. 

If R a = 2 cal. per mole, which will suffice for comparison, 

E = 3T + jT + vT cal. per mole. The molecular heat, that 

is, the specific heat per gram-molecule MC V1 where M is the 
molecular weight and C v the specific heat at constant volume, is 
by definition given by d£/dT. Whence one can write 

MC. = i - ^ 

■ (| + 5 + •)**> 

and, if R a is 2 cal., MC V is approx. (3 + r + 2v) cal. per mole. 

The specific heat is thus also C v * (3 + r + cal. per gram. 

As stated before, C v is the^specific heat at constant volume. It 
represents, therefore, the heat that goes into raising the tempera- 
ture of the gas alone without any change of internal energy or 
any consumption of energy for the external work of expansion. 
One may thus at once predict the classical values of the specific 
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heats, at constant volume per mole, of gases composed of various 
types of atomic or molecular combinations. 

1. A monatomic gas has r = 0 and v = 0. Hence one can 
write approximately MC V * 3 cal. per mole, or accurately 
MC V — %R a ergs or cal. per mole, depending on whether R A is 
in ergs or calories. This applies to the inert gases He, Ne, Ar, 
Kr, Xe, Hg and, at high temperatures, to Li, Na, and K. 

2. A diatomic gas has n = 2. It can have v = 0 or v = 1. 

o. v = 0, MC V = (% + %)Ra = %Ra ergs or cal. per mole, 
or MC V = 5 cal. per mole, approximately. This could apply to 
gases like H 2 , N 2 , 0 2 , NO, CO; to Cl 2 and Br 2 if for any reason 
v = 0. Classically v should not be 0. 

b. v = 1, 1 degree of freedom of vibration; MC V =(% + % + 
%)Ra = %Ra ergs or cal. per mole, or roughly MC V = 7 cal. per 
mole. This should apply to any one of the gases above unless, 
contrary to classical expectations, the vibrations are absent. 

3. A polyatomic gas of n atoms has r = 3, or r = 2 if linear, 

and v = 3n — 6 or v = 3n — 5 if linear. Hence one can write MC V = 
f3 , /3 2\ /2(3n - 6) 2(3n - 5)\1 E> . 

[2 + (2 or 2 ) + \ — 2 — or — 2 — caL or ergs per 

mole. If vibrations are absent v = 0 and one has MC V — (%)R A 
or MC V = Y^Ra, which is roughly 6 cal. for a molecule which 
is not linear and 5 cal. for a linear molecule. In general, how- 
ever, vibrations from a classical point of view must be present, 
whence MC V will be greater than 6 cal. and could be predicted 
for the classical molecule on the basis given above. Thus one 
can predict the values of MC V for classical molecules on various 
assumptions and compare them with reality. 

Actually, C v is difficult to measure for gases with any degree of 
precision, due to the difficulty in measuring the small heat 
quantities involved in heating a gas at constant volume compared 
to the heating of the containers. Usually C p , the specific heat 
at constant pressure, can be measured with greater ease. How- 
ever, the quantity most easy to measure for a large number of 
gases is the ratio of C p /C v = 7 using the adiabatic expansion 
methods, such as that of Clement des Ormes, or, still better, the 
velocity of sound in the gas by means of stationary waves. 
Actually C p and 7 have been determined experimentally for most 
gases so that C v can be evaluated. It is, however, df use to 
calculate C p and 7 from theory. In the case of the specific heat 
at constant pressure, one measures the heat that is spent in the 
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external work in expanding the gas by a volume AF against the 
pressure p, keeping the pressure constant, plus the heat going 
into counteracting the Van der Waal forces in expansion in the 

amount ytflV, as well as the heat which goes to increasing the 

energy of the molecules. Actually the heat going into work 

r&v a 

against the internal pressure I yjdV is entirely negligible be- 


cause of the small value of a. The work against outside pressure 
pAV must, however, be included. Since to a first and sufficient 
approximation pV = R A T, pdV — R A dT. Thus, 

MCfdT = dS + pdV = d$'+ R A dT, 

whence 


MC P « 


Af(V+ Ra. 


Thus one has for MC P the general relation that 

MC P = (~R a + ^R a + 2(3n 2 ~ 6) R A + Ra] 


+ 2 + ( 3 « 


-6)1; 


or roughly 

MC P = 5 + r + 2(3 n — 6) cal. per mole for non-linear molecules. 

For linear molecules the 3n — 6 must be replaced by (3n— 5). 
It is seen that MC P is thus merely about 2 cal. per mole, or, 
accurately, Ra cal. per mole greater thanft?*. Thus, one has for 
the following gases roughly the following values of MC P : 

1. Monatomic gas: r = 0, v — 0 MC P = 5 cal. 

2a. Diatomic gas: r = 2, v =* 0 MC V = 7 cal. 

6. Diatomic gas: r = 2, v — 1 MC P = 9 cal. 

3. Polyatomic gas: r = 3, v * 0 MC P = 8 cal. 

The ratio of the specific heats y is then given by 


\ + \ + (3n - 6) Iff* 


| + (3w — 6) jff* 


5 + r + 2(3 n - 6) 


3 + r + 2(3n - 6) 


for non-linear molecules and the same with 3 n — 6 replaced by 
3n — 5 for linear ones. Hence roughly y takes on the values in 
the cases cited as follows : 
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1. Monatomic gas: r = 0, v = 0 y — % - 1.666 

2a. Diatomic gas: r = 2, = 0 y = % = 1.400 

6. Diatomic gas: r = 2, v = 1 y — % ~ 1.286 

3. Polyatomic gas: r = 3, t> = 0 y = % = 1.333 

4. Polyatomic gas: r — 3, t; = 1 y = = 1.25 

5. Polyatomic gas: r = 3, v = oo y = 1.00. 

These predications can at once be summarized in a table 6 which 
is given on page 445 showing for known gases the predicted 
and observed values of MC V , MC P , and y. 

92. A Brief Statement of the Quantum Theory and Its Ele- 
mentary Application to the Problem of Specific Heats. — a. State - 
merit of the Problem. — A survey of the table shows at once that 
for monatomic gases the predictions of the application of the 
theorem of equipartition to the assumed mass-point atoms is 
borne out surprisingly well for C P} C v , and y. This appears to 
confirm the theorem of equipartition and the theory. It must, 
however, be borne in mind that while small, the moment of 
inertia of the electron shells is not zero in these atoms, and that 
strictly rotation or spin of electron shells should occur and add 
its quota to the value of the molecular heat. That it does not 
indicates some limitation to equipartition. Again at — 220°C., 
MC V for H 2 is about 3, the value for a monatomic gas, 6 while at 
0°C. it is about 5, the value for a diatomic gas, with r = 2 and 
v == 0. The values of MC V for many diatomic gases show the 
theory is fulfilled with v = 0 and r = 2, while at higher tempera- 
tures these same gases show that r = 2 and v must lie between 0 
and 1. Thus there is again some limitation on the appearance 
of equipartition as regards vibration and even as regards rotation 
in the case of H 2 . This restriction as regards vibration begins 
to disappear at higher temperatures. Finally Cl 2 and Br 2 
cate that r = 2 and v is nearly 1, but the values do not correspj 
exactly. In the case of the more complex gases it is clear that 
translation and rotation are always present and r = 3, w&ile 
some of the degrees of freedom of vibration are present, but aaever 
all of them. Thus MC V is always greater than the value for 
r = 3 and v = 0, but less than the value for v = 3n — 6 or 
v =» 3n — 5 as the case may be. There is thus definitely a 
tantalizingly close approximation to the predictions of equipar- 
tition but never exact agreement, except for monatomic gases 
and then not strictly for these. It appears always as if there 
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a limitation to be applied to the operation of the law of 


equipartition which restricts its applicability at lower tempera- 


tures to periodic motions such as spin, rotation, or vibration. 
This restriction is furthermore foreign to classical mechanics and 


in fact is imposed by a necessary extension of classical mechanics 
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called the quantum mechanics . It therefore becomes necessary 
briefly to sketch the development of the quantum restrictions in- 
order properly to apply them. 

b. Introduction to the Quantum Theory ? — As a result of the 
very accurate experimental studies of the distribution of energy 
among the wave lengths of the continuous spectrum emitted by 
an incandescent black-body radiator at a temperature T° abs., 
obtained by Lummer and Pringsheim, Max Planck 8 in 1900 
undertook a careful study of the theoretical bases of the deduc- 
tion of the radiation laws. His study revealed the fact that, 
while classical theories assuming equi partition and continuous 
emission and absorption of radiation gave rough agreement, the 
agreement with experiment was always faulty. The excellence 
of the experimental data convinced him that the results obtained 
followed an equation which could never be obtained from the 
integration of a continuous function and that in fact it could 
only be obtained by the summation of an infinite series of con- 
verging terms. An analysis of the type of series necessary led 
him to conclude that it would result if the radiant energy were 
absorbed or emitted in whole multiples of a unit of energy e. 
In order to make the equations deduced on the assumption of 
discrete energy quanta e agree with the rigorous portions of the 
classical equations, it transpired that the value of this new unit 
of radiant energy c must vary with v y the frequency of the light, 
in such a fashion that e = hv, where h was a new universal 
constant of value h - 5.47 ± 0.008 X 10' 27 erg sec. This 
quantity h has thus the dimensions of a moment of momentum 
as well as energy times time. The remarkable success of this 
new concept in the field of radiation laws caused Planck to put 
forth his famous quantum hypothesis that radiant energy was 
emitted or absorbed by matter in whole multiples of a unit hv. 
It was not long, however, before the new concept was found 
to be applicable to other phenomena connected with the relation 
between radiant energy and matter. In 1905, on the basis of an 
extension of Planck’s law, Einstein 9 derived his famous law of 
photoelectric action to explain Lenard’s observations that the 
energy of the emitted photoelectrons in the photoelectric effect 
was dependent on the frequency of the light. This law, which 
reads %mv 2 = hv — hv 0f while perhaps deduced on a doubtful 
basis, was quickly established for X-rays, and in 1915 Millikan" 0 
accurately proved it for the case of light. In the equation, \v 
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is the frequency of the incident radiation and v G is the frequency 
required just to liberate an electron from the surface, i.e ., hv u 
is the work to remove an electron from the surface with zero 
velocity. By 1907 Einstein 11 had invoked the law to explain 
the variation of the specific heats of pure crystalline substances 
with temperature. In 1913 a direct proof of this peculiar 
quantum restriction on the transfer of energy was given by the 
work of Franck 12 and Hertz. These two investigators showed 
that electrons in collisions with atoms lost no appreciable energy 
unless they were able to impart to the atoms an energy consisting 
of multiples of a quantum hv, where v was a frequency char- 
acteristic of each atom and related to the frequency of one of 
its spectral lines. Almost contemporaneously Nils Bohr, 7 * 13 
in attempting to account for the stability of simple atomic 
configurations using the newly developed concept of the nuclear 
atom resulting from Rutherford's researches, was again forced 
to call upon the quantum concept. He showed that electrons 
in nuclear atoms could only exist in such stable non-radiating 
orbits in the atoms whose radii were conditioned by the fact 
that the moment of momentum of the electrons in the orbit 
had integral multiples of a quantity h/%c. The immediate 
success of this theory in accounting for spectra] series established 
the quantum as more than an hypothesis, and today one may 
more properly speak of the quantum fact rather than the quan- 
tum hypothesis. It thus transpired as a result of the st udies of 
Planck, Einstein, Bohr, and Sommerfeld, 7 that, all periodic 
processes emitting electromagnetic radiations were restricted 
in the emission or absorption of radiation by definite rules of 
quantization. The generalized restriction or quantization can 
be most clearly stated by saying that the periodic system is 
allowed to take on only such stable states that the integral 
of the generalized position and momentum vectors equals 
integral multiples of h. That is, if the motion of the body be 
depicted in the position and momentum phase plane of one of 
the coordinates, i.e., the q k — pk plane, the paths of the state 
of the body in the phase plane, i.e., its phase paths, must be 
restricted to paths such that the area enclosed between any two 
successive stable phase paths is just h. Another way of stating 
this would be to restrict the possible stable phase paths of the 

body in the pu — <7* phase plane to paths defined by equation 

* 

\ 0 Pkdq k = nh, where n is a whole number, i.e., 1, 2, 3, 4, etc., and 
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the subscripts k refer to the kth coordinate of the body's motion. 
It is to be noted that quantization is applied to each coordinate 
separately and independently. The justification for this comes 
from experimental observation of the sharpness of spectral 
lines, etc., which can occur only if the separate quantizations 
are independent. Application of this restriction to the case 
of the simple linear oscillator or vibrator and the simple rotator 
lead to the following results. For the linear oscillator A W, the 
change in energy between two successive states, is given by 
AW = hv and W n , the energy of the nth state is W n = W 0 ± nhv. 
Here W u is the lowest energy state of the oscillator and is called 
the zero-point energy. Quantum studies have finally shown that 
W o, t he energy at absolute zero, is not zero but is hv/2. Hence 
vibrators at absolute zero are not completely at rest but have a 
zero-point energy. 

The analysis of the rotator when quantized leads to the 
interesting fact that this periodic motion is not quantized in 
respect to energy , but, as Bohr originally showed, its phase 
paths are restricted to such paths that its moment of momentum 
in successive paths differs by h/2ir. Hence p n) the moment of 
momentum in the nth path or orbit, is given by p n = nh/2n , 
where p n corresponds to the quantum number n. In general 
then 2ir{p n — p 0 ) = nh , where p 0 is the moment of momentum 
for the lowest state. For a circular orbit p [} = 0. These 
quantum laws as seen above are applicable independently to 
each degree of freedom. Thus it is seen that the spinning 
electron shell, the rotating molecule, and the linear oscillator 
or the vibrating atom of a molecule have their allowed motions 
definitely restricted by quantum laws for each degree of freedom, 
the oscillator being quantized in regard to energy states and the 
rotator being quantized in regard to its moments of momenta. 

Before applying these restrictions to the behavior of atoms and 
molecules in a gas, one might inquire whether there was any 
restriction or quantization as regards translatory motion. 15 In 
this case again one can answer in the affirmative. As before 
stated, the state of a gas is described by the three position 
coordinates, q h q 2 , and g 3 , of each of its molecules and by the three 
momentum coordinates of each of its molecules, p h p 2 , and p 3 . 
Thus the molecules of a gas can be depicted in a six-dimensional 
phase space of position and momentum coordinates. Now such 
phase space can be divided up into cells of the dimensions of 
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h. But Pauli's 14 famous exclusion principle states that to each 
elementary cell in phase space there can be only one molecule 
of a species at one time. In the case of the electrons, the elec- 
trons having opposite spin moments are allowed two electrons 
of opposite spin moments to each cell (see Sec. 101). If the 
temperature of a gas is very low so that the energies and momenta 
of the majority of the molecules would be held within relatively 
narrow limits by Maxwell's law, while at the same time the 
gas molecules are present in high density, it could occur that 
there are in the restricted phase space not enough cells of low 
q and p coordinates to take care of all the molecules. Then 
Pauli's principle says that all the other molecules that are unable 
to fill the appropriate cells accorded to them must go to cells of 
greater p value. Such cells allot more energy to the molecules 
than the Maxwellian distribution at that temperature warrants 
and these molecules become degenerate , having an energy dis- 
tribution different from that of Maxwell. At temperatures at 
which substances are gaseous, and at the densities attainable 
experimentally, it, however, happens that this case does not 
occur. Hence in gases there are no restrictions on translatory 
motions and Maxwell's law is obeyed. It happens, however, that 
the electron gases in metals, owing to the small electronic mass 
and the great density of free electrons present, encounter con- 
ditions at low temperatures in which the exclusion principle 
makes most of the electrons degenerate, and it is only at very 
high temperatures that one approaches a Maxwellian distribu- 
tion of electron energies in a metal as seen on page 122. 

c. Elementary Application of Quantum Principles to Specific-heat 
Problems . — One is now in a position to apply the quantum 
restrictions to the problems of the periodic forms of molecular 
motion to see what the effect on these will be. It is perhaps 
important first to analyze the problem of the spin of the electron 
shells about the nucleus in single atoms. For this purpose one 
can consider the hydrogen atom consisting of a positive nucleus 
with a single electron at about 0.528 X 10~ 8 cm distant. The 
charge of the nucleus and of the electron is e = 4.77 X 10~ 10 e.s.u. 
The mass of the electron is 8.99 X 10~ 28 gram and that of the 
nucleus is 1.664 X 10 -24 gram. The moment of momentum of 
the electron in its assumed circular orbit is mvr, where v is its 
linear velocity, r its distance from the nucleus assumed fixed 
in space, and m is its mass. Quantum laws then set the limita- 
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tion that the moment of momentum is restricted to values 
given by the relation mvr = nh/ 2t, where n is an integer and 
h takes on the value 6.547 X 10~ 27 erg • sec. Now it is con- 
venient to translate this restriction from momentum to energy 
of rotation, for it is in the energies that the primary interest 
centers in the case of specific heats. The energy of rotation is 
E r = where / is the moment of inertia. In this case 

/ = rar 2 , and oj is the angular velocity, cj = 2ttv — v/r. Thus 
mvr = 2 irvmr 2 — 2 tvI — nh /2ir and v — nh/4ir 2 I f so that E r = 

hu> 2 = ^{4t 2 v 2 ) = £ for the nth state of rotation. If n — 1,* 

Z Z 07 r“i 

i.e., for the lowest state of rotation, and since 1 = mr 2 f one can 
evaluate E r from the data given above. Under these conditions 
E r takes on a value of about 2.17 X 10~ u erg. Now the average 
energy of impact at 0°C. gives 5.66 X 1()~ 14 erg. Owing to the 
Maxwellian distribution, it is thus seen that at 0°C. it will be a 
very rare impact indeed that can strike an electronic shell of an 
atom and impart an energy of spin 500 times the average molecu- 
lar energy. As a matter of fact, the energy above computed as 
needed to cause the electron shells of atoms to spin about the 
nucleus and thus to permit the atoms to take up energy of spin 
in their lowest state in equipartition is of the same order of 
magnitude as, if not greater than, the energy required to excite 
or ionize the atom. Thus it is clearly seen why atoms behave 
as mass points in the gaseous state and how, by limiting the 
allowable moments of momenta of the rotating electron by 
quantum rules, the quantum theory also influences the specific 
heats. Thus, owing to quantum restrictions, atoms will act 
as single mass points, and the value of their specific heats, up 
to the highest temperatures open to study, will be the specific 
heats of bodies with translation only. It is owing to this circum- 
stance that the first apparent agreement between specific heats 
as predicted by the kinetic theory and those observed was 
obtained, although careful thought should have shown at once 
that this agreement was not in keeping with the doctrine of 
equipartition. 

In the case of rotation of molecules one again must apply the 
quantization of the rotator to the problem. Here again the 

* In thus discussion the effect of only one quantum state, i.e., the first, 
will bo considered for the sake of simplicity. Later the presence of higher 
states will be discussed 
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quantum theory says that a system of mass points can only 
rotate if the energy of impact available for rotation is equal to 
E rt given by the expression E r = n 2 Ji 2 /8w 2 I. In the case of the 
molecule the only consideration changed by a more rigorous 
development is the fact that I is now the moment of inertia 
of the molecule about the axis chosen. To apply this to a 
specific case, consider the molecule of H 2 . Here in the normal 
state, two atoms ( i.e ., mass points) of mass 1.66 X 10 -24 gram 
rotate about perpendicular axes whose plane is normal to their 
line of centers. The distance between the nuclei is 0.75 X 
10 8 cm, and the center of gravity is at the center. Hence r = 
0.375 X 10~ 8 cmandra = 3.32 X 10~ 24 gram so that / = 4.67 X 



10~ 41 . If, again, one takes the state of rotation requiring the low- 
est energy with n = 1, one calculates E r - 1.16 X 10~ 14 erg. It 
is seen at once that the average energy of impact at 0°C. is 
capable of setting the H 2 molecule into rotation as the energy 
of impact exceeds the energy required to awaken the lowest 
quantum state. At 56.6° abs. the average energy of impact 
is just able to awaken the lowest state of rotation. At 35° abs. 
the average energy of the molecules together with the conditions 
of energy transfer at impact and the energy distribution are 
such that the majority of the H 2 molecules are unable to receive 
the energy of rotation. Hence one should expect that, at 
35° abs., MC V for H 2 should be 3 cal. and MC P should be 5 cal. 
with 7 at 1.66. In 1912, Eucken 6 measured 7 in H 2 as a function 
of temperature using the velocity of sound and actually observed 
a change in MC P . Later very accurate measurements of East- 
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hand, the values of v for the easily dissociated and chemically 
active molecules Cl 2 and Br 2 show that while at room tempera- 
tures the average impact is not sufficient to awaken the degree 
o^ vibrational freedom fully, it is nearly so in Br 2 for which 
MC V = 6.88 since a degree of vibrational freedom should give 
it an MC V = 7.00. As is seen from the table of computed and 
observed values for the specific heats of the more common 
gases, only the most stable and inert gases show no vibration at 
room temperatures. On the other hand, almost all other gases 
show the presence of some vibrational energies, but in practically 
no case does the gas show all the vibrational degrees of freedom 
of which it is capable. For example, ethyl ether is capable of 
some 39 degrees of freedom of vibration, and, though a reactive 
molecule chemically, it shows in its value of MC V that less 
than 12 of its 39 degrees are fully active. What is more probable 
is that more of its 39 degrees, but far from all, are partially 
active. It is accordingly seen that the frequencies of vibration, 
and thus the energies involved in vibrational motions, lie inter- 
mediate between those of the rotations of the molecules and of 
the electrons themselves. They therefore fall just into the range 
of energies where temperatures encountered in everyday experi- 
ence are critically determinative as regards the activity or 
inactivity of the vibrational mode and thus of the specific 
heats. Hence, for most gaseous substances, the specific heats 
can be expected to be a marked function of temperature under 
ordinary conditions. This is again an excellent demonstration 
of the influence of the quantum restrictions on equipartition. 

Another demonstration of this same limitation lies in the 
absence of emission spectra in the visible and ultra-violet for 
gases at normal temperature. 16 The average energy of impact 
at 0°C. is 5.66 X 10~ 14 erg, which is equivalent to a frequency 
of 8.65 X 10 12 cycles or a wave length of 3.44 X 10~ 3 cm. 
Visible light in the red end of the spectrum has a wave length of 
7 X 10" 6 cm. Thus it is seen that the average impact will 
not give rise to visible light. When the temperature is raised 
to 1200°C., the average energy is 5.4 times as great and the wave 
length corresponding to the average energy is 1.85 X 10“' 4 cm. 
Under these conditions enough of the 2.7 X 10 19 atoms in a cm 3 
of Na vapor receive an energy of impact capable of exciting 
the D lines of sodium of wave length about 5.8 X 10” B cm to 
make the emission in this wave length capable of detection by the 
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eye. Thus the flame with Na vapor at this temperature emits 
the sodium lines. At a lower temperature still, the red line of 
Li appears, while the bluish lines of K require a higher flame 
temperature to become visible. Owing to the very sensitive 
nature of the visual perception, the number of excited atoms, 
ix.j those in which the energy of impact goes to awakening 
electronic degrees of freedom is relatively so small that the 
specific heat of Na vapor would not show a detectable change 
due to this new source of energy consumption at 1200°C. In 
fact, in order to have enough energy going into the electronic 
excitation to make the change in specific heat noticeable in 
measurement would require temperatures of many thousands 
of degrees. Hence the excitation of electronic degrees of freedom 
does not complicate the specific-heat measurements under 
conditions which are conveniently obtainable in the laboratory. 

One more point must be brought out in this discussion of 
specific heats. All these discussions require that the specific 
heats be measured under equilibrium conditions. If the vibra- 
tions and rotations are of such nature as to liberate electro- 
magnetic waves and these can escape through transparent 
walls, equilibrium no longer exists. In this sense the impacts 
become inelastic, for part of the energy given the gas escapes 
as radiation. Thus the laws of equipartition must, be considered 
as applicable only to cases where equilibrium exists and conditions 
do not render energy losses to vibration or rotation inelastic. 

93. Atomic and Molecular Heats of Solids. — In view of what 
has gone before in the case of gases, it is a simple matter to 
explain the law of Du Long and Petit on the kinetic theory. 
In the solid state, and especially in crystals, it is assumed that 
the atoms or molecular groups are bound in fixed positions rela- 
tive to each other. Thus there is not the motion associated 
with the solid state that characterizes the liquid and gaseous 
states. Heat motions, obviously, exist, for solid bodies both 
transmit and absorb heat. Thus they must be capable of taking 
up the kinetic energy from a gas and, in turn, passing on energy 
to a gas. A body held in a fixed position, while not free to 
execute random heat motions, may well move if disturbed. Such 
a motion will be an oscillation or a vibration about its rest 
position as center. Since, within certain limits, the forces 
urging the displaced atom or molecule in a solid back to its 
initial position may be assumed to obey Hooke's law, the par- 
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tides then execute simple harmonic vibrations about their 
equilibrium positions. Thus the heat motions in a crystal consist 
of vibrations of the atoms or molecules about their rest positions. 
Since, on the average, each such degree of freedom of harmonic 
vibrations has equal amounts of kinetic and potential energies, 
there are roughly 2 cal. per degree C. associated with each degree 
of freedom of vibration in a gram-molecule of solid. As there are 
only 3 degrees of freedom of vibration possible, along the three 
coordinate axes, the molecular heat should be 

MC V = 3 X R — 6 cal. per degree C. 

Thus Du Long and Petit’s law that each molecule or atom has 
associated with it a given amount of the absorbed energy which 
goes to raise its temperature at once finds its explanation in terms 
of the kinetic theory and the law of equipartition. With the 
exceptions discussed before, and which will be analyzed in what 
follows, this law holds for the elements very closely. For com- 
plex solids the law of Neumann holds. Here it is found that each 
molecule often does not absorb its full 6 cal., but where certain 
groupings appear the energy absorbed is less. This finds imme- 
diate and simple explanation in the view now held of the crystal 
structure in the case of complicated molecular groupings. Thus 
in CaC0 3 the crystal is built up of Ca atoms and C0 3 groups. 
The latter then act as a unit. It is quite plausible to assume that 
each of the atoms in this C0 3 unit is not free to vibrate in all 
three of their degrees of freedom. Hence it is to be expected that 
where the C0 3 group occurs its contribution to the molecular heat 
may not be 20 units but less, owing to the suppression of some 
of the vibrational modes in its component atoms. Why some 
modes are suppressed and others not is explicable on the basis 
of the quantum theory, for if one of the oxygen atoms is very 
rigidly bound to the C0 3 , and not equally so bound in the group 
along the three axes, it will require blows of greater energy 
to set the particular vibration into operation — that is to say, it 
is possible that at the existing temperature the average kinetic 
energy is too low to awaken the particular mode of vibration. 
Hence only those vibrations which are loosely enough bound 
to be active at the temperature in question should respond, and 
the energy absorptions will be less by 2 cal. for each such “sleep- 
ing” degree of freedom. Of course, since the energy exchanges 
are statistical, an occasional degree that is normally “sleeping” 
will absorb. More of these will absorb the higher the tempera- 
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ture. Thus the molecular heat of such a compound will begin 
to go up as certain temperatures are approached. This increase 
will at first be gradual and then more rapid, but in any case 
more or less continual, due to the continuous value of the energy- 
distribution function. 

The explanation just given for the Neumann law should also 
apply to all the elements as well. In this case, however, the 
greater symmetry of the crystal lattices and the equality of the 
atoms should make the probability of exceptionally strong forces 
in certain directions less likely. As may be seen from the table on 
page 428, this is the case. The three elements C, Si, and B, hav- 
ing the highest melting points, however, deviate quite perceptibly 
and have MC V well below 6 cal. This is not surprising, since the 
high melting points of these substances indicate very intense 
interatomic forces, for the melting points are merely the temper- 
atures where the average kinetic energy of agitation of the atoms 
becomes comparable with the potential energies of the atoms in 
the crystal. At this point the interatomic forces cease to be able 
to hold the atoms in the rigid positions characterizing the solid 
and the body melts, becoming a liquid. Strong forces mean that 
the vibrational frequencies of the atoms are high, and thus at 
room temperatures the average heat impact is not able to impart 
hv to all the different modes of vibration possible. As the tem- 
perature increases, this becomes possible and at higher temper- 
atures C, Si, and B all show the normal value for MC V . As 
temperatures are lowered, all of the solid elements, and, in fact, 
all substances, should have decreasing values of MC V , and at 0° 
abs. MC V should be zero, for no mode of vibration can have a fre- 
quency so low as to be set into vibration at zero energy.* The 
accurate study of the decrease of the specific heats of the elements 
as the temperature was lowered was largely the work of Nernst 3 
and his pupils. It was this study which most helped to lead to 
the explanations of the deviations from Du Long and Petit’s law 
on the basis of the quantum theory. 

At very high temperatures MC V for the elements increases 
above 6 cal., and, in fact, it is so for the alkali metals at a little 

* Actually, as has been indicated in the discussion on quantization, the 
energy of the oscillators is not zero at 0° abs. as the atoms have a zero-point 
energy. The vibrations under zero-point energy are, however, those of 
degenerate atoms, and the distribution is not Maxwellian. The value of 
MC V is, however, zero at 0° abs. 
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above room temperatures. This might be ascribed to the absorp- 
tion of energy into degrees of freedom so far not included. It 
coincides with the emission of light by the heated solids. The 
equipartition of energy of motion among the atoms and molecules 
heretofore discussed, as was stated in Secs. 9 and 91, presupposed 
that no energy was absorbed into t he atoms themselves, that is, 
it was assumed that the energy was not taken up by individual 
electrons of the atoms. In view of the work of Franck and 
Hertz 12 and all of the present-day knowledge of the quantum 
theory as regards the electronic energy exchanges, it is obvious 
that at ordinary temperatures it would not be expected that this 
would occur; at 1000 or 1200°C. there is four to five times the 
energy of agitation at 0°C., so that the probability of having 
impacts which can excite some of the lower electronic frequencies 
begins to be appreciable. It is, therefore, not astonishing that 
MC V should increase above 6 cal. at high temperatures. 

One more point should be touched on here. In the metallic ele- 
ments, electrical conduction and even heat conduction received 
a tentative explanation from the electronic point of view, that is, 
the parallelism between heat conductivity K and electrical 
conductivity 1/p of metals, which was evidenced in the Wiede- 
mann Franz 23 law that Kp — constant, led to a theory that these 
conductivities were due to the same agent. On the discovery of 
the electron, the high electrical conductivity of the metal con- 
ductors as against ionic conductors, such as liquids, led to the 
assumption that the conductivity of the metals was due to the 
highly mobile electron. Thus heat conductivity was also ascribed 
to this agent. The conductivity of heat and electricity by elec- 
trons led at that time to the assumption of the existence of large 
numbers of permanently free electrons in the metal which were in 
thermal equilibrium with the atoms of the metal. Certain phe- 
nomena, such as the reflection of light by metals, the Peltier 
effect, the contact potentials, the general photoelectric effect, and 
the thermionic effect (mentioned in Sec. 45), also seemed to 
confirm the workers in this belief. 24 On the basis of such evi- 
dence, Lorentz 24 worked out an elaborate theory of electronic 
conduction, which was later extended by Richardson, 24 Drude, 24 
Norman Campbell, 24 and others. It led, however, in its extreme 
form to one conclusion which was not justified by fact. In order 
to account for optical, conductivity, and Peltier effects, the actual 
numbers of free electrons present had to be assumed to be very 
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large, that is to say, they were assumed to be at least comparable 
in number to the number of atoms present. An alternative to 
this was that they have mean free paths of excessive length in 
the metal. While the latter alternative was possible, it did not 
seem probable at that time. Today it might be considered more 
likely in view of the apparent transparency of atoms like argon 
to slow electrons. 25 Thus at that time the assumption of large 
numbers of free electrons in thermal equilibrium with the metals 
was made. If this is so, the electrons must, if they are present 
in the same numbers as the atoms, contribute to the specific heat, 
that is, MC V for metals must be increased by 3 cal. for the trans- 
lational energies of the electrons if there are as many present as 
there are atoms. 

It is of interest to see to what extent this condition holds 
true. A glance at the values of the atomic heats of the elements 
in the table of Sec. 90 shows that many of the elements have a 
heat higher than 0. Others seem to have lower ones. There, 
furthermore, seems to be no correlation between the electrical 
conductivity, or “free electron” content, and the excess value of 
atomic heat as the table stands. G. N. Lewis 26 and Gibson point 
out that for most of these substances the heat measured is not 
MC V but MC P . While the difference is small, calculation shows 
it to be appreciable. They obtained data which enabled C p — C v 
to be computed for 15 elements. They found MC P for iodine to 
be 6.9, and MC V — MC V = 0.9. Thus the true MC V for iodine 
was 6.0 and not 6.9 cal. The values of MC P — MC V calculated 
by them are given in the following table: 


MC P - MC V 


Li 

0.3 

Co 

. ... 0.1 

Sn 

0.1 

Be 

0.2 

Ni 

... 0.2 

1 

OS 

C 

0.0 

Cu. 

. . 0.2 

La ... . 

0 1 

Na 

. . 0.5 

Zn. . 

0.3 

Ce 

...01 

Mg 

0 2 

As.. 

... 0.0 

W. . . 

0 1 

A1 

.. .. 0.2 

Se . . 

0.3 

Os 

.... 0.1 

Si .... 

0 1 

Zr . 

. . 0.1 

Ir. 

0 2 

S 

.. . 0.4 

Mo . . . 

0.1 

Pt.. .. 

0 2 

K .. .. 

0.6 

Hu 

0.1 

Au 

0 3 

Ca 

.03 

Rh... . 

... 0.1 

Tl . ... 

0 3 

Ti 

0.1 

Pd 

. . .0.2 

Pb 

0 4 

Cr 

0.1 

Ag 

0.3 

Bi 

... 0 l 

Mn 

0.1 

Cd 

0.3 

Th 

.... 01 

Fe 

0.1 

Sb 

0.3 

U 

0.1 


Using these data, they find for 15 elements a mean value of MC V 
of 5.9, with the average deviation of 0.09. It is, therefore, shown 
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that for almost all metals MC V is nearly 6 and the electrons do not 
share markedly in the specific-heat contribution. Lewis, East- 
man, and Rodebush, 27 however, found that for certain electro- 
positive metals (e.g. f Na, K, Cu, and Mg) MC V rose well above 
6 cal. as the temperature went up. In the most electropositive 
element Cs Dewar 28 showed that, even between the boiling 
point of H 2 and of liquid air, MC V was greater than 6 cal. 

The conflict between the evidence from specific heats of pure 
crystalline metallic substances and the electron concept of con- 
duction has been explained since the first edition of this book 
was written, as a result of Sommerfeld’s 15 application of the 
Pauli 14 exclusion principle and the quantum restriction on 
translational motions in a free electron gas. As was shown on 
page 121, and also as discussed in the preceding section in the 
cases where the density of a gas is very great and when owing 
to the low temperature, the range of energies and hence momenta 
of the gas particles (molecules, atoms, or electrons) is very 
narrow; there are not enough elementary cells in the phase space 
to take all of the particles at their Maxwellian energies, owing to 
Pauli’s exclusion principle limiting the population of the cells 
to one atom or molecule, or two electrons with opposite spin. 
Hence the particles for which there are no phase cells of appro- 
priately low energy enter phase cells of high energy, i.e ., they 
take on energies of higher value than would be accorded to them 
on Maxwell’s law. Such atoms, molecules, or electrons are 
termed degenerate , as they do not partake of equipartition or 
contribute to such phenomena as specific heat. Now it happens 
that for gases the densities and temperatures achieved in the 
gaseous state are not low enough with the large mass involved 
to cause degeneracy, though in solids very close to absolute zero 
this occurs. In the case of the free electrons in metals, the 
densities are 10 4 times as great (one or more free conduction 
electrons to each atom) and the electron mass is at most 3^850 
that of the lightest atom. Since the criterion for degeneracy con- 
tains the mass of the particle in such a fashion that light particles 
are more likely to be degenerate, it turns out that the electron 
atmospheres in most metals are highly degenerate. In fact, it 
is only above 1500°C. that an appreciable number of electrons 
in Ag are released from degeneracy, and even here the effect 
on the specific heat would be negligible. The expression deduced 
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for the specific heat due to the free electron gas in a metal is as 
follows. The energy E of the electron gas is 


TP 3 , 

E — -=nn + 
o 


1 4w 2 mk 



Here n is the number of free electrons per unit volume, m is given 
by 



h being the Planck constant, m the electron mass, k the Boltz- 
mann constant, and R the gas constant. The quantity 2 5 nn is 
the zero-point energy or the average energy of the totally degen- 
erate electron gas at 0° abs. The equation above thus yields 
the true value of MC Vq (the quantum value) for the electron gas 
as 


MC Vo 


dE 

dT 


47 r 2 mk 
* ~p— 



The classical value for MC V for the electron gas, assuming Max- 
wellian distribution as for a gas of single mass points, is 

dE 3 A77 3 d 
dT = 2 Nk = 2 R - 


MC Vcl = 


Hence 

MC„ ri _ 1.5 R 

MC Vq 2.31 x'10 ~ 2 /e 05 

for electrons of mass rn at T = 300° abs. Thus the electron 
contribution to specific heats in Ag at 300°K is 4.62 X 10~ 2 cal. per 
mole, which is entirely too small to be detected experimentally. 
Hence, owing to electron gas degeneracy at low temperatures 
while the number of free electrons is of the same order as that 
of the atoms in the lattice, MC V for the metal is practically 
entirely due to atoms and is closely 6 cal. as observed, and not 
9, as it would be were the electron gas in the classical condition. 
Hence there is no conflict on this point any more. This happy 
interpretation of Sommerfeld has done a great deal to clarify 
the electron theory of conduction and give explanations of the 
Peltier, thermionic, and photoelectric effects. 

94. Calculation of the Temperature Variation of Specific Heats 
from the Quantum Theory and the More Accurate Application of 
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the Quantum Theory to the Specific Heats of Gases. A. Calcu- 
lation of the Temperature Variation of Specific Heats from the 
Quantum Theory . — It is instructive to study a simple derivation 
of the equation for the variation of specific heat with temperature. 
Thus the natural frequencies v of the atoms may be computed 
and the value compared with those obtained by other methods. 
The derivation is also of value, as it indicates how the quantum 
theory operates in cases already dealt with. 

To achieve this, one proceeds as follows. For the sake of 
simplicity, assume that the oscillator or atom is a linear oscillator 
describing simple harmonic oscillations. From this and the 
general law for the distribution of energy, assuming equipartition 
among the infinite number of values of the energy of oscillation, 
one obtains, by integration, the average energy for one of the 
degrees of freedom of the linear oscillator, or the atom. This 
is an expression which is merely ? 2 kT for the vibrating atom 
(see Sec. 36 for further details). The above is merely the applica- 
tion of the distribution law to the case of oscillatory instead of 
translatory motion. It is then necessary to introduce the 
quantum conditions before integrating the expression above, 
which was obtained for the energy before introducing the quan- 
tum concepts. Owing to the discontinuous nature of such a 
quantized energy content, the solution cannot be obtained by 
integration but must be obtained by summing a series. The 
new value of the average energy per degree of freedom will then 
be found to be of a complicated form involving the ratio of the 
energy quantum and the absolute temperature. 

Consider the simplest type of an oscillator, that is, an oscil- 
lator which executes simple harmonic motions along a straight 
line. This might be an atom bound in a crystal. The state of 
the atom or oscillator is defined by the coordinates x , y , and z of 
its center mass and u , v , and w of its velocity of translation. 
From the general law of equipartition of energy, the number of 
atoms of the solid with these parameters between x and x + dx } 
u and u + du } etc., are given by the Maxwell-Boltzmann law of 
equipartition. This says, in its most general form, that 

drj = Ae~ 2hE dxdydzdudvdw . 

In this expression the 2 hE is equivalent to c 2 /a 2 in the expres- 
sion for the distribution of velocities on MaxwelPs distribution 
law given in Sec. 36. E is, however, the to*al energy of a linear 
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oscillator and is given by E = + ad 2 ), where me 2 / 2 is 

the kinetic energy and ad 2 is the potential energy, a being one-half 
the force constant and d the displacement. 

It is simpler to consider the energy along one axis only, since 
the energies, on the average, are equal along the three axes. 
This is equivalent to picking 1 degree of freedom of oscillation 
only. To get this from the above expression one must integrate 
it for all values of y , z, v, and w. This gives drj x , the number of 
atoms or oscillators with parameters between x and x + dx, and 
v and u + du only, as 


drj x = A x e~~ 2 hE *dxdu, 
where E x = +- ax*j. 

Putting h — l/2kT, where k is the Boltzmann constant (see Sec. 
36), then, 

_ E, 

dr) x — A x e kr dxdu. 


This cannot be integrated in this form, for u and x must be 
expressed in the same form as E x , that is, to integrate this equa- 
tion it must be transformed from an area in the ux plane to an 
area in polar coordinates in the E x plane. Since E s ~ 1 2 m u 2 

4- ax 2 , one may choose as axes and \/ax. Then \TE z 

becomes the radius of a circle, and the result is: 



's/l&x sin 6 


\/ax = \/ r E~x cos 0. 


By means of a Jacobean transformation the area dudx may be 
transformed into an area in the E x -0 plane. 


dudxe = 



jm du _ 1 

\2 JE X ~~ 2EJ* Sm 

rtx du p a 

2 3 ? 
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■y/a dx 


dE x 


2E.» 


cos 0 


Va Y q = -y/E x sin 9 
/_ E* sin 2 6 _ EJ* cos 2 d\dE,d 8 


dudxt — ^ 


Therefore 


2E Z * 


dudxg = 


2 E,» ) 

IdErdd 




m 

2 


4 


'am 

2 


For all values of 0, dudx becomes 


dudx = — ^ 


‘^■r» 

z am I 

V~2“Jo 


Hence 


^ 

am 

2 


V' 




From this it follows that 

drjx = drjK x ~ Be 107 dE Xt 

TV A x 


where 


B = - 




am 

2~ 


1 dB,d0 



Now if any value of the energy is equally probable for linear 
vibration, that is to say, the energy is not quantized or distributed 
in any other manner, the average energy possessed by a degree 
of freedom may at once be calculated from 


that is 


E x 


Ex 



B 


f 


e kT dE : 
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that is, for linear oscillator the energy per degree of- freedom is 
kT. For 3 degrees of freedom it is 3 kT. If it be multiplied 

by N a and differentiated for T , then at once MC V = 

j m 

= SN a = 3 kN A = 3/S, or 6 cal. This is independent 
of T and is merely the expression obtained for MC V before 





3i 41 
E 
(b) 


Fhj. 57. 


51 U 


on elementary considerations. Now actually, if it is assumed 
that the energy can only be absorbed in quanta, in which the 
quanta must be equal to a given value depending on the fre- 
quency of the oscillator, it is impossible to integrate in the manner 
above. The situation may be seen in the two diagrams of Fig. 
57. Diagram a gives the distribution law for energy E x among 
the oscillators, assuming all energies are possible. The average 
E x is obtained by the integration process performed above. It 
is the product E 3 dr\ Ex summed up from 0 to co, divided by 
drf Ex integrated from 0 to that is, by the total number of 
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atoms in each element summed up for all the elements. In 
the diagram b the curve is not continuous, but the total energy 
content is made up of the various strips dE x = e wide and having 
consecutively the ordinates dr) Ex given for the particular strip c 
in question. The E x is then the sum of kn infinite number of the 
quantities e, of value, respectively, 0, c, 2c, 3c, 4c, etc., the number 
of atoms having t lie energy E x being given by the appropriate 
value of dt)K x for the given energy c, 2 c, 3c, 4c, etc. The quantity 
previously represented by 



ee 


I 


drj Ejc is now^drj Kjt 


0 f 2c 

kT + ee kT + ee kT + . . 



Ex 


for the value of dri E = He kT dE XJ and E x has progressively the 
values 0, c, 2c, 3c, etc., while dE x — c, and that represented by 


Ii\o 


Therefore 


J^L' x driK z is nov/^E x dvK z 

_ o _ . _ 2. 3. 

X ee kT + t X ee kf + e X 2ee kT +e X*3ee 

£ 0 

^ = 1 r 

'1 


2c _ 3c 

+ c 2 e kT + 2c 2 e kr + 3c 2 e kT + 


- 2c 3c 

c + ec kT + ee kT + ee kT + 


This leads to the study of the power series obtained by setting 

x = e kT and gives an expression 
ex 

(T-T/ 


ex 7 - e 

E x = — x’ or E x — — 


e + lcf _ 1 


To get the specific heat, this must be differentiated with respect 
to T. Differentiation gives 



For a gram-molecule, that is, for N A molecules and for 3 degrees 
of freedom, one has MC V for a monatomic gas as 
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njrn _ , T 3dE x 
RfCv Na 


dEs A 

dT 



The energy quantum e according to the quantum theory is hv, 
where v is the characteristic frequency of the atoms and h is the 
Planck constant. Thus one may write that 


MC V = 3 R 


hW + 

wr e 


hv_ 

kT 


(jf - o' 


It is seen that when hv/kT is very large, that is, T is very small, 
this quantity is nearly 0, and asymptotically approaches 0 as T 
approaches 0. When kT is large compared to hv, this quantity 
approaches 3 R asymptotically. Since 3 R is the classical value 
for MC V , the equation fits the experimental facts quite well. 

This expression, which was first deduced by Einstein 11 ' 16 in 
1907,* can be rewritten in a more convenient form, calling 

hv_ e m 

IrT y ~~ rpt 


where 0 = hv/k, one has 



where <f>(Q/T) is the complex exponential function above, often 
called the Einstein function. 0 has the dimensions of a temper- 
ature and is the characteristic temperature of the lattice. It 
depends on v , the characteristic frequency of the lattice, as 
well as the universal constants h and k : and sets the value of T 
at which the specific heat reaches the value 3 Re/(e — 1) 2 in its 
range of values. The Einstein function closely fits the data at 
higher temperatures but departs seriously at temperatures near 
0° abs. Einstein recognized the weakness of his deduction as 
lying in the assumption that the vibrations were monochromatic. 
Actually, due to the fact that each atom is under the field of 
force of many other atoms in the crystal, the conditions are not 

* An excellent account of this work from which some of the ensuing 
material was condensed is given by Saha and Srivastava in their book 
entitled “A Text Book of Heat .” 16 
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so simple. Nernst and Lindemann 17 attempted to improve on 
this empirically by assuming that half the atoms vibrated at a 
frequency v and the rest at a frequency v/2. This gives a closer 
fit than does Einstein's theory. Debye, 18 however, solved the 
problem quite accurately by a method which is hardly one of 
kinetic theory. It is of interest at least to indicate the manner 
in which he proceeded and to give his very important and success- 
ful equation. As stated, the individual atom does not vibrate 
to a single frequency but probably possesses a whole spectrum 
of elastic frequencies superposed on each other, which can be 
resolved by Fourier series. Debye disregards the crystalline 
and atomic structure of the body and uses the classical theory 
of elasticity to obtain the nature of the vibrations. Such a 
spectrum consists of a fundamental frequency and overtones 
ranging from zero to infinity. This of course implies an unlimited 
number of degrees of freedom of vibration which cannot all 
exist since the degrees of freedom of vibration are classically 
restricted to 3 N A per mole, where N A is the number of atoms 
per mole. To obviate this difficulty, Debye arbitrarily assumed 
the presence of all frequencies ranging from zero to a limiting 
frequency v m such that the sum of the frequencies from zero to 
v m become equal to 3 N a. This means that arbitrarily the elastic 
spectrum is cut off sharply at a definite value of frequency, 
v m . Debye then analyzed the transverse and longitudinal 
elastic vibrations which travel with well-known velocities derived 
from the moduli of elasticity. Then, from the velocity and the 
volume, the number of waves of each kind contained between 
the values v and v + dv can be calculated. Using Planck's 
evaluation of the mean energy of each wave of frequency v and 
counting up the total number of waves, the total energy in the 
volume V of substance is computed. Setting hv/kT — £ and 
hvm/k = 0, differentiating the total energy with respect to T } 
Debye arrived at the value of MC V for a monatomic solid as 



£ 3 d£ 

e* — 


1 



1 


]• 


The quantity in the brackets is known as the Debye function 
D(£«) and has been evaluated over a range of values of £ m . At 
high temperatures both £ and £ m are small and the integral 
approaches unity so that MC V = 3 R. At very low values of 
T, £ m and £ are large, the term 3£ m /(e*" - 1) becomes small, 
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while e* is large unless v is small. Thus the energy resides 
largely in small values of v so that £ m = hv m /k becomes infinite 
essentially in the upper limit of integration. Integration at 

once yields MC V = . 


Thus, since 0 is a constant, 


MC V for very low temperatures varies as 3P 3 . This is the famous 
T z law of Debye. 0 can thus be evaluated directly from low- 
temperature measurements of MC V . If MC V be plotted against 
T, different curves will be obtained for each substance if one 
use the full equation MC V = 3 RD(0/T) f where D stands for 
the Debye function. If MC V be plotted against 0/T 7 , a single 
curve characteristic for all substances is observed, 19 from which 
by the use of the value of 0 the curve for MC V as a function of T 
for a particular substance can be derived. This relation has been 
accurately tested for a large number of substances from values of 
T/O ranging from around 0.04 to 2.5. The values of 0 for each 
substance can be found from experiment, either from the value 
giving the best fit to experiment for the full curve, or from the 
value of the T 3 law at low temperatures. 0 can also be cal- 
culated from the elastic constants of the substances by the 
relation 



V being the volume of the N molecules, p the density, K the 
bulk modulus, and n the modulus of rigidity. In addition 0 
can be calculated from the thermal expansion and from the 
frequency v r of the residual rays, assuming v r = v m . These agree 
fairly well with the values obtained by direct measurement from 
the Debye theory. The agreement is, however, not completely 
satisfactory, and some substances, such as Hg, Zn, and Cd, depart 
widely at low temperatures. In addition, it must again be 
stated that the derivation is in theory to some extent empirical 
in the introduction of the limiting frequency v m and suffers 
more seriously from the point of view of the kinetic theory in 
that it overlooks completely the fact that crystals are composed 
of definite structures of atoms. 

B. The More Accurate Application of Quantum Theory to the 
Specific Heats of Gases. — As a result of what has preceded, it is 
now possible to consider more in detail how quantization affects 
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the value of the specific heats. In the elementary discussion 
of quantum limitations to equipartition in the case of specific 
heats, it had been assumed that despite the fact that n could be 
any integral value, provided the energy of impact was great 
enough to waken that state of rotation or vibration, the value of 
n was unity. In actual gases n is not unity, for, owing to the 
distribution of energies among the molecules, there will be some 
impacts able to impart an energy equal ton = 1 to the molecules, 
fewer impacts able to impart n — 2, and still fewer to impart an 
energy for which n = 3. Under any circumstances several 
values of n are possible, and the higher the average energy of 
the gas relative to the energy required to activate quanta for 
which n — 1, the more molecules there will be in the higher 
states. It is also clear that, since the energies of rotation are 
lower than the vibrational energies, the higher quantum states 
will be an important factor in rotation at ordinary temperatures. 
It will be of interest first to discuss the influence of the higher 
quantum states of rotation on specific heats. 

To do this it may be recalled that for the quantization of a 
rotator the condition imposed was that the energy of rotation 
in the nth state was given by 


E 


rn 


h 2 n 2 
8t r 2 /' 


For the sake of abbreviation h/STr 2 I will be designated as A. Here, 
it is seen that A depends essentially on the moment of inertia 
of the molecule and on h. Thus one has E rn = (h 2 /8Tr 2 I)n 2 
= Ahn 2 , Now the Boltzmann extension of the distribution law 
(see Sec. 36) enables one to write that the fraction of molecules 
N n out of N a present that have an energy E rn = Ahn 2 correspond- 
ing to the nth state is 

Ahn* 

N n = q n e kT . 

In this equation all terms are familiar except g„. This is a weight 
factor which denotes the relative probability of occurrence of 
the nth state, aside from the considerations of energy. Statistical 
studies 20 for which there is no place in this text have shown that 
q n = (2 n +1). Further study from the viewpoint of wave 
mechanics 21 has shown that for rotation E n is not accurately 
given by E rn = Ahn 2 but is more' accurately given by Em = 
Ahn(n + 1). Thus the equation above becomes 

n(n + l)Ah Em 

N n ~ (2n + l)e kT - q n e 
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Accordingly the total energy E r of the N A molecules in a mole is 


N A^E n q n e 


which is the total number of molecules multiplied by the average 
energy of the molecules due to the rotations present, the summa- 
tion signs being used instead of integrals since the energies E rn 
are integral values of the energy for which n = 1 . If Q denote 


dQ 

dT 




Ern 

~w 


E = NaJcT 2 — — = RT 2 ~ * Qg — 
r 1 dT Q KJ dT 


Hence the specific heat MC V is given at once by 



This can be evaluated at once if A — h/Xir 2 I is known. It is 
possible to evaluate A from a study of the band spectrum of the 
molecule, which gives the values of the rotational frequencies 
emitted in the transition from one rotational state to the next. 
Again if MC r be measured as a function of T, then the value of A 
can be inferred. Thus there are really two ways of obtaining / 
for the molecule, and, where both can be used and the values of 
/ agree ; one may consider the agreement an excellent proof of the 
theory. 

The Einstein equation for the specific heat of solids enables 
one to calculate the contribution of vibratory motions to the 
specific heat of gases in a more rigorous fashion 22 than was 
possible on the simple considerations of Sec. 92. If a single 
frequency of vibration only is present, as is more nearly the case 
for the molecule of a diatomic gas vibrating with low amplitude, 
the Einstein theory can at once be applied. The rough ele- 
mentary theory of Sec. 92 gave as MC V for a diatomic gas the 
expression 

MC. = (^R a + r 2 R A + vR^ 

Here r is the number of degrees of freedom of rotation, and v is 
the number of degrees of freedom of vibration which are respec- 
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tively 2 and 1 for a diatomic gas. Owing to the fact that the 
rotations and vibrations are distributed among several quantum 
states in different amounts corresponding to different values 

of the quantum number n, one must replace ^ R A by the rotational 

expression just deduced taking into account different values ofn 
and one must replace vR A by the Einstein expression for the 
average energy of vibration for an oscillator of single frequency 
v but having different values of n present which was deduced in 
part A of this section. Under these conditions the value of 
MC V for a diatomic gas becomes 

MC. - !«, + K-fi(f) + 

Eucken 33 has carried out an extensive comparison of experimental 
data with theory. Here the frequency v can be taken from 
optical measurements. In the case of HC1 where the values of 
v have been fairly accurately obtained, the agreement is fair. 
For chlorine also the value of 

MC P = \r a + 

has yielded satisfactory agreement with experiment, the rota- 
tional term being considered as R A . Thus it has been found 
that the quantization when more rigorously applied yields values 
which, despite inadequate data, confirm the theory with con- 
siderable success. 

A final discussion of the specific heat of hydrogen might be 
given. This gas has been investigated accurately over a large 
range of temperatures, and it appeared that no one value of the 
constant A could be found that fitted the data over all temper- 
atures. Spectroscopic studies of Hori 36 have, however, yielded 
a definite value of A and hence of / = 4.67 X lO"^ 1 giving a 
distance between nuclei of 7.5 X 10 -9 cm. There had for years 
been noted a peculiarity in the spectrum of the H 2 which cor- 
responds to that for many other diatomic gases composed of 
atoms of the same substance. This peculiarity appears in the 
absence or faintness of alternate lines due to successive values 
of rotational quantum numbers. This was accounted for by 
Hund 36 on the assumption of spin moments of the nuclei of the 
atoms themselves. Such nuclei as H have spin moments and 
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two types of molecules may be considered, those of the para form 
in which the nuclei rotate or spin in the same direction ( i.e the 
spin moments are parallel) and of the ortho form, in which they 
are antiparallel. The two forms are independent and show 
considerable reluctance at transforming into each other, the 
ortho form being three times as frequent in occurrence under 
ordinary conditions of temperature and pressure as the para 
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0 
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form. From the conditions imposed by quantum theory, the 
quantum numbers of the para molecules should always be even, 
while those of the ortho form should be odd. This means that 
in evaluating Q for the rotational contribution to specific heats, 
two values of Q ( Q p and Q 0 for the para and ortho forms) must 
be computed, one for the even values of n and the other for the 
odd values of n and the contribution of the ortho form must be 
counted % of the total Q while the para form must be counted 
as Y±. The theory was developed by Dennison 37 in 1927 ; and with 
Hori’s data Dennison fixed the ratio of ortho to para as 3:1. 
Beutler has calculated the values of the specific heat MC V of 
H 2 as a function of temperature on this assumption, and the 
agreement is shown in Fig. 58 where the points are Eucken's 
values and the full curve is the calculated curve. The trans- 
formation from the ortho to the para form is very slow, and the 
relative proportions are temperature dependent. High pressures 
and low temperatures are conducive to change and by the use 
of catalyzers, Bonhoeffer and Harteck 39 showed that the pro- 




474 


THE KINETIC THEORY OF OASES 


portion of ortho to para while 3 :1 at room temperatures, becomes 
1:1 at liquid-air temperatures and 0:1 at liquid-hydrogen tem- 
peratures. The two forms show different properties, vapor 
pressures at 20° abs. differing by some 36 mm of Hg in 760. 
Thus one has another influence governing the quantized values 
of the specific heat in certain forms of molecules, whose discovery 
has extended and broadened the understanding of specific heats 
of diatomic molecules. 

In concluding this chapter it will be of profit to indicate the 
general agreement among some of the values of the character- 
istic fundamental frequencies of atoms in solids determined 
from various sources. As assumed in Einstein’s theory of 
specific heats the atoms of a solid have a single characteristic 
frequency v, and from the experimental data it is possible to 
evaluate v by means of Einstein’s theory. As was intimated 
in the discussion on the nature of molecular forces, v is determined 
by the laws of force between the atoms of a solid and these must 
also determine the melting point, the elastic constants in general, 
the compressibility, and the expansion coefficients. Each of 
these by means of theoretical or dimensional reasoning may be 
related to v , the assumed single frequency. Frpm the resulting 
equations it is possible to evaluate the characteristic frequencies 
in each case. Despite the very approximate nature of the 
relations used and the fact that the frequencies are not unique, 
the agreement is surprisingly good. A number of the relations 
used are given later. 

Since v is a characteristic of the atoms in the crystal structure 
and is related to the forces of restitution for the atoms in the body, 
it is not surprising to find that Einstein 29 as far back as 1911 found 
a relation between v and the elastic properties of the body. On 
the assumption that the atom vibrates with simple periodic 
vibrations ( i.e ., that it emits monochromatic waves) he derived 
an expression for 

__ 2.8 X 10 7 
Vb A^Ku’ 

where A is the atomic weight, p the density, and K the com- 
pressibility of the body. Lindemann 31 assumed that the ampli- 
tude of the atomic vibrations in a solid at the melting point is of 
the order of the distance between the atoms. From this assump- 
tion he obtained the following relation between T s the absolute 
melting point and the characteristic frequency v 
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= 2.8 X 10 12 


zyy* 

ah ' 


where A and p have the same significance as before. It is seen at 
once why the light and refractory elements at room temperature 
depart from the Du Long and Petit law so widely, for with a small 
A and a large T s , vt s 18 very great, which makes MC V < 3 R in the 
equation for MC V . Finally, E. Madelung 30 and W. Sutherland, 32 
independently, found that in certain substances the frequency v 
should coincide with the optical frequencies of the atoms. Thus 
rock salt, sylvin (KC1), and KBr show strong absorption bands in 
the far infra-red. Together with this they show strong metallic 


Comparison of Values of v for Metals Calculated by Different 

Methods 


Metal 

Debye 

(elastic 

con- 

stants) 

Debye 

(specific 

heat) 

Ein- 

stein 

(specific 

heats) 

Griin- 

eiscn 

(expan- 

sion 

coeff ) 

Linde- 

mann 

(melt- 

ing 

temp.) 

Haber 

(ultra- 

violet 

spectra) 

Austin 
(com- 
pressi- 
bility 
coeff ) 

Austin 
(expan- 
' sion 
coeff.) 

Resid- 

ual 

rays 

Ag .. . 

4 4 

4 5 

4 5 

4 6 

4 4 

4 6 

4 2 

4 4 


A1 

8 3 

8 3 

8 3 

7 7 

7 8 

8 2 

7 0 

8 1 


Cd 

3 5 

3 5 


3 7 

2 8 


2 8 

3 5 


Cu 

6 8 

6 6 

6 7 

7 1 

6 8 

7 2 

6 0 

6 0 


Fe . . 

9 7 

9 5 


8 5 

8 3 


7 0 

7 5 


Pb 

1 5 

1 8 

1 5 

2 2 

1 9 

2 5 

2 1 

1 8 


Diamond 



40 0 


32 5 





NaCl 



5 9 


7 2 




5.8 

KC1 . ... 

• 


4 5 


5 6 




4 7 


reflection for these same waves. Thus these crystals have atoms 
which have natural frequencies in this region. These frequencies 
can be none other than the oscillation frequencies of the atoms in 
these bodies, for the crystal is known to be composed of a regular 
lattice in which the metal ion and the anion alternate. Thus as 
these electric waves have too low a frequency to be electronic in 
origin, they can come only from the oscillations of the charged 
atoms or ions themselves. Since these are the atoms, the atomic 
frequency v must be the same as these. Now by repeated selec- 
tive reflection from a rock salt or other crystal, these waves can 
be segregated out and their wave lengths measured. Thus one 
can find v for the atoms directly by getting the wave length of 
the residual rays according to Nernst. 34 In the table above are 
given the values of v multiplied by 10“ 12 for a number of different 
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CHAPTER X 


CONTRIBUTIONS OF THE KINETIC THEORY TO 
ELECTRICAL AND MAGNETIC PROPERTIES OF 
MOLECULES 

I. THE DIELECTRIC CONSTANT OF MOLECULES 

96. Elementary Statement of the Problem. — It had long been 
known that there was a relation between the optical refractive 
index of a substance and its chemical nature. In fact, Gladstone 
and Dale' as far back as 1858 to 1863, and Landolt 2 found that 
the refractive index n diminished by unity and divided by the 
density p gave a characteristic quantity associated with each 
chemical type of atom. This when applied to the atoms of some 
compounds had marked additive properties. It did not hold 
for changes of state of aggregation nor did it fulfil the values 
observed in mixtures very well. An equation was deduced 
simultaneously in 1880 by Lorenz 3 in Copenhagen and Lorentz 4 in 
Leyden on a sound theoretical basis which satisfied the condition 
of being independent of the state of aggregation quite well. 
It starts out with the assumption that the molecules are spherical 
electrical conductors. If such molecules find themselves in an 
electrical field they will have charges induced on them of opposite 
signs on the two sides of the plane normal to the line represented 
by the direction of the field and passing through the center, that 
is, the centers of gravity of the positive and negative electricity 
present in equal amounts will be shifted from the center of the 
sphere by the field, so that the molecules act as induced electrical 
dipoles. Such dipoles would act on the charged bodies producing 
the field so as to diminish the forces between them, and it is thus 
that the dielectric constant may be accounted for. Clausius 6 had 
shown in 1867 that if the fraction of the volume occupied by the 
substance which is actually occupied by the molecules be u, then 

the dielectric constant 8 is given by an expression 5 = ^ 

This expression will be deduced in a later section. Thus the 

479 
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fraction of the volume of a gas occupied by the molecules 
themselves will be given by 

8 - 1 
U 5 + 2 * 

For a gram-molecule of substance M, of density p, the total volume 

Af 

is -- . Then if P Q is the fraction of the volume occupied by the 

molecules in a gram-molecule, one may write 
_ uM _ 5 — 1 M 

p “ 8 + 2 p' 


This Po is termed the polarizability and is independent of the 
density. 

Now from the wave theory of light it had been known that 8 
should approximate n 2 , the refractive index, particularly where n 2 
could be measured far from an absorption band, or for very long 
wave lengths when there are no absorption bands in the infra-red. 
Thus for a gram-molecule where n is the index of refraction, one 
can write P , the specific refraction: 



n 2 — 1 M 
n 2 4-2 7 


The result is an equation representing the relation of the index 
of refraction to the actual specific volume of the molecule which 
is supposed to act like a conducting sphere. This should depend 
on the characteristics of this molecule only and represent its 
contribution to the refractive index no matter what the state 
of aggregation. The theory achieved a remarkable amount of 
success in its applications, and the success achieved may be seen 
in referring, for instance, to Nernst’s 6 “Theoretical Chemistry, ” 
Seventh Edition, Chap. VI. 

As was seen above in deducing the Lorentz-Lorenz law, which 
holds surprisingly well, an expression for u in terms of 5, the 
dielectric constant, was first deduced, on the Clausius-Mosotti 
theory of dielectrics. This expression should have the same validity 
as the expression for the index of refraction which was deduced 
from it. Thus since n 2 was assumed equal to 5, the additive law 
for refractivity should also hold for the dielectric constants 5, 
that is, P o which holds for infinitely long electric waves should 

be given by P Q = ^ ~ This is, however, found to be in no 

o + & p 

sense the case. For some substances the value of P 0 is not at all 
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constant with the temperature or varying state of aggregation. 
It also fails for the case of mixtures, and the additive laws found 
in the case of the index of refraction cannot possibly be applied 
to some substances. It was at first thought that this was 
due to the fact that for some substances n 2 did not equal 5, as, 
owing to absorption bands, the extrapolation of ri 1 for visible light 
did not give the real value in the infra-red (see Nernst, Loc. cit.). 
As investigations in the spectra developed, this explanation of 
the failure did not seem to agree with the facts and the matter 
remained unexplained. In 1912, Debye 7 published a paper in 
which the idea which lay at the basis of his beautiful explana- 
tion was expounded. It was further developed in subsequent 
papers and a masterful account of this will be found in his 
chapter on the subject in Marx’s “ Hand buch der Radiologic,” 8 
from which a large portion of the subsequent discussion in a 
simplified form w r as taken.* 

To understand Debye’s reasoning, one must return to the 
underlying Clausius-Mosotti picture of the molecules from which 
their equation was deduced. The molecules were assumed to be 
conducting spheres which could not give up their charges on 
contact but were charged on opposite sides by the inducing field. 
These by their action led to an expression between a , their total 
volume, and the dielectric constant 8 of the form given before; 
namely, 

8 - 1 
U 8 + 2 


For those in a gram-molecule the volume should be P 0 = f , * ^ > 

o + 2 p 

that is, the actual volume of the spherical conducting molecules 
in a gram-molecule should be given by P 0 . Now from Van der 
Waals* equation (Sec. 48) one has a quantity b whose volume is 
four times the total volume of the molecules present. Thus b 
should equal 4P 0 calculated from the above equations. Actually, 
V 1 

from critical data b = — or P 0 = F c . From the critical data 


also 


VeV c 

RTc 


3 


(see Sec. 52), so that 


Po 


1 RTc 

32 p c 


The values of P o computed from 8 for Os, H 2 , and NH 8 gases are 
given in the table and compared with the values calculated from 
* See also titles 6 and c under Books Recommended at end of this chapter. 
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the critical data. For H 2 , P 0 = K 2 ^ was used as it was for the 
first value of 0 2 . For the second value of 0 2 used, as well as for 
NH 3 , the expression 


Po = 


1 XL 

32 p «. 


was used as the latter data are better for NH 3 . 


Gas 

Poby S 

Po critical 
data 

H* 

2 04 

4.98 

o 2 * 

4.05 

6.20 

O 2 . . . 

4.05 

7.83 

Nil 3 . ... 

63.0 

9.52 


* The difference in the figures for 0 2 is due to errors inherent in all calcu- 
lations from critical data (see Sec. 52). 

The table is very interesting as it shows first that for II 2 and 0 2 
the value of P 0 obtained, assuming that the atoms act as conduct- 
ing spheres, is in as good an agreement as can be expected with 
observed values of the volumes. For NH 3 this is not the case. 
The disagreement is striking, being almost one of order of magni- 
tude. Again, the constant Po should be additive, as it is for the 
case of P, using refractive indices. This is found to be the case 
for carbon and hydrogen in CH 4 and C 6 H 6 . For H 2 , Po was 2.04 
cm 3 , so that for H it is 1.02 cm 3 . For CH 4 one calculates, from 
8 , Po = 7.09 cm 3 , whence if the additive law holds P 0 for carbon 
should be 3.01 cm 3 . Benzene (C fi H s ) leads one to calculate P 0 
on the additive law from P 0 for carbon and hydrogen as 24.2 cm 3 . 
The observed value is 27.5 cm 3 . Thus for carbon and hydrogen 
the additive laws for P 0 calculated from 8 seem to hold in CH 4 
and Celle. For N 2 , Po is 4.33 cm 3 from 8, so that N has P 0 as 
2.16 cm 3 if the additive law holds for N 2 , as appears to be the 
case. Calculating P 0 for NH 3 from these data on an additive 
law, it comes out 5.22 cm 3 . The Po as computed from the 
observed 8 is 63 cm 3 . Thus again NH 3 fails to obey the additive 
law, while H, N, C, and 0 seem to follow it in some compounds. 

Finally, if the variation of P 0 with temperature is examined 
under conditions where the molecules are separated by consider- 
able distances as in a gas or in dilute solutions, it will be found 
that a large number of them have P 0 constant with temperature, 
as the theory demands. These substances comprise the whole 
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group found above that give the values of P 0 from 8 which agree 
with other data, and that follow the additive law, e.g. f O 2 , N 2 , 
H 2 , CH 4 , Celle. On the other hand, substances like NH 3 , S0 2 , 
H 2 0, alcohols, pyridine, etc., which fail to give reasonable values of 
P 0 from 8 and do not follow the additive law, also show a large 
variation of P ( > with T . Thus for NI1 3 , P 0 decreases as the 
temperature increases, as seen in the table below: 


T 

P 0 

292.2 

57 57 

309 0 

55 01 

333.0 

51 22 

387 0 

44.99 

413 0 

42 51 

446 0 

39 59 

448 0 

39.50 


All these phenomena appeared to Debye to have a common 
cause, and he asked the question, How can one have a dielectric 
constant or a portion of it that varies with the absolute temper- 
ature? This at once leads one back to the original Clausius- 
Mosotti explanation of <$. According to them, 8 was due to the 
polarization of electrically conducting spherical molecules. 
Debye and others investigated this in the Light of modern theories 
of atomic structure and found that the type of action assumed by 
Clausius and Mosotti for their conducting spheres was also appli- 
cable to molecules composed of nuclei with orbital electrons. 
Debye, however, could imagine no mechanism for this type of polar- 
izing action consistent with modern theory which would account 
for a temperature variation. If, however, it is assumed that with 
this polarizability there exist in some of the molecules permanent 
electrical dipoles the case is entirely different. The precedent 
for this idea lay in the fact that the chemists had long regarded 
the electrical charges of substances strongly ionized in aqueous 
solutions to be segregated even in the molecules. This was 
required to account for the easy electrolytic dissociation. Thus, 
for instance, in HC1 the H atom was supposed to be positively 
charged and the Cl atom negatively charged. The HC1 mole- 
cule has thus a permanent electrical moment as the H and Cl 
atoms are separated by finite distances from each other in the 
molecule. With permanent dipoles the whole temperature effect 
is explained as well as the high non-additive values of P 0 . The 
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idea for this explanation came to Debye from the work of 
Langevin, who had in 1905 deduced the expression for the 
magnetic behavior of paramagnetic gases as a function of the tem- 
perature, assuming the existence of molecular magnetic dipoles, 
for if HC 1 molecules are imagined in a gas the action of a field will 
be such as to cause the molecules to try to orient themselves in the 
field. This orientation analogously to the case of molecular 
magnets in iron in a magnetic field tends to be destroyed by the 
random heat motions. Thus, although the HC1 molecules are 
free to turn in the field, on the average they are oriented only 
partially in the field and only a fraction of the moment is effective. 
This could be expressed by the moment multiplied by the cosine 
of the average angle of orientation in the field. The higher the 
temperature the less the orientation and hence, as the temper- 
ature increases, the value of 8, and so the apparent value of 1\, 
should decrease. Again, the Clausius-Mosotti equation allows 
one to calculate only the induced portion of P 0 . Thus the values 
of P o due to the induced electrification of separate atoms in a 
compound should really be less than values of P 0 calculated from 
a 8 where part of this quantity is due to permanent moments. 
This explains the non-additive nature of the values of P 0 for such 
compounds. While N and II separately have a small additive 
Po due to induced electrification of the Clausius-Mosotti type 
when they unite to form XI 1 3 , there is a new grouping with a large 
permanent dipole moment due to the segregation of the charges 
in this particular type of molecule. Other compounds of II and 
N which did not have this could conceivably have a 8 and hence a 
P 0 where the II and X P 0 values combined purely additively and 
were of a simple induced nature. Most compounds have a P 
calculated from the index of refraction which is nicely additive, 
since, because of the very high frequency of the light vibrations, 
the slow orientation of the permanent molecular dipoles in the 
field cannot occur. Hence here mostly the purely induced dielec- 
tric constants which are nicely additive are dealt with. In cer- 
tain cases where the frequencies of the light waves approach fre- 
quencies of dipole rotation in the infra-red this no longer holds 
and the additivity then begins to break down. 

This beautiful explanation of the paradoxical situation of the 

two equations of P 0 = f— 7 - ~ — and P = U 9 - 7 where the 
second equation held while the one from which it was derived 
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failed, merits treatment in this book because of its relation to the 
kinetic theory. In the succeeding sections the Clausius-Mosotti 
equation will be deduced and the Debye calculation for the 
temperature variation of 8 will be given. Section 97 will give 
the beautiful quantitative agreement between theory and experi- 
ment. In Part II, the treatment of the magnetic properties of 
gases from a similar point of view will be given. 

96. Theory of the Variation of Dielectric Constant with Tem- 
perature. a. The Deduction of the Clausius-Mosotti Law . — 
( 'onsider a region in free space with no material present and pro- 
duce an electrical field E in this region; the field produced has 
the intensity E, that is, if one represent it by the number of lines 
of force per cm 2 normal to the direction of these lines, there will 
be E lines of force per cm 2 . If, now, one place matter in this 
space, the field intensity will no longer be E y but it will have the 
value I). 1) is, however, related to E in a simple manner. 

Owing to the presence of induced electrical charges in the dielec- 
tric, the added lines of force can be treated as coming from the 
two ends of the volume considered, the ends being chosen normal 
to the lines of force, that is, the action of this region filled by mat- 
ter can be imagined as being replaced by two condenser plates 
with a charge density at the two ends of the volume. This 
new charge gives lines of force which add to the field E initially 
existing. If unit volume is considered, these charges may lie 
designated as ±P. Hence, numerically, each unit volume will 
contribute 4irP new lines to the field E. Thus D f the dielectric 
displacement, is given by 

D = E + 4t rP, 

where P is called the polarization. Now P is proportional to E 
in certain cases, for P is caused by E. Thus P = KE f where K 
is the electrical susceptibility. For the cases where this holds 
then 

D = E( 1 + 4t tK). 

This may be written in a different form, to wit, D = 8E f where 
6 = 1+ 47 tK and is known as the dielectric constant. It is 
the same quantity by which the force between two electrified 
bodies in a medium is reduced by the polarization of the medium. 
Thus it is 8 which is measured experimentally, and the quantity 
K must be derived from it. 
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All the above considerations apply to the case of a homogeneous 
medium filled uniformly with matter of dielectric properties. 
Actually, matter is made up of molecules whose total volume 
may make up only a fraction of the total volume. The question 
of interest is how these molecules affect the dielectric constant, 
and what can be learned about the molecules by a study of their 
dielectric constants. It could be assumed that for any one 
molecule the relations of the last paragraph were applicable. 
This molecule does, however, not find itself in an isolated space 
in a field E devoid of matter. It is, in fact, surrounded on all 
sides by molecules, each of which is polarized and each of which 
consequently contributes to the field acting. The field in which 
a molecule finds itself is not now E, but a field F. This F may 
also be considered proportional to E> so that one may write 

F == E + vP. 

This field will be designated as the inner field . The constant 
factor v is called the constant of the inner field. It is a pure 
number which replaces the 47r in the equation above. Its value 
depends on the nature and distribution of the molecules. Calcu- 
lations for which there is no space in this book make it possible 
to determine v. For a more complete treatment, refer to II. A. 
Lorentz, 9 and a complete summary of the literature will be found 
given by Born. 10 For spherical molecules which constitute the 
corners of a regular molecular (or atomic) space lattice, or for 
such molecules which are distributed completely at random in 

4t 

space, ( e.g ., as in a gas or a liquid), this factor v is - Q -. Thus 

u 

instead of D one now uses the inner field F, given by F = E + 

4tt 

2 P for cases which are of interest in the questions raised. 

In the electrical case saturation as observed in ferromagnetic 
substances is hardly detectable.* Thus it may be assumed that 
a molecule in an inner field F will acquire a moment m whose 
average value with time m is proportional to F. Hence m = 

* The reason for this is that the electric fields are so feeble compared to 
the atomic electrical fields that the polarization produced is very slight, 
thus, as in magnetism, one can assume proportionality for weak fields through 
narrow ranges. Furthermore, the orienting action of the weak electrical 
fields on molecular dipoles in gases and liquids is too slight with the violent 
heat motions to give saturation. 
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y F. If there are in unit mass of the substance z molecules, and 
if the density is p, then 

P = pzm ~ ypzF . 


As, however, 


F = E + vP 


it follows that P = 1 ~- Z —~ — E, 

1 — vpzy 

and 


and therefore 


K = - pz ? - , 

1 — vpzy 


<5—1 — K AttK 


1 — (v — 47 r)pzy 
1 — vpzy 


These equations relate K and 8 to v and the polarizability of a 
single molecule y. One may also put this in the form 



vpzy, 


by solving for pzy. 
then becomes 


For the case where v 


8 " 1 4 7T 

6 + 2 = :j pzy ' 


4tt 

3 


the solution 


If 7 , the polarizability, is a constant independent of pressure or 

temperature, the quantity l , \ is by the equation proportional 

o T* Z 

^ I 

to the density. Where - - is not proportional to the density, 
O Z 

2 ^ 2 

that is, where - - is not a constant, it is to be inferred 

P o - \~ Z 

that 7 , the polarizability, varies with the temperature or pres- 
sure. That this actually occurs was noted in the Introduction, 
for 8 is a function of the temperature. It w r as the study of this 
temperature variation which led Debye to the assumption of 
molecular dipoles. The above expression is the Clausius-Mosotti 
law.* To obtain the Loren z-Lorentz expression from this, it 


* In the deduction here, however, the conducting sphere hypothesis is 
absent. Clausius and Mosotti deduced tin* law and calculated the factor v = 
4ir 

for the special case of a conducting sphere. The deduction here is 

correct for any body with positive and negative charges that are relatively 
mobile and for the cases of random or special spatial distribution. 
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need only be remembered that 5 = n 2 , where n is the index of 
refraction, if one is far from an absorption band and at infinite 
wave length. Thus one can write 

16—1 47T 

p 5 + 2 " J yZ ’ 

and 

In 2 - 1 4; r 

p n*~+ 2 3 7Z ’ 


as the Clausius-Mosotti and Lorenz-Lorentz equations. To 
make them more useful, both sides may be multiplied by the 
molecular weight M. Then 


and 


Mb- 1 

pi + 2 



M n 2 — 1 
7 n 2 + 2 



where A7, the Avogadro number, is Mz . Thus the molecular 
refraction is a constant times the molecular polarizability. Call 
4 , r 

-g yN a as deduced from the refractivity P, and the value deduced 
for the dielectric constant (i.e., for infinitely long waves) P 0 ; then 


and 


Po 


5-1 M 

8 + 2 p 


n 2 — 1 M 

7+ 2 V 


The P should be equal to P 0 if for high-frequency waves and 
infinitely long waves 6 is a constant independent of temperature. 
As was stated before, the law for polarizability seems to hold for 
fast vibrations (/.<?., for the equation for P), but does not hold for 
the equation from which this was deduced ( i.e the P 0 equation). 

The quantity P 0 has the dimensions of a volume. Its meaning 
in this sense becomes evident if one takes the earliest Clausius- 
Mosotti theory which assumes the molecules as conducting 
spheres of radius a, which do not lose their charges on contact. 
The moment m of such a sphere in a field F is then merely 

m ~ a z F. 

Since m = y F, one obtains for this case 


y = er; 
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whence, 


Po = w Na(i\ 


But y ira 3 is the volume of a sphere of radius a, and N A times 


this is simply the total volume of these supposed spherical mole- 
cules in a gram-molecule, that is, P (i = 12 = ^ where 12 is the 

4 

volume of all the molecules in a gram-molecule, and 6 is the h of 
Van der Waals’ equation for a gram-molecule. As will be seen 
by referring to the preceding section, these predictions are ful- 
filled for certain substances but fail badly for others. Since, 
again, 12 is a constant for each type of atom, it should follow an 
additive law for compounds. It is found that this holds for the 
same substances for which P 0 computed from 5 agrees with the 
values from Van der Waals' equation, but not for the others. 
The Lorenz-Lorentz equation fits fairly well for all substances in 
spite of the fact that it was derived from the Clausius-Mosotti 
law for 5 which breaks down. It was the fact that the substances 
for which the Clausius-Mosotti law fails show a temperature 
variation of 12 (7.C., for which y is not independent of pressure and 
temperature) that Debye used in discovering the clue to the 
discrepancy. 

b. The Temperature Variation of the Dielectric Constant . — On 
the basis of the preceding difficulties, Debye began to investigate 
the cause of a temperature variation of y and hence P 0 . The 
first question investigated was whether the modern views of 
atomic structure can cause the modifications required. The 
atom or molecule is considered a dynamical system of charges. 
If the average positions of the charges are disturbed by some 
external force, these charges endeavor to return to their average 
positions again. Investigations show that it makes no difference 
whether these charges are dynamical or static systems. It was 
also found that the sharing of the heat motions of the molecules 
by the electronic charges would make no difference in the law of 
force. As is seen (Sec. 92), this does not occur in molecules at 
ordinary temperatures, so that even if it did have an effect the 
question would not be solved. Another way out might be to 
assume that the electrons are unsymmetrically bound to their 
rest positions as a second approximation, so that the potential 
energy of the charge on a displacement £ would be represented 
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by ~ f 2 + ~ £ 3 , where / and g are constants of the elastic forces. 

Then if the electrons shared in the heat motions, the change 
of dielectric constant with temperature wouid result. As said 
before, however, such an interpretation is contrary to the 
verdict from specific-heat considerations, and so will have to be 
discarded. For solids where thermal expansions change the 
elastic forces, and hence could change the displacements, these 
considerations would, of course, be applicable. 

If it be assumed that the dielectric constant has, in part, 
another origin than the simple induced dipoles due to the dis- 
placement of the charges by the field, the whole problem is 
simplified. If, for instance, certain molecules like HC1 have 
permanent dipoles present, then their dielectric constant is com- 
posed of two types of action. There is the usual further separa- 
tion of the charges by the field, which has no temperature effect, 
and was calculated by the Clausius-Mosotti relation. This can, 
for the present, be ignored. The fixed dipoles in the molecules 
which are oriented in all directions because of thermal agitation 
suffer torques in the electrical field, that is, they tend to set 
themselves parallel to the field. This orientation is continually 
destroyed by the heat impacts. But, on the average, there is a 
resultant component of these dipoles in the field and they act to 
increase the dielectric strength of the material, that is, they con- 
tribute to the polarizability of the molecules. The higher 
the temperature, and hence the thermal agitation, the less 
this orientation. Thus the polarizability must decrease as 
temperature increases. To investigate this, one may neglect the 
Clausius-Mosotti type of action, and consider the charges as 
undisplaceable. Let the position of one of the e t charges com- 
posing the molecule be given by its coordinates 77*, ft along the 
axes x , ijy z of a coordinate system in the molecule. The molecule 
in an electrical field of potential <f> will have the potential energj' 

u = Inside the molecule, in general, it will be possible to 

determine the </> t in terms of its development in a power series of 
the coordinates £, 77, f . By taking only the linear terms of these 
expressions, the assumption of a homogeneous field inside the 
molecule is introduced. If this assumption is made for simplicity, 
then 
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where <t> and d<f>/dx are taken relative to the origin of the coor- 
dinate system of axes chosen. F or the energy u then 




If the molecule as a whole is uncharged, the term is 0, and 

the following three terms represent the scalar product of the field 
strength F and the electrical moment m. Thus without displace- 
ment of charges there is, in general, a potential energy 

u = — (mF). 

To compute the temperature effect, all that is needed is to 
assume molecules with a fixed moment of absolute value n. 
From the classical kinetic theory, there will be equilibrium 
between the potential energy of these dipoles in the electrical 
field and the kinetic energy of agitation. Thus the number of 
molecules which have a potential energy of the value u , that is, 
whose potential energy in the field is u = — mF = — yF cos 0 
(where 0 is the angle between m and F), is given by the Maxwell- 
Boltzmann law (see Sec. 36) as 

__ u nF cos 6 

Ae kT dil = Ae ~ kT dil, 

where dtt represents the space-angle element of volume charac- 
terizing this energy. Thus each molecule has a moment n cos 0 
in the direction of the field and the distribution law (see Sec. 36) 
gives one the number of molecules having moments for each 
value of 0. The average moment, that is, the moments for all 
the different angles of orientation averaged in terms of their 
probability of appearance, can be found very easily as 

In ekTCOS M COS ddtt 

m = 

The integration may easily be performed as follows. The 
elementary volume dU is in this case given by dQ = 2r sin Odd. 
Let f = cos 6 and x = nF/kT. Then 

' 
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Integration of numerator and denominator with subsequent 
simplification gives 


m _ e r + er T 
\i e T — e~ x 


- = coth x — - = L(x). 
x x 


This function, represented in Fig. 59, plotted against x is named 
the Langevin function, after P. Langevin, who first applied it in 
explaining the Curie law for magnetism. It may be approxi- 
mated for large values of x by the power series 


L(x) =. 1 - i + 2e~ 2x + . 

v 7 X 


Here the polarization would not be proportional to F and it 
approaches a saturation value. This deviation from propor- 



tionality occurs only for very high fields and in experiments 
especially designed to show this effect. In general, for small 
values of x one may write with sufficient accuracy 

T T 3 

^>-• 3 - 45 + • • ' 


Thus for the weak fields usually used L(x) = x/3, and hence 


or 


m _ 1 fiF 

7 ~ 3 kT 
__ 1 ^F 

m 3 kT 


P"or electrons or charges which suffer displacement in an electrical 
field and thus produce a dielectric constant, the Clausius- Mosotti 
law gave 

m = yF> 


or 


7 = 


m 

F 


and where the quantity v = 4?r/3 one had 

6-1 M 4t r 
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If, however, permanent dipoles exist, they alone produce a 
quantity 

m _ 1 /JL 2 

F ~ 3 kf 

which must be their contribution to the measured polarizability 
of the molecule. Hence for molecules that have displaceable 
charges and constant dipoles the y used before is not just the 
polarizability y ' due to displacement of charges but is given by 


Thus, in general, the molecular polarizability P 0 should be 
written 


P 0 = 


4w 

~^N A y 


4 7T 


■N. 




+ 



LzJ K 

5 + 2 p 


Thus P ( , is a function of temperature and so is the measured 

\ — for ail substances for which p is not 0 ( i.e ., all polar 
5 + 2 9 

molecules). 

It can be seen at once why P ( , = 12, the volume of the conduct- 
ing spherical molecules is so abnormally great for NH :i , HC1, and 

similar gases. P 0 should be calculated from \~N A y', which is 

the effect of the displacement induced by the field on the mole- 
cules considered conducting. But since \x is large for these 
molecules, the observed 6, which depends on both types of 
dielectric action, gives values for P 0 that are far too great, and 
hence values of 12 that do not agree with the real values. If y' be 
estimated from the Van der Waals constants, then the relative 
importance of dipole and displacement effects can be estimated. 
Since the high value of m is due to atomic grouping in certain 
molecules, it is a specific property of those molecules, and hence 
it is the appearance of a high /x in some groupings that interferes 
with the additive law. The Lorenz-Lorentz relation 


n 2 - 1 M 

n 2 + 2 p 



holds, shows little or no temperature variation, and shows addi- 
tivity because for light the electrical fields alternate so rapidly 
that the molecules with their high inertias and low frequencies 
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of rotation cannot respond. Thus the contribution to y by the 
permanent dipoles is nil and the value of P is governed only by 
the mobile displaceable electrons which can follow the field. 
Near a resonance frequency ( i.e. y absorption band of the sub- 
stance) the electrons are hampered in their motions, y ' is not 
given by the Lorenz-Lorentz law, and this theory fails. Thus 
one sees how simply and completely the qualitative discrepancies 
which lead to this investigation are explained. In the next sec- 
tion the quantitative agreement will be given. 

97. Experimental Verification of the Debye Theory. — The new 
expression for the molecular polarizability Pq is now 

This takes on the form PqT = a + bT, where a has the value 



and b the value 

b = Y N * y '- 

Thus PqT = ~ — : — ~ — T plotted against T gives a straight line, 

o -+* 2 p 

whose intersection with the axis of ordinates evaluates a, and 
whose slope evaluates b. The results for NH 3 are plotted in Fig. 



60. As is seen, they lie on a straight line within the limits of 
accuracy of the measurements. From these results a is found to 
be 15,250, and b 5.45. Since a has a finite value it must be 
assumed that NH 3 has a considerable permanent moment. Tak- 
ing Na = 6.06 X 10 23 and fc = 1.37 X 10~ 16 , m is found to be 
/x = 1.56 X 10“ 18 . If the electron is taken as 4.77 X 10~ 10 ,the 
length of the dipole, that is, the distance between the charges is 
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3.27 X 10” 9 cm, that is, assuming the dipole to be a single positive 
and negative charge separated by 3 X 10~ 9 cm one would obtain 
the value of fx observed. This distance is of the order of magni- 
tude of the distances which atomic charges might be considered 
to assume between them in a molecule. The idea at once sug- 
gests itself that this distance might be equal to that between the 
nuclei of H and Cl in a gas like HC1. Zahn 11 has measured a and 
b for the three halogen acids, HC1, HBr, and HI. He obtains 
for m divided by the electron the three values 0.217, 0.165, and 
0.080 X 10~ 8 cm. That the value of fx/e should be less than 
the nuclear separation means merely that the interaction of 
the force fields of the charges in the molecule and their dis- 
tribution give a dipole whose moment is equivalent to two 
elementary charges of opposite sign separated by a distance 
of 0.217 X 10” 8 and 0.165 X 10~ 8 cm, that is, the two charges 
are not segregated in the centers of the two atoms. How the 
charges are distributed and how this is related to the nuclear dis- 
tance is unknown. 13 It is sufficient for the theory that the value 
of n/e is of the order of magnitude of 10~ 8 cin. 

The value of b for NII 3 should give a reasonable agreement with 
the value of P calculated for optical frequencies (where the perma- 
nent dipoles do not figure) from the relation 

n 2 - 1 M 

n 2 + 2 V * 

The agreement should not be perfect, owing to the presence of 
absorption bands. But extrapolation by means of the Cauchy 
formula to 0 frequency should yield values of P in rough agree- 
ment with b. P from such data comes out 6.13 cm 3 , compared 
to the 5.45 observed for b above. This is a satisfactory agree- 
ment. From the relative magnitude of a/T and b one can get 
the relative magnitudes of y' and fx 2 /3kT f the contributions of the 
displacement and dipoles to the polarization. Thus for NH ;J , 
a/T = 50.8 and b = 5.45. Hence b is about one-tenth of a/T 
and the polarizability of the NH :{ molecules is due largely to 
its great permanent dipole moment. 

These calculations hold unqualifiedly for gases. For liquids 
this is subject to a restriction. If the molecules with permanent 
dipoles are completely free to move and have their dipole strength 
unaltered in the liquid state by combinations, then the law must 
hold for both. If the liquid is one in which the molecules tend 
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to associate, that is, join in groups of two, three, or more mole- 
cules as the temperature changes, then the dipole strength is 
altered and the law does not apply. Both types of substances 
exist. Thus in ethyl ether some 50 values of PoT from solid to 
gaseous state have been plotted in Fig. 61 as a function of T. 
From the critical temperature to the neighborhood pf the melting 
point of the solid state T a they lie on a straight line. Below the 
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melting point they fall off rapidly. A similar change in dielectric 
constant for water is noted for the melting point. Thus water 
has a value of 5 == 88, while the value for ice is 3.8. This indi- 
cates an abrupt change of the dielectric constant on solidifying. 
The curve for ether gives a = 4,400 and b = 38. This gives a 
moment g = 0.84 X 10“ 18 . The value of P from optical data is 
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22.8 in rough agreement with b . The difference is due to the 
absorption in the infra-red. For ether a/T = 14.7 cm 3 , which is 
less than one-half the value of b. Hence for this substance the 
displacement polarizability is more than double the permanent 
dipole contribution to the polarizability. 

Figure 62 gives the curve between P 0 T and T for ethyl alcohol, 
which is a typical associative substance. It is interesting to note 
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that again the points lie closely on a straight line. In this case 
the slope is such that a takes on a negative value. The five points 
above 350° lie on a different line. These were obtained from 
observations on the vapor. Could a straight line be drawn 
through them they would give positive values of a of considerable 
magnitude, indicating a high value of a/T and a relatively low 
value of 6. Through association in the liquid state as temper- 
ature decreases the combinations of molecules annihilate the 
permanent dipoles. As these constitute most of the dipole 
strength, the rapid annihilation as association occurs gives the 
PoT-T curve a slope in this region, which, if extrapolated to 
the axis of ordinates, would give a negative value. It is probable 
that the curve flattens out below 100° abs. and gives a positive 


Formula 

Name 

Moment (X 10 1 *)* 

A 

Argon 

0 

H 2 

Hydrogen 

0 

o,> 

Oxygen 

0 

Cl, 

Chlorine 

(0.1) 

Br 2 

Brom ine 

0 45 

h 

Iodine 

(1.2) 

HOI 

Hydrogen chloride 

1 03 

HBr 

Hydrogen bromide 

0.78 

HI 

Hydrogen iodide 

0.38 

HoO 

Water 

1.85 

BUS 

Hydrogen sulphide 

0.95 

NH a 

Ammonia 

1.49 

SbOla 

Antimony trichloride 

3.6 

n 2 o 

Nitrous oxide 

0 

so 2 

Sulphur dioxide 

1.61 

CS, 

Carbon disulphide 

0 

COS 

Carbonyl sulphide 

0.65 

co 2 

Carbon dioxide 

0 

CO 

Carbon monoxide 

0.11 

CC1 4 

Carbon tetrachloride 

0 

CHCla 

Chloroform 

1 05 

CHN 

Hydrocyanic acid 

2.65 

ch 3 no 2 

Nitromethane 

3 05 

ch 4 

Methane 

0 

ch 4 o 

Methyl alcohol 

1.68 

ch 5 n 

Methylamine 

(1 3) 

c 3 h«o 

Acetone 

2 80 

c 4 h 10 o 

Ether 

1.12 

c 6 h*no 3 

Nitrobenzene 

3.90 


* These are a few recent values taken from O P Smyth. “ Polar Moleculea.” 14 
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value for a corresponding to the solid state. Needless to say, 
measurements made in such liquids where association is taking 
place can lead to no values for a and b of any significance. 

On page 497 is given a table of the dipole moments (i.e., values 
of g) for a number of substances: 

The theoretical treatment of the question may be further 
extended to a study of the polarization in mixtures. Here again 
two classes of substances can be discerned — those mixtures in 
which no association takes place and those in which it occurs. 

The former are typified by ethyl 
ether-benzol mixtures. These follow 
the theoretical variation for the polar- 
izability of the mixture which would 
be deduced from the percentage com- 
position and the polarizability of the 
two molecular types. A study of the 
second t ype of mixture, such as benzol- 
ethyl alcohol mixtures, leads to very 
complicated curves. From an analysis of these curves Debye is 
able to segregate the part due to the polarizability of the alcohol 
and thus obtains a curve which gives the molecular polarization of 
the alcohol as a function of the concentration. This curve is 
given in Fig. 63. It is seen that this starts at 0 concentration 
with a value of 71.7 cm 3 for P 0 and then increases. After 
passing through a maximum of 95 cm 3 at 35 per cent it falls 
off to a value of about 50 at 100 per cent alcohol. The value 
at infinite dilution is the value for the unassociated single 
molecule. This is borne out by a measurement of the lowering 
of the freezing point, which indicates that at great dilutions 
the molecules are present as single units. Thus the measure- 
ment of the value of P {) for alcohol can be made in dilute solutions. 
This has been done for other associative liquids also ( e.g. y methyl 
alcohol, propyl alcohol, and nitrobenzol in benzol, and methyl 
alcohol in toluol). For ethyl alcohol the index-of-refraction 
method applied to the vapor gave a displacement polarization 
P — 13.2 cm 3 and the liquid alcohol yielded 12.7 cm 3 . Taking 
the mean as 13 cm 3 , the contribution of the permanent dipoles 
in this to the total polarizability of 72 for the substance a/T 
is 59 cm 3 . Hence the moment ju for ethyl alcohol is n = 1.66 X 

io- 18 . 
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A further study of associative liquids could be made by a 
measurement and analysis of the molecular polarization of dilute 
solutions as a function of the temperature. These should yield 
a variation of P 0 T with temperature of the form a -f bT> and so 
lead to an evaluation of p. This has been carried out by one of 
Debye’s pupils. The explanation given by Debye of the form 
of the curve shown for ethyl alcohol in benzol is instructive. 
Owing to its high dipole strength, the alcohol molecules tend to 
join in groups of one, two, and more molecules. This tendency 
is counteracted by the temperature motion. In great dilutions 
they are, on the average, unassociated. At high concentrations 
the chance of association is increased, for, since they are, on the 
average, nearer together, groups form more often and more are 
in groups. It now remains to see how an associative substance 
can first increase its polarization and then decrease it as concen- 
tration increases. If two spherical dipolar molecules come 
together, their position of minimum potential energy is with the 
axes of the dipoles in line, the positive pole of one being near the 
negative pole of the other. The moment of such a configuration 
is twice the moment of a single dipole. For three such molecules 
the axes orient themselves in such a way that they lie along the 
sides of an equilateral triangle, each positive pole being towards 
the nearest negative pole. Such a configuration will have a 
resulting moment of zero. Thus the first stage of association has 
a moment double that of a single molecule, the second stage one 
which is zero. With this picture, if one add alcohol to pure benzol 
in increasing concentrations, at first one should get a formation of 
double molecules, that is, if this association were complete, one 
would have, instead of Na molecules of moment p and contribut- 
ing to the molecular polarization a factor N A p 2 , N a/2 molecules 
of moment 2 p which contribute to the molecular polarization 


a factor of 


Na 

2 


4m 2 , that is, twice the original factor. 


Thus as 


long as the number of association groups of this type increases, 
the molecular polarization increases. As association progresses 
with increasing concentration, groups of the type of three mole- 
cules of zero moment will form. These contribute zero. As the 
number of these groups increases relatively to the bimolecular 
groups, the molecular polarization must drop rapidly. In prac- 
tice, it is doubtful whether all groups take on the positions of 
minimum potential energy; but even approximation to this will 
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explain all the phenomena observed in this case. In nitrobenzol 
the polarization Po is 335 cm 3 , while the value from the index of 
refraction P = 33 cm 3 . This leads to a moment /z of value 3.90 
X 10“ 18 . Such a molecule should show a marked association. 
This is the case for nitrobenzol, but in this case the molecular 
polarization does not increase at first as concentration increases, 
as was the case for alcohol. In fact, it decreases rapidly at first 
and more slowly later. The explanation of this would require a 
different model. Here the molecules would have to be ellipsoids 
of revolution with the minute dipoles parallel to the major axes 
at the center. In this case the molecules would associate by 
bringing the minor axes in contact and so have in the bimolecular 
state zero moment. It is obvious that such a picture is purely 
speculative, and it can be fruitful only in that it suggests further 
experiments. 

Debye has also considered the case of electrical oscillations 
whose frequency lies between the infinitely slow oscillations 
giving Po and the rapid light vibrations giving P. In this region 
the time is long enough so that the alternating field changes 
sufficiently slowly to react on the permanent dipoles to an appre- 
ciable extent. Under these conditions the polarization will 
depend on the relation of the period of relaxation the 

time required for the molecular dipole to respond to the field) 
to the period of the alternating field. This must, in part, 
depend on the coefficient of viscosity of the surrounding liquid 
and on the size of the molecule. By an analysis using the law 
of equipartition and statistical relations similar to the treatment 
of Brownian motions, he arrives at a definition of the time of 

relaxation — = which is a characteristic of the partic- 

o)o Ik I 


ular substance, and determines its behavior. Assuming values 
for the constants for water, he computes that for values of 
o) 0 = 32 X 10 10 to 4 X 10 10 , that is, for oscillations of wave length 
from 0.58 to 4.6 cm, water should begin to show the effect of 
its permanent dipoles in the value of P. The values of P are 
calculated on this basis, but the calculations are beyond the 
scope of this text. The values are complicated by absorption 
of energy in this region and their study properly belongs to the 
field of anomalous dispersion in light. According to Rubens 
the calculations are in agreement with experimental facts. 
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The calculation of the dielectric constant on the basis of the 
old quantum theory was first made by W. Pauli Jr. 12 and gave 
an equation which was in essence the same as the classical equa- 
tion of Debye except for a numerical factor differing from the 1$ 
in the expression n 2 /ZkT. Later applications of the new 
quantum mechanics and the wave mechanics to simple poly- 
atomic molecules have given equations which are, to first approxi- 
mations, identical with the original Debye equation. From 
the application of wave mechanics to the molecules of diatomic 
gases, Debye 30 obtained an expression for the contribution of 
the permanent dipoles to the mean moment in the direction 
of the field F, which, to a second approximation, has the value 



and for most cases approximates to within a few per cent the 
expression 


in agreement with the classical value. In the second approxima- 
tion T k = h 2 /8w 2 kl, where I is the moment of inertia. Van 
Vleck 31 has derived an even more general equation valid for 

1 T 

all types of gaseous molecules in which the ^ is replaced by 
a function f(T) given by 


f{T) = 


h~ 


48r 2 /r2V| 


+ i) + •*•{$ + ~a) + + i) 


Here n u , n v , and n w are the components of n along the axes 
u , v , and w ; and A, B } and C are the moments of inertia of the 
molecule about the axes. Here again at ordinary temperatures 
the term f(T ) is practically negligible. 

In his book Debye 30 goes to some length to show that the 
reason that the classical theory and the wave-mechanical theory 
differ so little is largely due to the fact that the polarization 
due to dipoles on the latter theory is the contribution of molecules 
with zero rotational energy so that temperature variation is 
caused by the loss or gain of these molecules. This point is 
brought out more clearly through a deduction of the classical 
equation in a manner more in conformity with the quantum 
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theory. Those molecules with rotational energy in the higher 
quantum states do not influence the dielectric constant for the 
simple reason that through the influence of the field the contribu- 
tion to the polarization for each quantum state of these molecules 
is as often positive as negative and thus yields zero total effect. 
This merely means that all molecules of sufficient energy, to 
have quantized rotations, are oriented parallel or antiparallel to 
the electrical field. Since these are equal in number for any 
quantum state, they contribute nothing to the dielectric constant 
and the latter depends on molecules with zero quanta of rotation. 

If, however, molecules with dipole moments and quantized 
rotations are placed in an inhomogeneous electric field in a 
molecular beam, then those that set themselves parallel to the 
field are attracted and those antiparallel are repelled. The 
result is a splitting of the molecular beam into two portions 
when placed in an electrical field. Superposed on this splitting 
and displacement to each side of the position of the beam in the 
absence of a field is the attraction due to the induced dipole 
moments which are always attracted by the electrode since the 
dipole is induced by the field. W rede, 32 later Estermann 33 in 
Stents laboratory and still later McMillan 34 have succeeded in 
resolving molecular beams of polar molecules like HC1 in an 
inhomogeneous electrical field in quantitative conformity with 
theory. On the other hand, non-polar molecules in such fields 
showed only the attraction due to the induced dipole moment. 
These experiments constitute the electrical analogue of the 
famous Stern-Gerlach experiment described in Sec. 101. The 
interpretation of the results is, however, more difficult, because 
the dipole moments are relatively small with the fields available 
and because the induced dipole moments are of the same order 
of magnitude as the permanent moments. In the magnetic 
case the diamagnetic action is so weak that it does not influence 
the paramagnetic behavior while there are molecules with no 
magnetic moments which enable the diamagnetic effects to be 
observed. It is unfortunate that lack of space makes it impos- 
sible further to discuss these beautiful experiments on electrical 
dipoles. 

In conclusion to this discussion a brief word must be said of 
the significance and the value of the study of dipole moments in 
connection with molecular structure and kinetic theory. Since 
the first edition of this book was written, the study of molecular 
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polarization and of permanent dipole moments in relation to 
molecular structure has received a great deal of attention. The 
polarizability and the dipole moments of a great number of 
chemical substances have been determined such that, while in 
1925 some thirty values were known, already in 1931 some 
thousand substances, organic and inorganic, had been studied. 14 
The interpretations of these values in the light of molecular 
structure have been ably discussed in a recent monograph by 
G. P. Smyth 14 entitled “ Dielectric Constant and Molecular 
Structure, ,,c and in Debye’s “Polar Molecules . ” b The impor- 
tance of such studies can be seen in the question of the arrange- 
ment of the molecule of water. Early structural formula) 
for water as a result of purely chemical investigations appeared 
to indicate a linear molecule of the form H-O-H. Water, how- 
ever, has a strong permanent- dipole moment of 1.85 X 10~ 18 . This 
indicates that the two protons cannot be on opposite sides of 
the O molecule. A study of the moment of inertia of H 2 0 from 
its band spectrum, together with its dipole moment, fixes the 
molecule as a triangular arrangement of the mass points, the two 
protons lying on lines through the oxygen nucleus making an 
angle of some 64 deg., the protons lying inside the outer electron 
shell of the oxygen atom. Likewise NII 3 is shown to consist 
of the N atom at the summit of a tetrahedron with the three 
protons making the base. In this case the angle of the lines 
through the N atom and the protons make an angle of some 37 
deg. with the normal from the N atom on to the plane of the 
protons. By combining the data from dipole moments and 
moments of inertia as determined from spectra with the data 
from the Kerr coefficients and depolarization in molecular 
scattering of light, H. A. Stuart 35 and his collaborators, assum- 
ing molecules in general to be ellipsoids of revolution, have been 
able to throw very valuable light on the molecular structure of 
more complicated molecules. Thus this field of investigation 
has yielded exceedingly valuable information both for chemistry 
and for the kinetic theory. Again in still another direction 
have the studies of dipole moments under the tutelage of Debye 
and others led to valuable information. This lies in the behavior 
of solutions of electrolytes and their dielectric constants. The 
behavior of the polar water molecules in the fields of the ions 
and dipoles of undissociated molecules in solution have enabled 
physical chemists to understand in at least a qualitative fashion 
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the complex phenomena observed as set forth by Debye in his 
fascinating book on “ Polar Molecules .” 6 

II. APPLICATION OF THE KINETIC THEORY TO THE MAGNETIC 

PROBLEM 

98. Introduction. — In general, two types of magnetic action 
are recognized. These two types are exemplified by the classes 
of substances denoted as diamagnetic and paramagnetic sub- 
stances, respectively. It is asserted, and generally believed, that 
the diamagnetic behavior is common to all substances, including 
the paramagnetic bodies, but that in the latter case the para- 
magnetic behavior where it exists is so much more powerful that 
it masks the diamagnetic behavior. The diamagnetic bodies 
can be characterized by two tendencies, both ascribable to the 
same action, that is, substances like Bi and Cu when placed in a 
strongly divergent magnetic field are repelled by the pole. Also 
when a rectangular piece or a piece of one of these metals having 
a greater length along one axis than another is suspended in a 
uniform magnetic field, the piece sets itself so that the long axis 
is at right angles to the magnetic field. These tendencies are 
real but on the whole relatively weak. The paramagnetic bodies, 
on the other hand, show just the opposite behavior, that is, they 
are attracted to the poles in a strongly divergent field and set 
themselves with their long axes parallel to a uniform magnetic 
field. 

In terms of a picture of the magnetic field represented by Fara- 
day lines of force, the diamagnetic behavior could be described 
by assuming that the diamagnetic bodies have less lines of force 
running through them than normally would exist in the space 
occupied by them, that is, they have a permeability less than 
unity which is ascribed to free space. For the paramagnetic 
behavior the tendency is to have a greater number of lines of force 
running through them than would pass through the empty space 
which they occupy, that is, they have a permeability greater than 
unity, the value for free space. For the ferromagnetic substances 
this increase in the fines of force is a very large number of times 
greater than unity, while for the diamagnetic case the reduction in 
permeability is not much below the value for free space. As will 
be seen later, the ferromagnetism is merely a type of behavior 
exhibited by paramagnetic bodies in the proper temperature 



CONTRIBUTIONS OF THE KINETIC THEORY 505 

range. Paramagnetic phenomena have been ascribed to the 
existence in substances of small permanent molecular magnets, or 
molecular magnetic dipoles which can orient themselves in a mag- 
netic field, so that their axes tend to correspond with the direc- 
tions of the field, their north poles being oriented to the south pole 
of the field. Such an action would be counteracted by the dis- 
orienting heat motions of the molecules. Thus it would be 
expected that the permeability would decrease as temperature 
increased, and the paramagnetic properties would markedly 
depend on temperature. In this state they act as if the sub- 
stance which they compose had become a magnet whose lines 
of force must be added to that of the inducing field, and, in 
fact, the quantities defining the effect of a field on a paramagnetic 
substance have, in part, been formulated from this viewpoint. 
To account for diamagnetism, it would be necessary, on a 
similar viewpoint, to assume that such a substance brought 
into a magnetic field had a magnetic field induced in the mole- 
cules present that opposed the existing field, and so reduced 
the number of lines of force passing through the body. That 
is, one would have to suppose that the atoms of Bi when brought 
into a field became magnets whose north poles were directed 
towards the north pole of the field. 

An action of this type could at once be accounted for on the 
basis of Lenz’s law of magnetic induction. If the molecules were 
of such a nature that they contained small resistanceless closed 
electric circuits, they would, when placed in a magnetic field, 
have currents induced in them, which, according to Lenz’s law, 
would set up magnetic fields opposed to the acting magnetic 
field. Owing to the lack of resistance, these currents, and hence 
the field, would persist as long as the external field acted. In 
removing the external field, currents in the reverse sense and of 
equal magnitude would be set up, and when the field was gone 
there would be no resulting magnetism in the molecules or 
atoms. Such an action would manifestly be independent of tem- 
perature, for the disorientations of the molecules due to heat in 
the magnetic field would merely serve to annihilate the fields of 
some of the molecules while creating new field in others, since the 
orientation of the current circuits in the external field would be 
the determining action. This is found to be the case. 

99. The Explanation of Diamagnetism. —The existence of such 
resistancdless circuits in the atoms and molecules seemed at first 
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an unreasonable hypothesis. The study of atomic structure in 
recent years has, however, definitely indicated that this must be 
the case. The existence of the electron, and the fact that it 
makes what might be considered an orbit about a central charged 
nucleus, must lead to just such an assumption. That the orbits 
in which the electrons move about the nucleus are relatively 
few in number, governed by certain energy and momentum 
relations, and that the radiation (i.e., loss of energy) of the elec- 
trons in these orbits is zero are the fundamental assumptions of 
Bohr 15 which have led to the remarkable understanding of the 
atom in relation to spectra now obtaining. Thus an electron 
moving in a non- radiating (hence frictionless) orbit about the 
nucleus constitutes one of the hypothetical resistanceless elec- 
trical circuits. 

Purely qualitatively, one may regard the effect of the intro- 
duction of such a molecule into the magnetic field in the following 
fashion. The electron moving in the orbit has a certain angular 
velocity, and hence possesses a mechanical moment of momen- 
tum. Consider such a mechanical system oriented in any fashion 
with regard to the field. It can then be regarded as a small 
gyroscope, the vector representing the moment of momentum 
being normal to the plane of the orbit. If, now, a magnetic field 
be produced, it will act on the electron so as to produce a mechan- 
ical force, for the electron in motion constitutes a current which is 
acted on by a magnetic field. Such an electron is pictured in 
Fig. 64, the nucleus being at N, the electron at E moving in its 
orbit. NO marks the vector representing the moment of momen- 
tum. In the particular case in question the force on the electron 
for all components of the motion perpendicular to the field and 
parallel to the plane of the orbit will be in a direction such as to 
exert a torque on the orbit, causing it to tend to rotate about an 
axis AN B normal to the field and in the plane of the orbit. For 
the components of the orbit normal to the plane of the orbit and 
normal to the field, the resultant forces will act so as to counter- 
balance each other and will produce no effect. On a rotating 
gyrostatic system the torque exerted on the plane of the orbit 
results in a precessional motion about an axis normal to the 
momentum vector NO and to the axis ANB about which the 
torque exists, that is, the gyrostat will undergo a precessional 
motion in the direction OP. Thus the electronic gyrostat will, as 
a whole, move so that the electron rotates in a plane which has a 
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component normal to the direction of the inducing field. But by 
Lenz’s law the sense of this motion must always be such as to 
cause a field to be created in a direction opposed to the change 
in the flux through the circuit, so that, on putting on the field, 
the precession will be such that the magnetic field produced by 


0 



Ficj. 64. 


the electron of the orbit in its precessional motion will oppose 
the applied field, that is, the north pole of this precessional 
magnet will point towards the north pole of the inducing field. 
On removing the field, the precession will cease and the induced 
field will disappear. The torque on the electron, and the veloc- 
ity of precession, and hence the strength of the induced or 
diamagnetic field, will be proportional to the inducing field. 
This will hold for all the i electrons in the atom or molecules. 

Through analysis which properly does not belong in this text, 
it can be shown that the magnetic polarizability y is given by an 
expression 



where e is the electron, mi its mass, c the velocity of light, and r 
the average distance of the zth electron path from the nucleus. 
Now the mass susceptibility x is giyen by x = K/p f where K is 
the magnetic volume susceptibility and p the density. For these 
considerations and those that follow the complicating correction 
for the inner magnetic field may be neglected, since the diamag- 
netic effects are so feeble as to make this unnecessary. But in 
analogy to the electrical case in Sec. 96, one may write P, the 
polarization for unit mass as given by P = pzm , where z is the 
number of molecules per gram mass, m is the moment induced 
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(which must be y II, where y is the molecular polarizability, and 
H is the magnetic field strength). Thus, as 
P = KH = pzm = pzyHj 

it follows that 

K — pzy and x = 27. 

Hence 



For a gram-atom xa, the mass susceptibility, will be 

*- - +•■>» - -Hgx* - -«• x '"“S'-*- 

where A is the atomic weight and Az = N A . Now ]£^f t 2 is the 
sum of the squares of the average values of the displacements 
of all electrons from the nucleus, so that dividing ^f t 2 by “Z” 

the effective nuclear charge,* one has a value for f 2 , the square 
of the average distance of the electron from the nucleus. A few 

. ^ f 2 

values of t> computed from xa are given in the table below. 

As is seen, the values are, on the whole, close to 10~ 16 cm 2 , which 
is the order of magnitude of the square of the atomic radii, or, 
better, of the order of magnitude of the orbits of the electrons in 
the atoms deduced from the Bohr theory and spectroscopic data. 



i 

Z ! ~*A 

^ f, 2 

A z 

H 

1 

2.7 X 10-e 

0.95 X lO” 16 

He 

2 

2.2 X 10-« 

0.39 X lO” 1 ® 

0 

6 

6.6 X lO- 6 

0.38 X 10' 18 

Cl 

17 

22.0 X 10"» 

0.45 X lO" 18 

hr. 

35 

33 X 10-« 

0 33 X 10- 18 

Y 

53 

49 X 10- ft 

0.32 X 10- 18 

Hg 

80 

36 X 10-e 

0.16 X 10“ 18 

Bi 

83 

1 

280 X 10-« 

1.2 X 10" 16 


The explanation of the effect, by leading to an agreement of f t 2 
as deduced from diamagnetic susceptibilities with the accepted 

* The real nuclear charge# is the electron multiplied by the number of the 
element in the periodic table. The effective nuclear charge is the real 
nuclear charge reduced by the screening action of other extra nuclear elec- 
trons than those considered. 
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values from other data, indicates the correctness of the explana- 
tion of the diamagnetic phenomenon. 

The recent advances in the study of atomic structure which are 
summarized in Sec. 101 as it affects magnetic behavior enable 
one at this point to add one or two comments. In order to 
understand the terms used in these comments, reference to Sec. 
101 will be required. The necessity of a whole section on 
atomic structure and quantization in order to understand the 
terms to be used makes it logical to place the comments at this 
point where they belong and refer those who are unfamiliar with 
this terminology to the complete discussion before reading these 
comments. 

In a recent short but excellent monograph entitled “Mag- 
netism,” by Stoner,® detailed values of x and of r 2 are given, and 
the variation of these quantities with nuclear charge is shown, for 
the simpler electronic systems, to be a linear function as indicated 
above. In considering these data it must be pointed out that 
diamagnetic susceptibilities appear experimentally only in atoms 
having zero magnetic moment, i.e.y atoms having a resultant 
spin and orbital momentum of zero, or in general, atoms in the 
% state. This condition applies especially to closed electron 
shells and thus occurs for the inert gases and the singly charged 
positive ions of the elements of group I and the single charged 
negative ions of group VII in the periodic table. It would also 
apply to doubly charged ions of group II in the periodic table 
and doubly negatively charged ions of group VI where they occur. 
The first values of — xa for the inert gases determined appeared 
to deviate from the values deduced from the ionized atoms of the 
same atomic numbers in solution. Later experiments of Wills 
and Hector 36 have, however, shown that the inert gases yield 
values m good agreement with the alkalies. 

The quantum theory allows one at once to compute f 2 on the 
theory of electron orbits. If the effective nuclear charge is 
“Z”, f 2 is given by 

- 2 _ 2 n2 2 3 A 

r a ° if % ” 2 \% n 2 n * ) 

Here a 0 = 0.532 X 10~ 8 , the radius of the innermost orbit in 
H, i.e. y the unit Bohr orbit, while n is the principal quantum 
number and n * is the azimuthal quantum number. Thus the 
orbit riy n * will yield a value 
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Xa - - 0.81 X 10-77 f/rrfy ~ l** 2 )- 

Tf one compute “ Z ” from the observed value of xa for He, 
assuming two electrons in the n = 1 , n* = 1 state, the value of 
“Z” = 0.93 whereas it should be about 1.7. For more compli- 
cated atoms the agreement between computed values of xa using 
spectroscopic data and the observed values is one of order of 
magnitude only. Van Vleck 37 and Pauling 38 have calculated 
Xa on the new quantum mechanics and obtained an expression 


where l is the orbital quantum number of the Sec. 101 and is 
n* — 1 for a given orbit and S extends over all electron orbits 
in the atom. This equation gives the effective nuclear charge 
of He as 1.607 which is nearly the correct value. It should be 
noted that the “Z” used above is the effective nuclear charge. 
For one electron in an atom “Z” = 1 . For more electrons in 
an atom the nuclear charge is partly “screened” off by the other 
electrons and so is reduced in value. Data from the ionization 
potential of He indicate that “Z” = 1.7 for neutral He in the 
ground state here considered. Pauling has attempted to cal- 
culate “Z” for a number of the inert gas atoms and gets a fair 
agreement. Hartree 39 has developed a “self-consistent field” 
method which enables the charge distribution fulfilling Schroed- 
inger’s wave-mechanical equation to be obtained more precisely. 
Stoner 40 applies this to calculate the diamagnetic susceptibilities 
with considerable success. If dN /dr is the charge in electron 
units per unit-radial distance from the atom, the total charge 

J^°° (dN /dr)dr is equal to the number of electrons in the ion or 
atom. Hence, 

X* = -2.85 X 10 l0 J^ 

dN 

The r — curves can be computed for a gas by means of wave 

mechanics and integrated. Applying this to He, Stoner obtained 
Xa —1.90 X 10“ 6 in excellent agreement with observation. 
Other values of —xa X 10 6 follow in the table on page 511. 


Xa = —0.81 X 10 


“Z”* 


31(1 + 1) 
2 
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Calculated 


Substance 

Stoner from 
Hartree 
field 

Stoner from 
Slaters’ 

“smoothed” 

Observed 


wave functions 


He 

1 9 

1 6 

1.9 + 0 02 

Ne 

8 6 

5 6 

71+05 

A 

24 8 

18.4 

19 2 ± 1 0 

NV 

5 6 

4.1 

5 4 

K+ 

17 3 

14.2 

13 4 

Rb + 

29 5 

25.3 

23 0 

ci- 

39 0 

25.3 

24.0 

Br~ 


39.3 

36 0 


The values are in fair agreement. It is thus seen that in general 
the approach to the diamagnetic problem as outlined is satis- 
factory except that ignorance of many structural details and their 
effects has as yet not permitted a high degree of accuracy in 
calculation or theory. 

Since the diamagnetic property is dependent on the electronic 
behavior on the inside of the atom, independence of tempera- 
ture can be expected. Thus 7 , and hence x, should be found 
to be independent of temperature. Curie concluded that this 
was true from his experiments. Later experiments of Honda 16 
and Owen 17 showed that this was not strictly true. The elements 
P, S, and Se show values of x independent of temperature, while x 
in Bi decreases as temperature increases, suffering a very abrupt 
change at the melting point. Again, it might seem as if the 
intrinsically atomic nature of the diamagnetic effect should lead 
to an additive value of 7 for different atoms which combine to 
form molecules. Strange to say, this is, in general (with some 
exceptions), found to be true, for further reflection reveals that a 
complex molecule composed of several massive nuclei will not 
undergo the simple rotation as a whole on application of the 
magnetic field that one would expect in a single atom. For the 
following elements, then, 

Xa 


H 2.93 X 10“* 

C 6.00 X 10~* 

0 4.61X10"* 

Cl 20.1 X 10-* 





512 


THE KINETIC THEORY OF GASES 


From this xa can be calculated for H 2 0 = —10.5 X 10" 6 , 
while the observed value is — 12.9 X 10~ 6 . Again ethyl alcohol 
gives xa as —34.2 X 10~ 6 on computation, and the observed 
value is —30.5 X 10~ 6 . Since the orbits of outer electrons are 
changed by chemical combination, it is surprising that the addi- 
tivity is as good as it seems to be. There are cases, such as in 
oxygen, where the atom in combination has its approximate 
diamagnetic susceptibility, while in some compounds, as in 
0 2 , it is paramagnetic. On the other hand, it must be remem- 
bered that, besides the outermost valency electrons which are few 
in number, the orbits of most of the electrons are little affected by 
combination, so that xa could, on the whole, give a nearly con- 
stant average value in combination. The striking feature of 
this induced magnetism is that it fulfils much the same laws as 
does the induced dielectric polarization due to displaced electrons. 
The treatment of paramagnetism will show that this, in turn, 
acts analogously to the polarization produced in substances due 
to the existence of permanent dipoles. 

100. Paramagnetic Phenomena in Their Relation to the Kinetic 
Theory. — As was stated in the introduction (Sec. 98), para- and 
ferromagnetism were early explained on the assumption of fixed 
molecular dipoles in the solids whose axes could be oriented by an 
imposed field. The diamagnetic action described in Sec. 99 must 
be present in all molecules, but must be completely masked, 
because of its small value, by the tremendous ferromagnetic 
effects. The term paramagnetism applies properly to all sub- 
stances whose susceptibilities have a positive value, while the 
term ferromagnetic applies to a special type of paramagnetic 
action obtaining in some substances below a critical temperature. 
It is characterized by a very high susceptibility and an enormous 
inner field. 

As far back as 1895 Curie, 18 who had been studying the 
magnetic behavior of substances, published a paper in which he 
concluded that for oxygen gas the paramagnetic susceptibility 
X per unit mass was inversely proportional to the absolute temper- 
ature. Similar experiments on palladium and on ferromagnetic 
bodies that had lost their ferromagnetism at high temperatures 
confirmed him in his belief that these were to be explained on the 
basis of some common kinetic hypothesis. In the general phe- 
nomena of magnetism, Curie furthermore saw many analogies 
to the gas laws. In this he was supported by similar views 
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expressed as early as 1865-1868 by G. Wiedemann. The latter 
had found that the paramagnetic susceptibilities of solutions of 
different salts had a temperature coefficient of about the same 
value as that of an ideal gas. (He found this to be 0.0036 and 
Plessner later found 0.00355, while the true value for gases at 
this temperature is 0.00325.) This means, of course, the same 
thing that Curie found for oxygen, to wit that 


x = 


C 

T 


where C is a constant and T the absolute temperature. Curie’s 
work led Langevin 19 to derive the expression for the temperature 
susceptibility of gases on the basis of the kinetic theory. The 
treatment which he used is identical with the treatment given in 
Sec. 96 for the electrical polarization produced in a gas by the 
presence of permanent electrical dipoles, for Langevin assumed 
that the paramagnetic susceptibility was due to the existence of 
small permanent molecular magnets in each gas molecule. These 
were constantly being disoriented in a superposed field by the 
heat motions of the molecules. The only change to be made in 
the treatment for the magnetic case is that now the moment n is 
the value of the moment of the permanent magnetic dipole in the 
molecule, the acting field is to be the magnetic field H instead 
of the electric field, and the average moment in is the average mag- 
netic moment of the molecule. It follows at once that if, as the 
general distribution law demands the number of molecules 
having moments represented by vectors lying in a small volume 

dl C06e 

element dQ is given by Ae kT dft, where 6 is the angle of 
the dipole with the field, then the average moment for a large 
number of molecules may be written as 


x 


>k T c ™ 0 n cos Odtt 


X 


dl 

pkT 


cos B 


dtt 


The solution of this yields 

m /u H 

7 = coth w 

Tjr 

♦Here coth stands for the 


(See Sec. 96, Part I, Chap. X.) 



hyperbolic cotangent, _ — > where 
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where L stands for the Langevin function. Experimentally for 
paramagnetic substances, the fields H are always so weak that 
pH/kT is small compared to unity. Thus the approximation 
given before can be used, namely, 



and therefore that, to a good degree of approximation, 


m 


v*tt 

UT 


For the sake of simplicity, in what follows it may be assumed 
that the inducing field H is the same as the inner field. This 
could not be done in the case of dielectrics, as, on the whole, the 




Absolute Temperature 


Fig. 65. 


contribution of the other molecules to the field was considerable. 
As will be seen later, the magnetic polarization in paramagnetic 
substances is so feeble that the fields differ by less than 1 part 
in 1,000. One may, accordingly, write that as KH = pzrn, 
and x — K/p (see Sec. 99), therefore 


Z _ Zp 2, 

* = H m = UT 

where z is the number of molecules per gram. Thus 1/x is 
proportional to T. The extent to which this holds true can be 
seen in Fig. 65 for 0 2 gas where 1/x plotted against T gives a 
straight line passing through the origin. 

Instead of x it is more convenient to use xm which is the value 
of x por gram-molecule. Since, calling the atomic weight Af, 
zM — N Ay the Avogadro number, Mx = x^j and one has 
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_ Mzn 2 _ Nap 2 
Xu - "3 kT ~ W' 


Calling <r 0 * = iV^V 2 , one can write 

AW _ cro 2 
3NAT 3 RT 


Here ao is the gram-molecular magnetic moment. Now Curie’s 
law states that % = C/T, where C is the Curie constant per gram; 
accordingly 



Cm 

T 


where C M = <r 0 2 /SR is the Curie constant per mole. Hence 

_ NaH 2 _ (To 2 Cm 
Xm ~ 3kT ~ 3 RT “ T ’ 

and one identifies C M with <r 0 2 /3 R- It is seen that this justifies 
the empirically discovered Curie law theoretically and evaluates 
the constants. It may be pointed out that the Curie law thus 
established is purely classical in that it allows of all values of 
orientation of the magnetic dipoles in the field. Actually, as 
is shown in the next section, the spatial quantization of magnetic 
moments in a magnetic field is an established phenomenon. 
Hence the proper derivation of the law must take into account 
the possibility of an effect due to the arrangement of dipoles 
in a few definitely oriented positions. The result will be to 
change the value of the factor J 3 which comes from an averaging 
over all directions in a continuous distribution. 

It further follows from the observed deviation of a considerable 
number of solid paramagnetic bodies from the Curie law that a 
further modification of the theory is needed. Many bodies 
follow a law of the form x = C/(T — 0 ), instead of the simple 
law x = C/T. Here 0 is a constant characteristic of the body 
which has the dimensions of a temperature, the critical tempera- 
ture. This type of deviation was ascribed by Pierre Weiss to 
the neglect of the inner field produced by the effect of the fields 
of other dipoles on the one under consideration. In analogy 
to the inner field considered in the case of dielectrics, one must 
add to the external field H, imposed on the substance, the inner 
field Hi = vl. Here I is the intensity of magnetization per 
unit volume, and v is the constant of the inner field which in the 
dielectric case was set at 4ir/3 for almost all dielectrics. Actually 
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the development of quantized rotation as temperature increases 
that is responsible for the temperature variation of the dielectric 
constant; for, as quantized rotations are taken up by the dipoles, 
these are oriented in the field in equal parallel and antiparallel posi- 
tions giving zero total-moment. Magnetic moments are quan- 
tized in fields due to the moments of momentum asspciated with 
the orbits. In order to modify the theory, one may, following 
Stoner, proceed as follows. 

Assume an atom of total quantum number J (see page 532) as a 
result of a total orbital quantum number L and a total spin 
moment S. The rules of spatial quantization state that the 
resolved moment M r in the direction of the field can take on the 
following discrete values and no others, J y J — 1, J — 2 . . . 
— J. The corresponding magnetic moment in Bohr units will 
be given by M r gnB , where n B g is the Land6 splitting factor giving 
the ratio of magnetic to mechanical moment in an atom and g 
is given by 

_ , . J(J + 1) + S(S + 1) - L(L + 1) 

9 " 1 + 57 ( 7 + 1 ) ’ 

which is both theoretically derived from quantum theory and 
empirically established from the Zeeman effect. As was seen, 
the classical Langevin theory used the resolved magnetic moment 
/j, cos 6 , which could have any value from +m to — /*. In the 
quantum theory the resolved moments are confined to the values 
given by M^mb. In the deduction of the Langevin law, the aver- 
age moment m in the field for an atomic moment n was given by 

m cos 9 s * n 

M sin 8d8 


where 2ir sin Odd = dQ. For the case that txIi/kT is small, 
e *H/kT cos 0 • = . i -j- cos 0 t so that m/n takes on the simpler form 


cos 2 6 sin Odd 
f* sin Odd 


cos 2 6. 


Here cos 2 $ is the average value over all space. If the continuous 
distribution occurs, as it does for electrical dipoles, cos 2 6 = 
giving the approximation to L(x ), when x is small, obtained 
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before. In the case of space quantization the cos 2 6 must be 


replaced by ( M r g/Jg ) 2 = (M r /J) 2 - There are 2J + 1 values of 
Mr extending from +J to — J. Hence 

m nH 1 [J 2 + (J - l) 2 + (J - 2) 2 + . . . + (-J) 2 ] = 
fji kT J 2 2 J + 1 


m// (J + 1) 
kT 3 J 


Since Jg gives the total magnetic moment for an atom having 
a total momentum vector J , and as each unit Jg value represents 
a Bohr unit of magnetic moment, a Bohr magneton, n# — 3h/4irm y 
then the quantity /x expressing the atomic magnetic moment can 
be written as n = iiuJg. Thus 


?Ti = II 


J(J + 1) gV 
3 kT 


If M b = hbN a is the Bohr magneton per mole and N A is the 
Avogadro number, 

_ T7iN A _ g 2 J(J + 1) Mb 2 

x " // ' Mt 


To compare this with theory, recourse will most conveniently 
be had to the experimental moments evaluated in terms of Weiss 
magnetons. For a given substance the quantity P == <r ( ,/l,123.5 
= ctq/Mw is usually determined. Here is the observed 
gram-molecular magnetic moment evaluated by <r 0 = \/3 RCm 
from the Curie constant per mole Cm, and the M w = 1,123.5 
is the Weiss magneton per mole. Hence P = V3 HCm/M w , 
and, if 1/\m = T/C M , then C M = xmT so that P = \Z3RxmT/M w - 
This can be placed into the quantum-theoretical equation for 
Xm above, thus eliminating xm and evaluating P, since it turns 
out experimentally that M n /M w — 5 within the limits of 
experimental uncertainty. * ThusP = (Mb/ M w )g\ / J{J + 1) = 
bgy/j(J + 1), where M B is the Bohr magneton per mole. The 
simplest case on which to test the theory is an atom in the S 
state, i.e. f Na, K, Ag, etc. Here the magnetic moment is 
entirely due to spin, L = 0 , S = J, and g is found to be 2 . 

Hence P = 5\/4^(^ + 1). For 0, 1, 2, 3, etc., unbalanced 

* Stoner in a recent letter to the author gives the value 4.952 for this factor 
based on Birge’s estimate of the value of hb as 5564 ± 10. 
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electrons in the atoms, S = 0, 1, and the magnetic 

moments are 0, 1, 2, 3 Bohr units. The resulting table taken 
from Stoner 21 gives the magnetic moments of atoms in S states: 


State 

m 

2 Sl/ 2 



6 S, 


Bohr magnetons 

0 

1 

2 

3 

4 

5 

P 

! o 

8.6 

14.1 

19.3 

24.4 

29.4 







These P values were first given by Sommerfeld, and they agree 
in order of magnitude with the P values observed for the ions 
of the first transition series. Since, in general, atoms and ions 
encountered are not in the simple S states, the more complete 
equation must generally be used. The equation was derived 
assuming that all the atoms of the substance were alike and in the 
same state of momentum, i.e., that J was the same for each 
atom. If the temperature is high and the energy changes 
between different momentum states is small in comparison to 
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Fig. 66. 


kT , the atoms will not all be in the same state, owing to the 
distribution of energies among the atoms. The problem has 
recently been rigorously developed on a quantum-mechanical 
basis by Van Vleck. 37 His equation shows that when the 
multiplet interval is large, the paramagnetic part of the magnetic 
moment is given by the equation just deduced. For the case 
that Av is the frequency difference between the different J states, 
then for chAv <$C kT, Van Vleck shows that the Z's and s ' s 
are not strongly coupled and must be quantized separately with 
respect to the field. The previous equation must then be 
replaced by 


P _ 5V4SGS + 1) + L{L + 1). 
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A comparison of theory and experiment is best given by 

Figs. 66 and 67. In Fig. 66 — — X 10“ 2 is plotted against 

temperature t in degrees C., for FeS0 4 , P = 26, 9 = —16, 
curve 1; for MnCU P = 27, 0 — +21, curve 2; for Fe 2 (S0 4 )3 
P = 29, 0 = —73, curve 3. It is seen that the linear relation 
holds. In some cases abrupt changes in slope occur, due to 
changes in 0, C, or chemical changes. For the same ion, in 
different salts, P has in general the same order of magnitude, but 
it may vary considerably, as for example, Chantillon 22 finds P 



Number of Electrons in Ion 
Fiu. 67. 


for the Co 4 ^ ion to lie between 22 and 26 in different salts. 
In Fig. 67 are plotted the calculated and observed magnetic 
moments of ions in the first transition series as a function of 
electron numbers as given by Stoner. The values of P are 
plotted as ordinates and electron numbers as abscissae. The 
full curve indicates the calculated values of P given by P = 
5\/4S(S + 1), the dotted curve the values of P given by P = 
5 gy/j(J + 1), while the dot-dashed curve gives the values 
given by P = 5\/4iS(& +1)+L(L + 1). The heavy vertical 
lines give the ranges of the observed values of the moments. 

So far in the discussion nothing has been said of the portion 
of the domain where the fields are high enough to approach 
saturation. Thus, under ordinary conditions, nH/kT is small 
so that the first approximation to the linear portion of the 
Langevin equation suffices. As T is lowered, the term can 
become sufficiently large so as to follow the Langevin law up 
toward saturation. This is the case for Gd2(S0 4 )3*8H 2 0 with 
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the ion Gd 4 * 4 " 1- and 61 electrons. H. Kammerlingh-Onnes and 
H. R. Woltjer 20 made the measurements shown in Fig. 68. In 
this is plotted ?7i/p against pH /kT as a full curve from the 
Langevin equation, while the points are the observed values. 
The upper points correspond to an fh/p of 84 per cent of the 
saturation value when at 1.31° abs. in a field of 22,000 gauss. 
The quantum theory, assuming an ion with a moment of seven 
Bohr magnetons, yields a saturation under these conditions of 



Fig. 08 . 


95 per cent. The confirmation of the theoretical Langevin 
equations in the case of Gd-^SCLVShLO, a solid substance, is 
quite surprising in view of the fact that the ions are rigidly fixed 
and are not free to rotate. It, however, may not be necessary 
to assume rotation of the rigid ion. The same result could be 
accounted for by assuming that the charge distributions associ- 
ated with the ion in the field are such that the resolved magnetic 
moment can only have certain definite values. Taken as a 
whole, the results presented indicate again that the general 
considerations are correct and that, where the complex conditions 
encountered permit, the theory is in good agreement with fact. 

101. A Summary of the Modern Picture of Atomic Structure 
in Relation to Atomic Magnetic Phenomena. — In the preceding 
sections the application of kinetic theory to the problem of 
dielectric and magnetic behavior in gases was given. This 
presentation was taken largely from the admirable treatise of 
P. Debye 8 in Marx’s “Handbuch der Physik” which at the time 
of the writing of the first edition of this text in 1925, was one 
of the best and most modern treatments available. It had been 
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written largely from the classical mechanical point of view except 
to the extent that the old quantum theory was introduced 
wherever it applied. At the time Debye's original article was 
written, the general principles governing the application of the 
quantum rules were known as empirical principles. A great 
diversity of notation existed, and the real relation of spectro- 
scopic and atomic magnetic data was not clear. The most 
troublesome factor, the half quantum numbers observed in so 
many phenomena, received their first explanation in papers by 
Uhlenbeck and Goudsmit 23 in 1925-1926 through the hypothesis 
that the electron might itself have a moment of momentum due 
to spin and with it a magnetic field. This suggestion led to a 
rapid clarification and unification of the whole problem of atomic 
physics, too late for inclusion in that text. The development 
of the new wave mechanics in the period 1925 to 1927 aided 
materially in the understanding of relations throughout the 
domain of atomic physics. Thus, already by 1928, Dirac 24 had 
shown that the spin moment was a natural consequence of the 
appropriate relativistic generalization of the quantum-mechanical 
equations for the electron. Consequently in writing the second 
edition of this book it becomes essential to include the results 
of the recent investigations on magnetic phenomena at the 
appropriate sections in the text. In order that these results 
may be understood, it was considered important to add this 
section furnishing the key to the terminology there used to 
replace the sections on ferromagnetism in the old text which do 
not properly belong here. In this section, however, too detailed 
a discussion of the problem is not possible, owing to the fact 
that the problem is essentially one of atomic structure and wave 
mechanics and a more complete treatment would require the 
laying of an elaborate foundation of considerable length, to say 
nothing of the development of the problem which of itself 
could easily fill a book. 

The problem can be taken up with the criterion set forth by 
Bohr 25 * A 43 j n 1913 t, G define the stable orbits in a nuclear atom. 
This criterion was the quantum restriction which stated that 
in an atom the moment of momentum of the electron in a stable 
circular orbit must be governed by the relation p = nh/2ic, where 
n was a whole number. In addition, an electronic orbit must be 
governed by the condition that the centripetal Coulomb force 
Ze 2 /r 2 on the electron of charge e by a nucleus of charge Ze 
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(Z being the atomic number) in an orbit of radius r must equal 
the centrifugal force mv 2 /r, whence mv 2 = Ze 2 /r. Since p in 
this case is mvr = nh/2ir f one can at once write that, for stable 
orbits, r = n 2 h 2 /4w 2 Ze 2 m and v = 2wZe 2 /nh. This fixes the 
properties of the orbit once Z and n are fixed. As n increases, 
the radius of the orbit increases, and hence for n = 1 one has the 
innermost orbit for a given value of Z . For Z = 1, n = 1, one 
has the innermost orbit for the simplest of the atoms, the hydro- 
gen atom. This orbit was considered by Bohr to be the unit 
orbit , and many orbital properties are referred to it as the unit. 
It furthermore appears that when one considers two orbits in 
which the energy is E a and Eb corresponding to values of n == a 
and n = 6, b > a, one has the frequency vb- a radiated in a 
transition from the outer orbit n = b to the inner orbit n = a, 
given by 

__ 2t r 2 mZW l 1\ 

Vb ~ <l h 3 \ n « 2 n b 2 ) 

It is seen at once that the quantity n fixes the properties of the 
orbit, its radius r, the orbital velocity, the energy of the electron, 
and, in a given transition of an electron from one orbit to another, 
it determines the frequency of light radiated or absorbed. It 
is seen that this important number which from now on will be 
termed the principal quantum number and will be designated 
by the symbol n is of prime importance in describing the elec- 
tronic state in the atom. As will later be seen, there are in 
general several differently shaped orbits possible for all values 
of n beyond n = 1, but these strangely do not affect the influence 
of n as regards the energy in the orbit. It will also later transpire 
that, as an atom is built up by adding electrons about a nucleus, 
there will be a limit to the numbers of electrons which can go 
into orbit types with the same value of n. As lower n values 
are occupied with electrons, then only higher values of n can be 
filled, and each increase in n means a larger r. Thus, owing to 
the values of r as determined by n, the electrons will be grouped 
in several shells or levels in the atom with widely diverse energies. 
Thus n is responsible for a stratification of electrons into levels 
in the atom. These levels have been identified with those 
regions of the atom which emit the various characteristic X-rays. 
Thus as n takes on values 1, 2, 3, 4, etc., the values of n in the 
atom are identified with the K y L y M y N y etc., X-ray levels in 
the atom. 
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Having now described the nature of the influence of n on the 
atom, one may consider the case of the orbit for which n = 1. 
In this case, as will later be seen, the orbit is a circular orbit and 
in addition, if Z = 1, one has the simplest orbit imaginable. 

This simple orbit of hydrogen, Z = 1, with n = 1, mvr = p = 
h/ 2w (see Sec. 100), Bohr chose as his orbit of unit of moment 
of momentum, as stated before. In such an orbit there is 
created a magnetic moment p due to the revolution of the electron 
about the nucleus. This moment can at once be calculated 
from the well-known law that a current i about an area A gives a 
magnetic shell of moment m, thus p = iA. Since i = e/T, where 
e is the charge and T is the period of revolution, p = eA/T ; and 

p A J . nh ep nhe 

as rf = then, since in general p = k~> p = = - A 

2m T 2 tt 2m 4?r m 

In all that follows it must be remembered that e is in electro- 
magnetic units; if e is expressed in electrostatic units, e/c must 
be used. The quantity p is the magnetic moment associated 
with the nth orbit and for the unit Bohr orbit, for which n = 1, 
/x = he/4irm } which should be the unit magnetic moment . Hence 
it might be expected that the properties of this simplest of orbits 
would appear as a sort of fundamental unit in studies of the 
magnetic properties of atoms. 

Actually the conditions in the atom are not so simple as 
outlined above, for the orbits in general will not be circular. 
Central forces with closed orbits in general demand elliptic 
orbits of which the circle is just a special case. In the analysis 
of the quantization of an elliptical orbit it transpires that polar 
coordinates are the convenient coordinates to use, and the motion 
is quantized along the radius vector and about the origin in 
azimuth. Thus the conditions imposed in quantization (see 
Sec. 92a) are that 

f* = n 0 /i, and ~ Ur 

Here p $ and p r are the momenta for the azimuthal coordinate 
and the radial coordinate, while n* and n r are integers expressing 
the azimuthal and radial quantum numbers. An evaluation of 
these quantities in terms of the analytical geometry of the 
elliptical orbit shows that the equation for the frequency of 
the light emitted in a transition from one elliptical outer orbit k 
to an inner elliptical orbit n is given by 
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2r-me*Z 1 \ _J 1 ] 

Vk ~ n h 3 [(n 0 + n r ) 2 (k* + k r )*j 

instead of 

2 tWZ 2 / 1 1 \ 

Vb ~° h 3 \n„ 2 n„ 2 ) 

as for the circular orbit. This indicates that the introduction of 
ellipses does not change in any way the energy criteria laid down 
for circular orbits, for it is seen that for any values of n a and n b the 
elliptical orbits alter the situation only by replacing the single 
integral quantum numbers n a and n b each by the sum of two 
integral quantum numbers, n $ + n r = n a and k# + k r = n b . 
Thus the frequency radiated is the same as long as 74 + n r = n a 
and kj, + k r — n f „ irrespective of the shape of the ellipse, which 
will vary as the azimuthal quantum number 74 is greater than, 
equal to, or less than the radial n r . As stated before, n a and n b 
are thus called the principal quantum numbers which determine 
the size of the orbit and hence the energy in the orbit. Since 74 
and n r are integers, it is seen that the number of differently 
shaped ellipses is quite limited for small values of n a or n bf the 
principal quantum numbers. It turns out that the orbit for 
which n r = 0 is the circular orbit, for the radius vector is then 
constant and there is no change in r. The elliptical orbit with 
74 = 0 is degenerate and is excluded; for in this case the electron 
would oscillate in a straight-line path through the nucleus which 
it cannot do. Orbits of decreasing 74 and increasing n r for a 
given principal quantum number are increasingly elliptical, the 
most elliptical being the orbit for 74 = 1 and n r = n — 1. Since 
n $ cannot be less than 1, and since n r can equal 0, the number of 
possible orbits is fixed by the value of n to give just n possible 
orbits. For convenience and in conformity with usage in wave- 
mechanical analysis, 74, in the study of atomic problems, is 
replaced by a symbol l = 74 — 1, which takes on integral values 
beginning at zero for 74 = 1 . Thus, while 74 = 1 , 2 , 3 , 4 , etc., 
I * 0, 1 , 2, 3, 4, . . . , when n r == . . . 3, 2, 1 , 0. Hence 
the condition of the orbit is defined by n and Z, n having integral 
values beginning with 1, and l taking values successively 0, 1, 2, 3, 
etc., the orbits being more and more elliptical, the smaller l . In 
relation to spectroscopy, electrons in these orbits l = 0, 1, 2,3, etc., 
are said to be of the s, p, d, /, g types, respectively, corresponding 
to the nomenclature, sharp, principal, diffuse, etc., of the series 
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of lines with which they are associated. Thus it is seen that, in 
one plane, n defines the area of the orbit, and the energy asso- 
ciated with it, while a number l of which for each n there are n 
values 0, 1, 2, 3, . . .ft, defines the shape of the orbit and 
hence, as will be seen, the moment of momentum. 

In the discussion of the possible motions of the electrons about 
the nucleus, only the motions of the electron in one plane have 
been so far discussed. Actually the plane of the electron orbit 
may also be oriented in space. In the case of a single electronic 
orbit, however, as long as no direction in space about the nucleus 
is specified, i.e. y by the introduction of some vector quantity 
into the picture, such as an external electrical or magnetic field, 
or the presence of some other electron orbit, one need not concern 
oneself with spatial orientation. When, however, the atom 
finds itself in a magnetic or electrical field, or one must consider 
the relations between two or more orbits in an atom, the question 
of spatial orientation and quantization must be considered. In 
the present consideration of the quantization in space, conditions 
must, for simplicity, be so chosen that the fields fixing the 
direction in space are so small as not to alter the energies in the 
orbits appreciably. The motion of the electron can then be 
described in three-dimensional polar coordinates in terms of two 
angles 0 and ^ and the motion along the radius vector. The 
separate quantization discussed in Sec. 92a requires that the 
conditions 



Jprdr — n r h 

be fulfilled, wherein n 0 , n^, and n r are the integral quantum 
numbers along the three polar coordinates 0, and r. The 
process of quantization yields a most interesting result. Again 
the energy values as given by the principal quantum numbers 
n are unaffected, and the radial quantum number n r is also 
unchanged. However, ft* for the plane orbit, under space 
quantization is found to be the sum of two integers, the angular 
quantum numbers no and ft*. Thus space quantization yields 
the fact that ft* = n 0 + ft* and n = n r + ft* = n r + n$ + ft*. 
A still more important relation is revealed by this spatial quanti- 
zation which is as follows. If a is the angle between the moment 
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of momentum in the orbit and the chosen direction in space set 
either by some magnetic or electric field, it turns out that 


V 


rty _ Tty 

(rty + n e ) 


COS a. 


This signifies that, since Tty and n * are integral numbers, the 
component moment of momentum, p+ y of an electron in an orbit 
having a moment of momentum p, projected on the equatorial 
plane about the chosen field direction, is also quantized; for p 
is integral as is the ratio Tty/Tty = p+/p. Hence p+ y the compo- 
nent of the momentum of the orbit p resolved along the lines of 
force, is a whole numbered multiple of h/2tr. It is seen at once 
that this places a restriction on the value of the angle a between 
moment of momentum p and field direction. For cos a is 
limited to only a few discrete values defined by p*,/p. In 
discussing this question it must be borne in mind that the 
moment of momentum is a vector quantity whose direction lies 
normal to the plane pf the orbit and whose magnitude depends 
on the orbit. It is thus seen that the magnetic moment of the 
electronic orbit, in view of the revolution of the electron, is 
parallel to the vector representing the electron’s moment of 
orbital momentum, and that the quantization of the momentum 
and restriction of the orientation of this moment in the field 
to a few discrete values of a also limits the positions which the 
magnetic axis of the orbit can take in a space where a field 
exists. Such quantized behavior of the magnetic moments in 
electron orbits, it is seen, must profoundly influence the magnetic 
behavior of atoms. It is also seen that through such action the 
restriction of the orientation of the electron orbits in magnetic 
or electric fields to certain specified directions must influence 
in a definite fashion the effect of such fields on the light emission 
in these fields. Thus it is to be expected that much information 
will be gained concerning such phenomena as Zeeman and Stark 
effects by the analysis above. Since cos a = ?ty/rty, it is seen 
that for small values of n, and hence Tty, cos a will take on a very 
few definite values. It was stated that at times it was convenient 
to replace rty — 1 by the symbol l. In what will follow the 
quantity rty in space quantization will be replaced by the symbol 
j. This quantity j is not just rty as it will be found to include 
a new term to be discussed presently. It will, however, represent 
the total moment of momentum of the electron orbit which orients 
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itself in the field and will contain more than 74. For the present 
it will be treated as synonymous with 74. The effect of space 
quantization can be seen in the few simple examples which 
follow. As a result of the foregoing, one finds that for the case 
where j = 1 , cos a (a = tt/2, 0, tt) can be 0 or ± 1 , for 74 can be 
0 or ±1. For j = 2, cos a(a = 7r/2, ±60°, 0, ir) can have the 
values 0, ±1, as 74 can take values 0, ±1, ±2, etc. 

From these rules resulting from quantization, one can survey 
the possible orbits open to electrons about a nucleus. In the 
first place the radial parameter of the orbit and hence its energy 
are governed by n, the principal quantum number, which can be 
1, 2, 3, 4, etc., and together with Z , the nuclear charge, fixes 
the magnitude of the radius of the equivalent circular orbits. 
Again 74, or l -f- 1, fixes the shape of the orbit for a given value 
of n = 74 + n r . This gives for each value of n , n differently 
shaped ellipses beginning with n T = 0 for the circular orbit. In 
addition, with a fixed direction in space defined by some field, 
the axis of each of these orbits is restricted to angles a with the 
field which amount to 4 j in number for each of the ellipses repre- 
sentative of that value of j. 

These relatively simple relationships as to the kinds of electron 
orbits made it appear possible to predict the electron arrange- 
ment in the atoms and hence also to predict the nature of the 
spectra emitted by atoms in both the presence and absence of fields. 

In the meantime, beginning with the work of Catalan in 1922 
and that of Russel and Saunders, 26 a certain amount of order 
was being introduced into the relation of spectra to the atomic 
concepts just discussed. It had already far earlier been possible 
to identify the principal quantum numbers with the series of 
X-ray levels in the atoms so that n = 1 was associated with 
the K series, n = 2 with the L series, n = 3 with the M series, 
etc. Furthermore, the studies of Zeeman and Stark effect 
spectra indicated that there were close analogies between the 
orbital quantizations derived from theory and those observed. 
Difficulties were, however, encountered in obtaining numerical 
agreements, especially as the spatial quantization terms appeared 
to indicate the necessity of the use of half quantum numbers 
in the j values. Bohr's studies of these questions made the use 
of such terms seem imperative. 

In the meantime another series of investigations concerning 
the existence of the orbital electrons in atoms through a study 
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of the magnetic behavior had thrown some interesting light on 
the same problem. S. J. Barnett 27 had argued that if, as postu- 
lated in Sec. 99, the electrons in their orbits actually represent 
miniature gyroscopes, a mechanical torque on these orbits 
produced by spinning a bar of metal should also produce a 
precession of the orbits just as does the imposed field in diamag- 
netism. Thus if an unmagnetized bar be spun at high speed 
in the absence of a magnetic field, the torques on the electron 
orbits should produce a precession such as to give an axial 
magnetic field. Using ferromagnetic rods, carefully demagne- 
tized, in order to increase the feeble effects due to the weak 
mechanical forces by the induction in the iron, Barnett, after 
overcoming great difficulties, obtained a measurement of the 
effect which was in the correct direction and of the right order 
of magnitude. There was, however, a discrepancy between 
theory and the later accurate results obtained, which in magni- 
tude was closely a factor of 2. Independently and somewhat 
later, Einstein and de Haas 45 succeeded in producing the inverse 
effect, namely, a mechanical oscillation of a rod subjected to an 
alternating field as a result of the reaction to the magnetically 
produced precessions. Again the values of e/rn for electrons 
to be inferred from these experiments on classical theory were 
off by a factor of 2. There was thus clearly some theoretical 
difficulty inherent in the assumptions of the classical theory, 
which could not be located with ease but again involved a factor 
of 2. As a result, however, of the excellent spectroscopic data 
and the theoretical investigations of Pauli, Goudsmit, Heisenberg, 
Hund, and, finally, of Uhlenbeck and Goudsmit, 46 a scheme of 
analysis according to purely empirical rules was worked out, 
which is known as the vector model. While empirical, the 
success of the analysis was quite striking. The essential missing 
element in the vector model was supplied in an hypothesis of 
Goudsmit and Uhlenbeck 23 that the electron itself had an intrinsic 
spin moment equal to \'i (h/2w) or }$ of the Bohr unit of moment 
of momentum in the orbit for n = 1 and a magnetic moment 


(5 FI « 

equal which is just the magnetic moment of an electron 


in the simple Bohr orbit for which n = 1. Dirac 24 subsequently 
showed that this hypothesis was justified. Thus the electron 
is associated with a spin moment or vector designated by the 
symbol s. 
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Thus, besides the quantization of Z, the azimuthal quantum 
number in space due to a field, there must be included in the 
quantum number j, representing the quantum number of the 
orbit as a whole , the spin moment s of the electron itself. Since 
it was stated above that s = % a Bohr unit, and as the spin 
moment can be opposed to or in the same sense as the orbital 
moment, s can take on only values of ± % Bohr unit of momen- 
tum. Thus the total angular momentum quantum number of 
an electron orbit, which is the vector sum of l and s, is called j, 
such that j = l ± s, and j can take on only half integral values. 
This at once explains why the spatial quantization rules for 
single electron orbits when measured did not give the orientations 
to be expected before the spin moment was included. Such a 
result follows because the combinations of directions which give 
projections on the field axis differing by integral values yield 
different angles a when the vectors to be quantized are half 
integers than when they are whole integers. Thus, for instance, 
for j = Yi , with l = 1, s = the projections on the field 

axis are ±1 but not 0. Hence an orbit for l — 1, j = % can 
only set itself with its normal parallel or antiparallel to the field. 
For Z = 1, s = j — the orbit can set itself so that its 

normal is parallel or anti parallel to the field, or such that it 
makes an angle for which cos a is f It is thus seen why 
for single orbits j values are used in quantization instead of the 
l values alone. In the presence of large magnetic fields, the 
orientations of these orbits take place so that the projections of 
the Z’s are integers and of the s’s are half integers, respectively. 
These projections on the field are called the magnetic quan- 
tum numbers and they are designated by the symbols m t and 
m 8 . Here m t is defined by integers lying between the limits 

— I <, mi < l , and m 8 is defined by half integers lying between 
the limits — s ^ m 8 ^ s. Thus m t may have 21 + 1 values from 

— I to +Z, and m 8 has values ±3^. Hence for a given value of Z 
one has a total of 2(21 + 1) possible orientations of the orbits. 

If one proceeds to consolidate the several electron orbits into 
the atom to analyze its behavior as a whole, one must take into 
account the mechanism of interaction of the electrons in the 
atom, termed the coupling. This coupling determines the 
spectrum terms of the energy levels. If the separate Vs and s ’ s 
of the individual electrons exert the principal influence, it may 
be assumed that the separate vectors corresponding to these 
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terms add vectorially to give the L and S vectors of the atom as 
a whole. Thus one can write L = and S = where 

i i 

U is the value of l for any one of the i electrons and $ t is the value 
of $ on any one of the i electrons. Hence the orientation of the 
1*8 gives a series of L values which correspond to the character- 
istics of spectroscopic term series S f P, D, which appear in the 
Grotrian diagram (reference /, page 229) for term series of the 
atom. The vector sum of L and S gives J, the total angular 
momentum vector of the atom. This is also quantized. It has 
half-integral values if S is a half integer and integral values of S 
if an integer. The J value appears as a subscript to the letter 
indicating the L value. This type of coupling is called the 
Russel-Saunders or L-S coupling. Other types are possible, 
of which the extreme case is one in which the l and $ vectors 
of each electron give the j values whose sum is the atomic J 
value. 

The rules for quantization together with the exclusion principle 
of Pauli at once enable one to indicate the structure of any atom. 
The exclusion principle says that for no two electrons in an atom 
may the four quantum numbers of any particular electron, the 
ith, be the same. That is, no two electrons can in the same 
atom at the same time have the same values n iy the total quan- 
tum number; l if the orbital quantum number; mu, the component 
of U along the field; and m al , the component of Si along the field. 
This obvious rule merely says that one and only one electron in 
an atom at one time can be in a given state defined by the four 
quantum numbers . 

This rule leads at once to the orbit sequence in which electrons 
must enter an atom of atomic number Z as each electron is 
added, provided one assume that the electrons prefer to go to 
states of the lowest quantum number possible. It is clear then 
that the Z electrons required to complete the electronic quota 
of the atom will each seek orbits so differing in the number 
n if U f mu, and m 8i as to attain the lowest quantum states, each 
electron, however, keeping its individual state free for itself. 
Thus the number and type of orbits for Z electrons can at once 
be chosen and a fairly good picture of the atom can be obtained. 

For example, the first electron goes into an orbit for which 
n « 1. Thus its l and mi values are 0, and its m 8 value can be 
If it takes the value of m 8 = +%, another electron can 
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enter the atom with n = 1 and m $ = — H. The n — 1 orbit 
is then filled, and this grouping of electrons completes the n = 1 
or K shell or level in the atom. All atoms of whatever Z must 
have this group, for the first two electrons added will take this 
low-energy state. If a third electron is added, it cannot go to an 
n = 1 orbit. Thus, for the next electron, n must be 2. Here 
one has the beginning of the L electron shell or level. For 
n = 2, l = 0 or l = 1. If l = 0, there is no moment m h and m, 
can have values ±}i- Thus the next two electrons go in to 
form a group with n = 2, l = 0, mi = 0, and m, = ± i£. If it 
went into the l = 1 orbit, then it could take values of m* = — 1, 
0 , +1, or 21 + 1 possible orbits and for each value of mi, m a 
can be ± There are thus six possible orbits that can be filled 
and six more electrons can be added, corresponding to the 
2(21 + 1) combinations. Whether the electrons first go to an 
l — 0 in preference to an l = I grouping cannot be predicted, 
but spectral and chemical data show that in general the electrons 
will go into the l = 0 group first and later into the l = 1 group- 
ings. After this with two n = 1 electrons in the K shell and 
8 = 2 + 6 electrons in n = 2, the n — 2 or L shell is full and 
subsequent electrons must go to the n = 3 or M shell in the 
atom. Under these conditions the shell is said to be closed and a 
new shell begins. 

Since for each value of l there are 2(2Z + 1) possible orbits, 
one can calculate the number of electrons in the closed shells 
corresponding to n — 1, 2, 3, 4. This is seen in the following 
table. 


n 

Type-s 

orbit 

Type-p 

orbit 

Type-rf 

orbit 

Type-/ 

orbit 

Total 

orbits 

1 

2 




2 

2 

2 

6 



8 

3 

2 

6 

10 


18 

4 

2 

f> 

10 

14 

32 


The closed shells have a very important property judged from 
the point of view of the moments. Consider the 10 type-d 
electrons for which 

mi - 2 2 1 1 0 0 -1 -1 -2 —2 

m 9 = H -M H H -H M -x X -x 
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It is seen that this shell has the resultant L, &, and therefore J, 
equal to zero. The same holds for all of the closed shells. 
Accordingly the effect of a closed group may be neglected in 
calculating the atomic moment. Thus the types of orbits 
giving moments and affecting orientations in fields are those 
which exist outside of the closed shells. The fact that these 
closed shells occur for groupings of 2, 8, 10, etc., electrons enables 
one to explain certain regularities of the periodic table. As Z 
increases step by step, more electrons must be added to make the 
atom neutral. Hydrogen, with 1 electron, has a circular orbit 
n = 1, Z = 0. He, with 2 electrons, has a pair of orbits with 

n = 1, l = 0, m 8 = and therefore zero moment; it is 

chemically inert and from then on is inviolate as a closed K shell 
or group. Li, with 3 electrons, has a closed group for n = 1 
with the helium-like electrons in the K shell. The third electron 
goes to the n = 2 or L shell. In the normal atom it takes on 
an orbit with l = 0, m a = +}$ or m a = — This is an 
elliptical orbit with ^ a Bohr unit of moment of momentum. 
Be, with Z = 4, has 2 electrons while these can have l = 0 or 
l = 1 and m a = ±J£; this other electron in the normal atom 

also goes to an orbit of l = 0 with 1 electron with m a = the 

other with — }$. Boron with Z = 5, has the 2 electrons in 
the n = 1 shell and 2 electrons with n = 2, l = 0, the third 
electron going to one of the l = 1, 3 mi orbits where mi = —1, 
0, +1, and having m, = ±}£ in each. Other electrons up to 
five more can be added as Z increases, thus closing the n = 2 
or L shell, and with neon giving a stable grouping with 2 electrons 
of l = 0 and 6 electrons of l = 1 in that shell. This second 
group has a stable octette of 2 + 6 electrons in the n = 2 shell 
outside of the n = I shell. Thus neon, with Z = 10 and closed 
groups of 2 K electrons and 8 L electrons, is the next inert gas. 
Thereafter, as Z increases, more electron shells add on with 
n ~ 3. Before the 18 electrons have all added on to give the 
closed n = 3 or M shell with 2 s, 6 p and 10 d electrons, the 
atom with increasing Z adds on L the 2 s-type and 6 p-type 
electrons in an element with Z = 18, having a stable octette 
with zero moment and giving the inert gas argon. Thereafter 
as Z increases the next 2 s electrons of the n = 4 or N shell add 
outside the octette, giving K and Ca before the atom Sc star*' 
to complete the incomplete n = 3 shell by beginning to add. 
the 10 remaining n — 3 or M electrons. This filling in proo iO 
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starts the first long period of the periodic table, which period is 
complete only when with Kr, an inert gas, in which the 10 n = 3 
or M electrons have closed the M shell in Cu and added 7 more 
electrons to complete an octette in the n = 4 or N shell, beyond 
the closed n — 3 shell. Thus in Kr one has the closed n — 1 
shell of 2 electrons ( K shell), a closed n = 2 shell of 8 electrons 
(L shell), a closed n — 3 shell of 18 electrons (M shell), and an 
octette of zero moment in the s- and p-type orbits in the n = 4 
( N shell). This corresponds to an element with Z = 36, which 
is krypton. In general, following the closing of a shell, the next 
stable element has an octette, and, following this, 2 electrons 
of the next quantum orbit add on before the next inner shell 
fills in and starts to close. This brief summary suffices to show 
how quantization enables one to build up the electronic structure 
of the atom and to correlate the electron arrangements with 
spectroscopic terms. It remains now briefly to see how the 
spin moment and orbital moment affect the magnetic phenomena 
in gases. 

As was stated earlier, the electron in a Bohr orbit of the 
simplest type should have a moment of momentum p — h/ 2w 


and a magnetic moment p. - hc^mn, so that u — vj , or 

2m 

p/p — c/2 m. This ratio p/ p is of great importance, as it appears 
in the studies from the Zeeman effect and in the atomic magnetic 
experiments such as the Barnett 27 and Einstein-deHaas 45 effect. 
In the simple Bohr theory these measurements should yield 
p/p = e/2 m. Actual measurements have yielded the value 
p/p = e/m and other values in spectroscopic work. Thus, 
before the electron spin was discovered, it was customary to 


write the equation - = , or frequently p/p = g, where g 

p Z fn 

represented the number of Bohr units c/2m in the ratio p/p. 
The spectroscopic use of the factor g was due to Land6 and is 
named, after him, the Lande splitting factor. The quantity g 
here used is a pure number and multiplies into e/2 m to give 
p/p . In some texts g is given as p/p = g, where g implies the 
number of Bohr units. For a classical electron orbit with no 
electron spin, g = 1. Actually the value of p/p in some of the 
"eeman effect data and in the Barnett and Einstein-dellaas 
periments was found to be p/p — e/m . This means that in 


= g~, the quantity g has the value 


It was this circum- 
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stance that led Uhlenbeck and Goudsmit to conclude that 
the electron must have an intrinsic spin moment s, given by 

e h 

$ ~ Yt(h/2r) and a magnetic moment /x« = — this 

event for a free electron n/p = \x t /s = e/m, making g = 2 for 
the electron alone. In using the equations, it must be under- 
stood that e is expressed in electromagnetic units. If it were 

e h 

in electrostatic units, the equation for m would be m = ^ 

ix e 

and - = — , where c is the velocity of light. The fact that 

p Imc 

g — 2 in gyromagnetic experiments indicates that in these 
phenomena observed in ferromagnetic materials in order to 
magnify the feeble effects, the phenomenon is one due to the 
spin moments of free electrons , since the orbital moments do not 
appear in the value of g. Wave mechanics has evaluated g in 
terms of the atomic quantum numbers J , S , and L as 

2m n ’ J(J + 1) + S(S -f- 1) — L{L + 1) 

T p = 9 = 1 + 27TJ+T) 

It is seen that, if, as originally assumed for the simple Bohr orbit 
before the spin was known, S = 0, L = 1, and J = 1, gr is 1, while 
in reality for a true Bohr orbit with electron spin S = Y, L = 
0, J = Yi, g is 2. For the Dy+++ ion, g = ^3 = 1.33. A study 
of the gyromagnetic effect of Dy 2 0 3 by Sucksmith 47 gave g = 
1.28 ± 0.07, which is in good agreement with theory. 

A final test of the assumptions was made before the electron 
spin was shown to follow from the wave mechanics by Dirac. 
This lay in the development by Stern and Gerlach 28 29 of the 
magnetic deflection of molecular beams of silver atoms. Silver 
atoms like Li and K, used later by Meissner and Scheffers, 48 
are atoms having an inner structure of closed electron shells 
with one external valence electron. In such atoms these elec- 
trons are such that the orbits are of the s type and as these 
are the only moments present, the atom is one showing the 
characteristics of the S type. In these atoms the value of L is 
0, and S = ± }4- Hence, in this case, J will take on values of 
± Y °f a Bohr unit in a magnetic field. This gives g a value of 
2 and further implies that an atom of silver will orient its© 
in the magnetic field with its magnetic axis parallel or antiparalL 
to the field direction. The value of \x will thus be that of the 
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single Bohr magneton and will be given by mb = In 

general the magnetic moment of an electron in an orbit is given 
by m = 9tt~’ where p is the moment of momentum of the elec- 

tron. On elementary quantum theory, p = j7i/2ir where j 
is the magnetic quantum number. Wave mechanics, how- 
ever, more accurately gives p = + !)• Hence actually 

IX = ^VKi + 1). Calling mb = the unit of magnetic 

moment, m — 9\Sj(j + 1)mb. The quantity mb is called the 
Bohr magneton and is the unit of magnetic moment. The 
numerical value of this unit can be computed at once from 
the equation, remembering the fact that the equations as given 
require e to be in electromagnetic units. The value, as given 
by Birge 49 as derived from the value of e/m from spectroscopic 
data, is mb = 0.9174 ± 0.0013 X 10 -20 erg gauss -1 , which gives 
as the moment per mole hbN a — 5,563 ± 10 ergs gauss -1 mole -1 . 
This should be the natural unit of magnetic moment and is 
derived entirely from theory. Pierre Weiss, from a study of 
magnetic susceptibilities per gram, determined a unit of magnetic 
moment whose value 1,123.5 ergs gauss -1 mole -1 is about 
of a Bohr magneton. This was done by evaluating the Curie 
constant Cm for each species and from this computing n w . The 
values of fi w per mole or per atom for various substances were 
then tabulated. On the assumption that like the electron in 
electrical quantities there was a unit of magnetic moment, Weiss 
studied the values in the table and derived the figure given 
above as the least common divisor and thus assumedly the unit 
magnetic moment, the magneton. Actually all substances so far 
measured have more than this unit moment, the lowest being Ni 
with three units, other substances having in excess of five. In 
general the factor P is used to designate the magnetic moment in 
terms of Weiss magnetons, where P = y/ZRChl 1,123.5 is 
expressed in terms of the molar magnetic moment derived from 
the Curie constant per mole Cm (see Sec. 100). Since it is 
possible for the total magnetic moment of an atom on the Bohr 
theory to have been caused by a combination of vectors which 
give a total moment less than the Bohr magneton, e.g., T1 has 
Hf it is clear that there is no discrepancy of a serious nature 
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between the two units. The Weiss magneton as 1,123.5 is, 
however, a fortuitous accident derived from scant data. That 
the Bohr magneton is, within experimental error, an integral 
multiple of the Weiss magneton is essential. Thus, while the 
Weiss magneton is an experimental convenience, the theoretically 
justified magneton is that of Bohr. It is in no sense a unit 
of observed atomic magnetism, as is the electron, the observed 
unit of atomic electricity, since the vector nature of the moment 
and quantization can produce resultant atomic moments less 
than the magneton. 

In 1921 Stern, 28 - 29 in collaboration with Gerlach, applied his 
method of molecular beams to a direct attempt to determine 
whether magnetic moments of atoms were quantized in space 
or whether they were not, and to dispel the doubt as regards 
the validity of the Bohr magneton in contrast with that of 
Weiss. The device used was exceedingly simple. An atomic 
beam as described in Sec. 79 from an oven 0 of Fig. 69 carefully 
defined by a system of rectangular slits whose length was per- 
pendicular to the plane of the figure was projected into the 
region between two pole pieces of a magnet-. The beam in 
vacuum was parallel to the length of the pole pieces, one of 
which was a knife edge, the other pole piece being plane except 
for a rectangular channel parallel to the knife edge and opposite 
it. This gave a magnetic field perpendicular to the beam 
which was highly divergent such that the rate of change of field 
strength with distance across the poles, dll/dZ , was of con- 
siderable magnitude. Above the pole pieces was a plate P to 
receive and record the impinging atoms, or in work with alkali 
metals there was the slit of a lrut-wire positive-ion pressure 
gage, which could be moved along the Z-axis to determine the 
intensities of the beam at various points. The value of dll/dZ 
could be measured by means of a calibrated Bi spiral. The 
length of the beam in the field was known, and the velocity 
distribution of the atoms of the beam in the field could be 
determined from the temperature of the oven and Maxwell’s 
law. One may designate the magnetic moment of the atom by 
g. An atom of moment n on entering the field will have a force 

dll 

exerted on it of magnitude given by / = ju^ cos (g, H ) where 

cos (ju f H) is the cosine of the angle between \x and H. This 
assumes that n is not influenced by the field. Practically n is 
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the intrinsic magnetic moment of the atom, although the feeble 
moment induced due to the diamagnetic action acts to modify 
g very slightly. This is seen by comparing the value of /u for 
diamagnetic action in a field H of some 10 3 gauss with the value 
for a Bohr magneton. It will be seen at once that the magneton 
is vastly larger than the induced moment. If now the moments 
g are oriented in all directions in space, and the field does not 
alter the orientation appreciably, the atoms will be acted on by a 


force / varying from /x 


dH 

dZ 


through 0 to 


dH 

*dZ' 


If, however, 


space quantization takes place as the Bohr theory demands, 
since J is ±}$ due to spin moments alone, L being 0, the atoms 
will in a very short space of time 50 all orient themselves either 
with the magnetic moments parallel to the field or antiparallel 
(north pole toward the S magnetic magnet pole or vice >ersa). 
In this case (m, H) is 0 or 180, cos (/x, H) is +1 or —1, and 


, , dll 

/ = ± nr 


These atoms then traverse a distance x in the field 


from slit to collecting plate P under a force at right angles to 
their path given by / and an acceleration equal to f/m, where m 
is their mass. Thus they will be deflected a distance z given by 

2=1 Lt 2 from the position on P in the absence of II, where i 
2 m 

is the time taken to go the distance l in the field. Now the 
velocity c = l/t and t = l/c. Hence 2 = \ ~ cos Ob ^0 ~ 2 * 

The velocity c is distributed among the atoms escaping from 
the oven by the Maxwell law according to the relation N c = 
2N - — 

-~c z e a 2 dcy where a is the most probable velocity corresponding 


to the oven temperature. In consequence of this reasoning, if 
the classical concept is correct, a very diffuse pattern will result 
on the plate, due to the distribution of the values of the angle 
between m and H among the atoms plus the fact that all atoms 
having a given angle will be deflected an amount z , dependent 
on c. Thus the density of the deposit as a function of z for any 
value of z will depend on the number of molecules having a 
given c which at the same time have a given angle between 
n and // and thus bring them to that point on P. On the other 
hand, on space quantization there will be two values of z corre- 
sponding to the expression 
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1 m dH P 
2 ~~2 m dZ c 2 

and the numbers of molecules at each value of z will depend 
on the value of c which can bring the molecules to that point 
in the time Z/c. Thus z will have a distribution to each side 
of the image of the slit in the absence of a magnetic field, whose 
maximum ( i.e ., greatest density of deposit) will lie at z a given by 

i 1 M d// P_ 

ia ~ ± 2 m dZ Z? 

A correction must in such experiments be made for finite slit 
width. Once this is made, the measurements of z ay Z, m, dH/dZ , 



and a at once yield n. Stern and Gerlach 28 actually performed 
this experiment using Ag. They found that in fact there was 
a splitting of the beam into two components and the value of z 
observed gave them a value of /x nearly equal to 1 Bohr magneton. 
A more recent result was obtained by Meissner and Scheffers, 48 
using Li and K with an exceptionally high precision the density 
of deposit as a function of z being shown in the points of Fig. 27. 
They evaluated the Bohr magneton to 0.5 per cent. This 
astounding direct measurement of the magnetic moment of 
atoms at once establishes the correctness of the concept of 
spatial quantization, establishes the Bohr magneton, and, best 
of all, corroborates in a beautifully direct fashion the interpreta- 
tion of orbital moments in terms of the electron spin. There is 
included below a table of results obtained in measurements of 
the moments of certain atoms in terms of Bohr magnetons by 
means of the Stern-Gerlach experiment and by means of spectro- 
scopic studies. 
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Atom 



H 


K 

Cu 

Ag 

Au 

Zn 

Cd 

Hg 

Stern-Gerlach 

1 

l 

1 

1 

1 

i 

0 

0 

0 

Spectroscopic 

1 

l 

1 

1 

1 

1 

0 

0 

0 

' 



Atom 


T1 

Sn 

Pb 

Sb 

Bi 

Te 

Ni 

Fe 


Stern-Gerlach . . . 

H 

0 

0 

0 

? 

0 

£2 



Spectroscopic 

H 

0 

0 

0 

? 

? 

5 

Large 



From "International Critical Tables "*• 




















CHAPTER XI 


APPLICATION OF THE KINETIC THEORY TO THE CON- 
DUCTION OF ELECTRICITY IN GASES 

102. Introduction. 1 — Probably one of the most spectacular 
applications of the kinetic theory has been in the field dealing 
with the conduction of electricity in gases. In fact, rather than 
this field being merely an application of the theory, it has done a 
great deal to assist in establishing it. With the discovery of 
X-rays, the problem attacked by Coulomb and many others 
unsuccessfully— of how the air conducted electricity — became 
open to quantitative investigation. This resulted from the con- 
siderable conductivity given the air and other gases by the X-rays 
and the later discovered radiations from radioactive substances. 
The intense interest excited by these rays led to rapid experi- 
mental advances, so that in a few years the following facts were 
established. The conductivity produced in gases by the agencies 
above consists in tearing loose from the neutral gas molecules 
negative electrons, leaving the residual molecule positively 
charged, or by liberating from a solid or liquid surface near the 
gas positively or negatively charged bodies. The positively 
charged bodies of molecular dimensions liberated by heat or radio- 
active disintegration are probably atoms that have lost an elec- 
tron. The negative particles usually liberated by the action of 
heat, light, or a bombardment of the surface with electrical par- 
ticles are the electrons. In most gases, the electron when liber- 
ated, after some time (the time being a property of the gas present 
and depending on the energy of the electron), will attach itself 
to a neutral molecule. It seems at present likely that both the 
positive molecule, after losing its electron, and the electron, after 
attaching to a neutral molecule, attract around themselves 
further molecules in view of the intense electrical fields present. 
These charged molecular groups in dry gases were early discov- 
ered to be the carriers of electricity in gases under ordinary con- 
ditions. They are called in analogy to the carriers of electricity 
in solutions the gaseous ions. The ions may be described and 

543 



544 


THE KINETIC THEORY OF GASES 


studied largely by the velocities with which they move in an 
electric field. The motion of an ion in a gas under ordinary 
conditions in an electric field is a uniform velocity of drift. The 
velocity is proportional to the field strength X over a large range 
of field strengths (from a few tenths of a volt to 20,000 volts per 
cm) for a constant pressure. The velocity in cm/sec. in a field of 
1 volt/cm is, therefore, a constant and is called the mobility. 
Besides the so-called normal ions, electricity is carried by two 
other sorts of carriers, electrons and large ions. The electron has 
a velocity which is not directly proportional to the field and which 
is thousands of times greater than that of the usual ions. 2 * 3 - 67 It 
can be measured only under particular conditions. The large 
ions are charged material particles — dust particles carrying 
charges. They are characterized by low velocities about one 
one-hundredth that of the normal gaseous ions. In spite of the 
claims of certain workers to have observed other classes of ions, 
the experiments do not warrant the acceptance of such conclu- 
sions. 4 - 5 * 6,22,69 In fact, if a gas is really pure it can be asserted 
that ions of one mobility only can be observed. 7,66,67 If, however, 
the gas has slight traces of an impurity for which the ion has 
a greater affinity than for the gas itself, there will be a transition 
period in which the ion is changing its nature, during which two 
mobilities will be observed, the ions giving these values occurring 
in relative proportions whose time variation marks the progress 
of the transition. Such cases were originally observed by 
Erikson 13 in air and have been critically studied by Bradbury. 66 
In a heterogeneous gas such as poorly dried air with organic 
vapors, and subjected to chemical change in a closed space as a 
result of prolonged exposure to ionizing agents, a continuous 
distribution of ionic mobilities, i.e., a mobility spectrum, can 
be expected after the lapse of considerable time. The existence 
of such a spectrum has been reported by numerous observers 
and has been accurately delimited by Zeleny 70 and Bradbury 67 * 69 
in air under the conditions mentioned after 0.1 sec., the spec- 
trum increasing in width and the most probable mobility decreas- 
ing as the ions aged and the faster ions disappeared due to 
recombination. These velocities vary from gas to gas and 
differ slightly for positive and negative ions in the same gas. The 
values have been determined by many different means and these 
agree fairly well in placing them in a range between about 7 
cm/sec. per volt/cm (in H 2 gas where the velocity is greatest) to 
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about 0.2 cm/sec. per volt/cm (in vapors like ethyl ether where 
the velocities are lowest). The mobility of the ion for a given gas 
is inversely proportional to the density of the gas from nearly 100 
atmospheres (atm.) down to a few mm of gas pressure. This did 
not seem to hold for negative ions in certain gases below 100 mm, 
but Wellisch 8 and Loeb 9 have shown that this is due to the com- 
plicating presence of free electrons and that the mobility of ions 
is even here inversely proportional to the pressure. The mobility 
reduced to constant gas density is known as the mobility constant. 
This constant appears to be almost independent of temperature 
except at the lowest temperatures studied, a decrease in the 
constant of 10 per cent being observed at liquid-air tempera- 
tures.* In general, the positive ion is slower than the negative 
ion, although in gases like HC1 the reverse is true. 11 Newly gen- 
erated positive ions, however, have a mobility equal to the 
negative ion in some gases where the final positive ion is slower. 71 
The ions in most cases studied carry a single electrical charge and 
the Faraday constant for gas ions is closely that observed for 
univalent ions in electrolysis. 12 ’ 72 Usually, ions generated with 
a multiple charge lose all but one charge in the millions of 
molecular impacts they make in going the cm in the gas required 
for measurement. 14 72 ’ 81 

The mobility of the ion may be derived from the kinetic theory. 
In fact, an elementary deduction of this was given in Sec. 22 of 
Chap. III. The more rigorous derivations of this quantity on 
the kinetic theory, including certain complications introduced by 
the forces exerted by the charges on the ions, will form one of the 
portions of this chapter. 

Closely allied to mobility and related to it by a simple relation 
is the coefficient of diffusion of the ions, that is, ions of one sign in 
a gas exert a partial pressure. If the forces due to the charges be 
ignored (as they may be when ions are present in low concentra- 
tions), they will then diffuse through the gas as a result of the 
partial pressure. As in molecular diffusion, the number diffusing 
per second N i across unit area normal to the concentration 

gradient ^ is given by Ai = D-^> where D is the constant 
dz dz 

of diffusion governed by the kinetic theory. In ions, the equation 

* The experimental results are somewhat contradictory on this point. 
But the later careful experiments of Erikson 10 seem to indicate the correct- 
ness of the present statement. 
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for gas molecules is complicated by the attractive forces on the 
ions. The relation between diffusion and mobility and the value 
of the coefficient of diffusion D merits being deduced from the 
kinetic theory. 

Again, if ions are generated in a gas the positive and negative 
ions are present initially in equal numbers. If the charge in the 
gas is measured at once after the ionizing agent is cut off, a cer- 
tain number present is obtained. If the number at varying time 
intervals after the ionization has ceased is measured, the number 
found decreases as the time increases. Experiment shows that, 
roughly at least, the equation representing this is 


Here — ^ is the rate of disappearance of ions, n is the number 

per unit volume present at any instant, and a is a constant 
characteristic of each gas, called the coefficient of recombination. 
The name of the constant indicates the nature of the cause of 
disappearance of the ions. Due to their mutually opposite 
charges and to diffusion, the positive and negative ions come 
within a close distance of each other. Thus in time they reunite 
in pairs and the ionization disappears. This process is called the 
recombination of the ions. The evaluation of the constant a 
in terms of the kinetic theory will be one of the tasks of this 
chapter. 

The velocity of an electron in unit electrical field, as was said 
before, is not a constant, that is, the electron has, properly 
speaking, no mobility. It is convenient, however, to evaluate 
the velocity of the electron in the field as if it had a mobility 
and to study the deviations from this in terms of a kinetic- 
theory interpretation. The theory was first suggested by 
Townsend 15 and was later amplified by Loeb . 2 The final suc- 
cessful solution of the problem from a theoretical point of view 
was due to Compton . 3 It will be given in a separate section. 

As was stated in the discussion of ionization, the electron 
liberated by the ionizing process eventually attaches to gas 
molecules in some gases to make ions . 1617 ' 18 - 73 ' 74 A study of ion 
formation indicates that this so-called electron affinity of gas 
molecules can be characterized by a quantity n, the average 
number of impacts to cause attachments. The nature of n 



APPLICATION OF THE KINETIC THEORY 547 

described above indicates that it was derived by a kinetic- 
theory analysis. This will constitute another section of the 
chapter. 

Finally, another phenomenon merits a brief treatment. If 
electrons be liberated from a plate in a rarefied gas, the current 
which they carry from this plate to one parallel to it but a finite 
distance away is a function of the voltage. As the voltage 
increases from zero, the current increases at first in a nearly 
linear fashion. It gradually, however, departs from linearity, 
the increase as the voltage increases becoming less. Eventually, 
it was believed to reach a constant or saturation value. This, in 
the case of photoelectrons, it does only in theory, 76 for before 
saturation is reached, a new mechanism appears. For thermionic 
sources with heavier currents, space-charge effects enter. As 
higher fields are applied, the apparent saturation gives place to 
a new rapid increase of current with potential, the current 
eventually increasing exponentially toward infinity as a spark. 
The explanation given is that in this region the electrons move 
so fast that they are able to remove the electrons from the gas 
molecules which they strike. Thus each electron may make 
a new pairs of ions per cm path and the current increases with 
distance in the gas according to a law r i = t 0 c ax , w r here a is the 
number of new ions formed per cm of path, x the path, and t n the 
initial current. Now a is a function of the pressure and field 
strength. It depends on the ability of the electron to pick up 
energy from the field and the probability of its ionizing once it 
has this energy. An expression for a w as deduced by Towmsend. 19 
In view of the recently acquired knowledge of electron kinetics 
in a gas this theory must be revised, and the kinetic-theory 
analysis of it furnishes an excellent means of attack. 

Thus the application of the kinetic theory to the field of gase- 
ous ions presents many new and interesting investigations, and 
it is the purpose of this chapter to set forth the salient features 
of some of them as briefly and clearly as possible. 

103. The Kinetic-theory Analysis of Gaseous-ion Mobilities, 
Assuming Ions That Are Charged Clusters of Molecules Exerting 
No Forces on the Gas Molecules Due to Their Charge. — The 
elementary treatment of gas-ion mobilities was given in Sec. 22. 
The treatment to be given here is on the strict classical kinetic 
theory. It was due initially to Langevin, 20 but the treatment 
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here given is a modification of it given by H. F. Mayer 21 in 
a critique of the Langevin theory. * 

The assumptions underlying this derivation are that the ion 
is a group of molecules of total mass m which moves in an electri- 
cal field due to its charge e . In moving through the field, it is 
hampered by collisions with gas molecules of mass Af, to which 
by elastic impacts it is continually losing the momentum it 



has gained in the direction of the field. It exerts no attractive 
forces on the molecules and both ions and molecules are, for 
simplicity, assumed spherical. The velocity gained from the 
field between impacts is further supposed small compared with the 
thermal velocities of agitation. 

Such assumptions lead one to the study of the interchanges of 
momentum in impact. Assume a molecule AT at rest and let 
an ion of mass m move relatively to M with a velocity u. Assume 
that the point of impact be A (Fig. 70). The velocity may be 
resolved into two directions perpendicular and parallel to the 
surface of M at the point of impact. The tangential component 
is u sin <t> 7 where <#> is the angle between the normal to the surface 
at A and the direction of motion. The normal component is 
u cos <£. The latter component is altered by the impact, while 
the former is not. To this impact the laws of conservation of 
momentum and energy may be applied. These are 

* A recent variant of this derivation of probably greater classical precision 
is due to Compton. It is given in extenso in Rev. Mod. Phys 2, 204-218, 
1930. 
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mu cos <f> = mu i + MV, 
^m(u cos <£) 2 = ~mwi 2 + ^ MV 2 , 


where u\ is the velocity of m after impact and V is the velocity 
of M after impact, the initial velocity of M having been 0. 

Solving for Ui, one obtains U\ — cos <t>- After impact, 

therefore, the velocity of m is composed of the two components 

m — M 

at right angles, u sin <f> and cos <f>. These give a result- 

ant velocity u ' of m along the initial direction of motion, that is, 
the body m persists in its motion in the direction of its motion 
before impact with a velocity u'. This velocity is given by 
adding 


(u sin <f>) sin 
with the result that 


in (f) + ^ 
u! = w^si 


m — M 
m + M 


u cos <f> 1 cos 


sin 2 <f> + 


m 


M 


m + M 


cos 2 <f> 


■> 


The average persistence is found by taking the average of u f 
for all values of <£. This is done by multiplying by the chance of 
an angle </>, between <f) and <t> + d<t>, which is 2 sin <\> cos and 
integrating <l> from 0 to tt/ 2. Hence, 


v! = 2 u 


re 


jji jy 

sin 2 0 + zr~r~njr cos2 0 ] sin 0 cos . 


m + M 


^ sir 


m 


m + M 


u = fXU, 


where 


M = 


m 


m + M 


If the molecule M was not at rest but had components of motion 
V, V, and W, while the ion m had components u, v , w, the u and 
u ' used before would be replaced by the relative velocities u — U 

and u f — U. These lead at once to a value of u ' = m U ^ * 

Similar relations hold for v f and it/, the velocities along the v - 
and w-axes after impact. The average loss of velocity in impact 
is, therefore, 
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U 


u ' 


M 

m + M 


(u - V). 


For simplicity, assume that all of the N gas molecules in unit 
volume have the velocity components U } V , W , while the gas ion 
moves through the gas with the uniform velocity components 
u, v, w. The number of impacts per second suffered by the ion is 
then given by the mean collision frequency, which is given by 
ws 2 Nc. Here s = r + R, the sum of the radii of ion and mole- 
cules, and c is the relative velocity of the ion and the molecules. 
This is given by 

r = V(u - uy + (v - vy + o - wy. 

The loss of velocity of the ion m per second with the number of 
collisions per second given above is 


(w — u')Ns 2 7tc. 


Now the velocity components of the molecules are not all equal, 
and the components of the ion change at each impact. If df be 
the chance that the ionic velocities lie between u and u + du, v 
and v + dv , and w and w + dw, and if dF be the chance that the 
molecular velocities I/, F, and W lie between U and U + dU, 
V and V + dV , and W and W + dW } then the mean loss of 
the velocity of the ion per second in its path through the gas is 
given by 



(u — u')ws 2 N cdfdF . 


The ion, on the other hand, is gaining a velocity each second 
along the u-axis from the force exerted by the field on its charge. 
Call this increase in velocity per second 6 = K/m, that is, b is the 
acceleration of the ion, K is the force, and m the mass of the ion. 
At equilibrium the ion is moving with a uniform velocity of drift, 
and hence the average discontinuous decelerations due to impacts 
must equal the continuous acceleration due to the field. Thus 


or 


mb = K = m 


K = 


mM 

m + M 


J7 (u - 

JY ( “~ 


u')Nirs 2 cdfdF, 


U)Nirs 2 cdfdF. 


If the gas, as a whole, is at rest, that is, if mass motion is absent, 
df and dF can be replaced by their equivalents in the Maxwell 
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distribution law. This law expressed, using the Boltzmann 
constant h (see Sec. 36), gives for df and dF the values, 

/ hmV -* 

df — ( — ) e-^^-^'+^+^dudvdw 

where w is the average velocity of drift of the ion in the u direction. 
IhM\ i 

dV = l—J e-MW'+v'+^dUdVdW. 

Since a> is very small compared to u (some tens of cm per second 
compared to 4 X 10 4 cm per second or more), the higher powers 

of ~ can be neglected, and so 


df 



-Am(u 2 +» i! +w*)(i + 2hmuu>)dudvdw, 


Putting these quantities into the expression for K f on integration, 


K 


4co 

3 


Ntts 2 




4 mM 
hir m + M 


The integrations above are more easily accomplished if the new 
variables below are used. 


m 

= A — u x y 

m + M 

, r m 

_ y _ 

- 7 - m - 

m + M ‘ 

dudvdwdUdVdW = dxdydzdXdY dZ . 

From the equation after integration one has at once the velocity 
of the ion a> as 

3 K jhr m + M 
w 4 ts 2 N\ 4 mM 

This is a general equation and makes it possible to obtain either 
the mobility or the diffusion coefficient. If the K above desig- 
nates the force on an ion Xe , where X is the field strength and e 
is the charge, w is the velocity of the ion in the field. If K is the 
force on the ion due to the partial pressure of the ions, w is the 
velocity of diffusion of the ions. 


u 


X + 


M 


Z, 


m + M 
v , M 
P = 1 + mTM V ’ 


u> = Z + z^- 


M 


_ 1 _ M 


u 

V 

w 
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To reduce the expression for the mobility of the ion to a handier 
form, K may be replaced by eX, and it should be remembered 
that the square of the average speed c 2 is equal to 4 /(whM) for the 
molecules. Thus 


= ? eX 1 Jm + M 
03 4 ws 2 N cM \ m 

If one had used (c') 2 = 4/(ir hm) for the ions, one would have 

3 eX 1 Irn + M 
u ~ 4 7m V M 


c and c' may be replaced by C and C f for the molecules and ions, 
that is, by the square roots of the mean square speeds, by remem- 


beriDS that * - dl % * rat 


(see Sec. 35). Again, 1/(tNs 2 ) 


y/ 37 r/8 

may be called the mean free path of the ion in the gas. This is 
not strictly true, as may be seen from Secs. 17 and 37. 1/(ts 2 N), 

however, may be replaced by the symbol X and, for short, desig- 
nated as the mean free path. The equations above become, on 
making these changes, 


and 


o> * 0.815 


o) = 0.815 


Xe\ Jm + M 
~MC\ m 


Xe\ fm -f M 
mC' \ M 


Since oj/X « k, the mobility of the ion, 

^ r 

e X Jm + M 


k « 0.815 


k = 0.815 


c X jm + M 
MC 


mC r 


M 


Mayer, in the article where this derivation is given, deduces the 
expression of Lenard from the reasoning applied here. The 
only essential difference, according to Mayer, is the fact that 
Lenard takes into account the possibility of the velocity in the 
direction of the field between impacts being great relative to the 
velocity of agitation, due to the field becoming appreciable. In 
general, this correction is not necessary. Its introduction com- 
plicates the derivation and makes discussion of a more involved 
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equation tedious. As neither of these theories is entirely correct , 
the small difference is of no importance. In any case, the only 
essential change is one in the mass factor. Both forms of the 
equation deduced above are useful. They give the mobility of 
the ion in terms of the charge and free path of the ion divided by 
the mass and root mean square of the velocity of the gas mole- 
cules in one case, and divided by the mass and root-mean-square 
velocity of the ion in the other case. The first equation is best in 
discussing the value of the mobility of the ion, as C and M are 
known and the factor for the mass of the ion changes k but little. 
The second equation makes it possible to carry the equation over 
to a carrier like the electron for further discussion, for all that is 
needed is to introduce the values for X, C", and m for an electron 
into the equation. 

To deduce the expression for the coefficient of diffusion of ions, 
the force K must be determined in terms of the diffusion coeffi- 
cient. The expression for the number of ions n diffusing across 
1 cm 2 of area per second is given by 


where n' is the number of ions per cm 3 , dn'/du is the gradient in 
the u direction, i.c., the direction of diffusion, and D is the coeffi- 
cient of diffusion. Call o> the velocity of diffusion along u. Then 

n = c on', or c*> = — , If the ions exert a partial pressure , 

n au 

as gas molecules do, one may write that p = an', where a is 
a constant, and dp ~ adn f . Thus dp/p = dn'/n'. The only 
doubt about this approximation is that the charges of the ions 
exert a force of repulsion on each other. For gaseous-ionization 
experiments, charge densities of more than 10 6 ions per cm 3 are 
rare. This separates the ions, on the average, by distances of the 
order 5 X 10~ 3 cm from each other. The forces of repulsion at 
this distance, even on an inverse-square law, are small and may 
be neglected in some cases. Replacing dn'/n' by its equivalent, 
one has the velocity of diffusion given by 


Ddp 

0 ) = — -~-' 
p du 

Now the force acting on the ions is the pressure times the area. 
Since the number of ions n diffusing was taken per unit area, the 
force on a cm 3 of ions due to the pressure gradient dp/du is 
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t X 1 cm X 1 cm 2 , 
du 

that is, the force on 1 cm 3 of ions is dp/du . The force on one ion 
will be 

I &P = ^ V g . 

n' du n'D 

Placing this into the expression for co, 


pa? 

3 n'D I* kir m + AT, 

4 ’ 


calling 1 /(tt 5W) = X, and inserting M and C for molecules for h, 


D = 0.815 


p\ jm + M 


n'MC 


m 


Since p/n' = l im(C' 2 ) = }^MC 2 if ions exert a gas pressure, 

D = 0.815 ~J m + M 
3 \ m 

For m = M, 

D = 0.815 \C = 0.384XC. 

The equation for the diffusion of molecules where the masses 
were the same as the masses of the molecules diffused into was 
found on simple kinetic theory to be D — HcL. Since L = 
1/(\/2t cr 2 N), X = L\/ 2 and the above equation becomes D = 
0.217XC, which is roughly the same as the one for ions. If the 
expression for the mobility of the ion from this equation be 
divided by the expression for D, 


0.815 -^7 . 

jm + M 

M C 

\ m 

0.815 gx . 

jm + M 

3 \ 

1 M 


then k/D = 3e/MC 2 . Multiplying top and bottom of the right- 
hand side of the equation by N, the number of molecules per 
cm, 8 then 

k _ Ne _ Ne 
D MNMC* “ P ’ 
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that is, the mobility k divided by the diffusion coefficient D is 
the Faraday constant divided by 22,400 and the pressure P 
corresponding to N. If the value of e for gaseous ions is the same 
as for electrolytic ions the quantity Pk/D should give the Faraday 
constant for monovalent ions divided by 22,400. This is, in 
fact, the case. Experiment gives k = 1.8 cm/sec. per volt /cm* 
for negative ions in air, that is, 540 cm/sec. per e.s.u./cm, while 
it gives D for negative ions in air as D = 0.043/cm 2 X sec., when 
P = 1 X 10 6 dynes per cm 2 . 


Thus 


k 540 X 10 6 
0.043 


1.25 X 10 10 e.s.u. 


Now N is 2.71 X 10 19 , and e is 4.77 X 10~ 10 e.s.u.; whence Ne 
is 1.29 X 10 10 e.s.u. This agreement is well within the accu- 
racy of the measurements of D. It is therefore possible to assume 
that ions exert a partial pressure like a gas, to assert that they 
carry the same charge as univalent ions, and to calculate D from 
k (measured by I) = 0.0236 h), when k is in cm/sec. per volt/cm. 

104. Test of the Simple Ion Theory and Further Formulation 
of the Mobility Problem. — One more point in connection with dif- 
fusion of ions leads to a test of this theory. If the diffusion coeffi- 
cient of ions in C0 2 is compared with the coefficient of molecules 
of N 2 0 into C0 2 , a nearly equivalent case, it is found that D for 
these ions is 0.023, while for CO* molecules it is 0.15 to 0.1. Thus 
the ions diffuse about one-sixth as fast as the uncharged molecules. 

This must mean that X for the ions is not the same as for 
uncharged gas molecules. A discrepancy in a similar direction 
is brought out if k is computed for ions in air from the equation 


* = 0.815 


_£_ X j] 

MC \ 


m + M 


m 


For this purpose assume M = m, that is, that the ion has 
•molecular dimensions. The X here used is \/2 times the L from 

kinetic theory for air molecules, and, as the * s V2 for 

the case where M = m,k « 1.63 — Putting in the accepted 

kinetic-theory values for L, M, C , and e a computed mobility for 
ions of 11.7 cm/sec. per volt /cm is obtained for air ions. The 


* This value of A; is the old value taken under conditions similar to those 
used in evaluating Z). The true values differ by tens of per cent and the 
agreement above is fortuitously good. 
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observed value for air is 2.2 cm/sec. per volt/cm for negative 
ions and 1.6 cm/sec. per volt/cm for positive ions. 23 * 7 Again 
the mobility is nearly one-fifth that computed. 

This can mean that the value of X assumed, together with the 
other constants, is not that for charged molecules which do not 
exert any forces on neutral molecules in virtue of their charge as 
they move through the gas. The action of the charge of the ion 
on neutral molecules may be explained in two ways. The charge 
on the ion may attract neutral molecules in virtue of its field; that 
is, it may induce a charge on an uncharged molecule or it may 
act on electrical dipoles already present in the molecules (see 
Chap. X, Sec. 96). In doing so it will undergo exchanges of 
energy and momentum with these molecules, without impact. 
It may also suffer a decreased mean free path, as, owing to the 
attractive forces, an impact that was not predestined to occur had 
there been no forces will take place. This type of action can be 
explained as causing an apparent increase in s, the sum of the 
radii of ion and molecule due to the attractive forces. Thus, as 
s increases, X, the free path, will decrease. Such a theory is 
known as the small-ion theory and was independently developed 
by Wellisch 24 and Sutherland 26 in 1909. The earliest explanation 
of the small mobility offered was the alternative to the view 
above, namely, that the charge on the ion was so intense that 
the neutral molecules were bound to the molecule with the charge 
and that this binding went on until the force field around the ion 
was practically ineffective beyond the ion. Such an ion is called 
the cluster ion . The number of molecules in the cluster has been 
estimated at from 6 to 30 molecules by various workers on differ- 
ent theories. The cluster formation would then change the fac- 
tor x used above, and the increase in $ 2 due to the cluster 

would make a corresponding decrease in X. 

The two points of view concerning the nature of the ion have 
been the cause of an unnecessarily bitter controversy for many 
years. As is usually the case in such controversies, neither 
side was exclusively correct. The experimental developments 
in the last seven years have done much to clarify the problem. 
It may safely be stated that the studies of mobilities in mix- 
tures, 71 * 76 the investigations on the aging of ions 13 * 66 * 68 ' 89 * 70 and 
the change in mobility with age, 77 * 78 79 and the investigations on 
ions soon after their formation by the mass spectrograph 80 have 
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shown the ions to be complex to the extent of being addition 
products of one or two and perhaps three active molecules to 
the charged carrier in close analogy to the definite complex 
ions in solution. Such ions are electrochemical combinations 
which depend on the sign of the charge and the active impurities 
present. Thus NH 3 and amines RNH 2 and ethyl ether go 
exclusively to the positive ion, 71 while alcohols, ROH, HC1, and 
Cl 2 are strongly attracted to the negative ions. 76 The aging 
experiments indicate a rapid transition, 13 ' 6M8> 69 taking place in 
a single step with no intermediate products when one ion changes 
to another. The rate of change depends on the relative stability 
of the two complexes and the relative proportions of the two 
molecular species competing for attachment present in the gas. 
There is absolutely no authentic evidence for the existence and 
gradual growth of ions by successive addition of molecules to 
clusters of one or more molecular layers (6 to 30 molecules) about 
the molecule carrying the charge. The effects of the complex 
ion formation are in magnitude no greater than the observed 
differences in the mobilities of positive and negative ions, though 
where large organic molecules are added, the effect may be 
notable. 76 They are not responsible for the general fivefold 
lowering of the mobility of the ion below that of the forceless 
molecules which, it can be shown, are due to a small-ion type of 
action. 

The original controversy led back to the question of the force 
fields active in ion formation. If the forces are intense in the 
immediate neighborhood of the charged molecule, a clustering 
may be expected. If the forces are weaker but fall off more 
slowly with distance, the small-ion theory would appear to be 
the more correct. While the nature of the force between ion 
and molecule is the well-known inverse fifth power law of dielec- 
tric attraction which must hold at considerable distances from 
the charge, it is quite uncertain to what extent the law can be 
applied when charge and molecule are within one or two molecular 
diameters of each other. 71 This is unfortunately the critical 
distance for stable cluster formation so that at present from 
theory alone it is impossible to predict the nature of the ion. 
This, as will be seen, explains why the controversy has continued 
despite the fact that the general law of force could be predicted 
with more certainty than any of the force laws for molecular 
interaction used by the kinetic theory. 
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The inverse fifth power law of force between a charge and 
neutral molecule results from just the type of action discussed 
in the first half of Chap. X. 27 If a neutral molecule be brought 
into an electrical field, it will have an electric moment induced 
in it by the field, and if it already happens to be an electrical 
dipole, this dipole will be so acted on by the field that its average 
orientation with respect to the field gives it an effective moment 
in the same sense as the induced moment. In both cases the 
induced and effective moments are in proportion to the inducing 
field in the case of weaker fields, though this may not be the case 
in fields 10" 8 cm from an ion. Such molecular electrical dipoles 
will be attracted in a divergent field, such as is produced by a 
single isolated charge on an ion, with a force inversely pro- 
portional to the cube of the distance from the ion and the strength 
of the effective dipole moment. Thus, since the effective 
dipole moment n is proportional to the field r cm distant from 
a point charge, ?.e., proportional to 1/r 2 , while the dipole is 
attracted by a force proportional to /*/r 3 , the charge will attract 
the ion with a force inversely proportional to the fifth power of the 
distance, i.e. t with a force proportional to 1/r 3 X 1/r 2 = 1/r 5 . 
The law of force, it is seen, even though perhaps faulty, must 
form the basis for any quantitative discussion of ionic behavior. 
It is thus important that the law of force be deduced at this 
point. 

The uniform field F at any point between two plates with a 
density of electrification of opposite signs a is given by F = 4 ra. 
If a dielectric whose constant is D is placed between them, the 
field F ' is now F/D = F '. This apparent loss of intensity 
is due to the absorption of the lines of force by charges in the 
dielectric, that is, it is due to a charge induced in the medium by 
the field and is proportional to it. Symbolically, this is desig- 
nated by the relation 

F — F' = 4™', 


where a' is the surface density equivalent to the charge produced 
on the material. From this it follows that 


F -F' 
F' 


= D - 1 


4 

F' ' 


or 


F\D - 1) 

4 7T 



APPLICATION OF THE KINETIC THEORY 559 

For a gas between the two plates o-', the charge density multi- 
plied by the area of the plates and multiplied by the distance 
between them, or cr' times the volume between the plates, gives 
the equivalent electrical moment of all the charges in the gas. 
This divided by the volume of the gas between the plates then 
gives M y the electrical moments of the gas molecules between the 
plates per unit volume, that is, o' — M } the moment of the polar- 
ized gas per unit volume. Hence one has ildT = (Z> — \)F' /A*. 
Now the electrical moment of one molecule is m = M/N f where 
N is the Loschmidt number. Thus the moment of a molecule can 
be set as 

(D - 1 )F* 

M “ 4t N ' 


Since in this case F r , the acting field, is produced by a charged 
molecule (an ion), the field can be regarded (except at very small 
distances) as due to a charge located at a single point. F f is then 
given by e/r 2 , where e is the charge and r the distance from the 

ion. Thus u = It is well known that for a dipole 

Air N r 2 

of moment fx the force with which it is acted on by a point charge 
r cm distant is given by / = 2/u e/r** Thus the force between ion 
and molecule is given by the expression 

, _ ( p - D g2 

; ~ 2t Nr b 

The potential energy of the ion at a distance r from the molecule 
due to the field is given by 


W « - 


x 


(D - 1) _ (D - 1) e* 

2irN r 5 ~ 8 jt N r 4 


The potential is negative, which means that the work which the 
molecule can do in being moved to infinity is negative. 

From this law of force it is possible to estimate the size of the 
ion cluster, for, in order to be stable, the cluster must have a 
sufficient radius so that r, the distance between the center of the 
ion and center of the molecule (assuming the law to hold at such 
distances), is small enough so that the potential energy of the 
ion and molecule is equal to the average energy of thermal agita- 


* This assumes r to be large compared with m/g. 
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tion. If the kinetic energy of agitation is greater than the 
potential energy, on the average, the molecule will not describe 
a closed orbit about the ion and thus it will not be captured 
and bound. Hence, for a cluster ion, the radius r c must be such 
that W/KEy the potential over the kinetic energy, is greater 

than unity. Now W = and KE = -Af£ 2 , thus 

W _ (D — l)e 2 _ (D - l)e 2 
KE 4*NMC 2 r c A I2irpr c 4 1 

since p = %NMC 2 . D for air is 1.0006, p = 1 X 10 6 dynes per 
cm 2 , and e = 4.8 X 10~ 10 . If r e be taken as r c = 3.3 X 10~ 8 , 
which is the value of the molecular diameter in air and cor- 
responds to an ion composed of a layer of molecules one molecule 
deep about the central charged molecule, one obtains W /KE = 
3.1. Thus a monomolecular layer cluster could be stable. 
Were the nucleus and molecules spheres of the same size, the 
maximum number of molecules in a stable cluster would be 
12. A cluster of more than 12 molecules would require another 
layer, for 12 molecules is all that can be placed around a sphere 
of the same size. A larger cluster would perhaps be a little 
less than double r, for the next layer of molecules, and r 4 would 
be 16 times as great. This would give W/KE — 0.19, and the 
outer layer would not be stable. It is very unlikely that the 
ion cluster numbers more than 12 molecules, and evidence 
seems to point to possibly as few as one or two more or less 
permanent companions to the charged molecule. 

106. Deduction of an Expression for the Shortening of the 
Mean Free Path Due to Attractive Forces — a Typical Small-ion 
Theory. — With the adoption of the law of force as probably 
obtaining in order of magnitude, it becomes possible to compute 
the force of attraction and consequently the apparent decrease 
of the mean free path of the ions due to such a law. In general, 
a method devised by Wellisch 24 will be used. Certain errors 
were inherent in the original deduction and they will, accord- 
ingly, be corrected for in this text. Certain objections to 
Wellisch's theory as a small-ion theory may also be urged. 
However, the equation as deduced is able to give mobilities 
of the correct order of magnitude without any arbitrary assump- 
tions as to size of cluster and is thus an improvement on previous 
theories. It is also being included as it makes it possible to see 
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how ionic or intermolecular forces can influence the mean free 
path.* The more complete and correct mobility-equation 
derivations are entirely too involved to reveal the method of 
attack clearly and thus will not be derived, although their 
conclusions will be discussed. 

Wellisch starts out with the mobility equation in its elementary 
c X 

form k = ~ — and proceeds, after assigning X the value for the 


mean free path of an ion of mass m in a gas of molecules of mass 
M , to find how the forces of attraction influence the mean free 
path. In the present deduction the equation of Langevin, 


k = 0.815— 
M 




e X m 4- M 


m 


will be used as a basis, and the effect on X of the forces of attrac- 
tion between ion and molecule will be calculated as Wellisch 



Fio. 71. 

calculated them. The law of force between ion and molecule 
(D — l)e 2 

is F = ' , T ! as deduced above, where r is the distance 
2ir Nr b 

between the ion and the molecule. This gives the potential 
(D — l)e 2 

energy at r, W r = ‘ Consider, for simplicity, that the 

molecule is at rest and that the ion approaches it with the total 
relative velocity. Call U the velocity of the ion at infinity and 
u the velocity at the point of closest approach. The ion will come 
from infinity, increasing its velocity as it approaches, describe 
an orbit about the fixed molecule and depart, as it is not captured. 

* This deduction parallels that of Sutherland Sec. (63) and without the 
complicated mathematics arrives at a similar result. 
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Where the ion and the molecule separate after the distance of 
closest approach, the orbit is an hyperbola, the initial velocity 
U being directed along the asymptote (see Fig. 71). The law 
of conservation of energy says that in such an encounter 

- t/ 2 ) = W', 

where W' is the relative potential energy of the ion and the mole- 
cule. W ' is related to the potential W, the actual potential 
energy of the ion given above, by a simple relation. Call M the 
mass of the molecule and C its velocity, while C\ is the velocity 
of the ion of mass m. Then 



W T 

mC\ 2 

2 ’ 

while 




w 

mC i 2 

_ 2 _1 " 

However, 

mC\ 

= MC, 

or 

C 

~M Cl - 

Thus, 

W' 

II 

wo 

1 



m + M 



M 


MC 2 

2 


^ M) 


Accordingly, 

im(u* - l/ 5 ) = 2L; +M Wr . 

The law of conservation of moment of momentum furthermore 
requires that ru = bU, for b is the radius of rotation about M 
when the velocity is U , and r is that when the velocity is u . 
Thus 



r 2 = b 2 l 

and, as 

M 2 = 2“ 

i 

then 

r '- b i 


II 

QJ 


mM 


-W r + U\ 


U 2 


t M + m 
mM 

o 

- + 


mM 
m + M 


r+ 

■r 
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Now the condition for a collision is that $, the sum of radii of 
ion and molecule, should be equal to or greater than r. Thus 
for a collision, s 2 must be such that 


s 2 ^ 


6 2 ^1 


+ 


2W, 

mM 
m + M 



that is, for impact, the square of the perpendicular from the mole- 
cule on the initial direction of motion of the ion must be equal 
to or less than the square of the original sum of radii of ion and 
molecule multiplied by the factor 


A + 
V 


2 W . \ 

mM TJ2 ) 

M + rn / 


or 


6 2 S 


, 2 W. 

~ t ~ ~ mM 
M + m 



Thus, with no forces acting, collision occurs when b £ s. 
With forces, b 2 can be equal to or less than s 2 multiplied by a 

W 

factor greater than unity by the ratio j — > to be defined 

2 M ~+~^ U2 

later. 

Thus the s f , when forces of the form above act, is related to 
the s when no forces act by the equation 


Now 


Sf 2 = s 2 + 


2 8*W § 


mM 
M + m 


U 2 


U ‘ ~ "(> + »)■ 

/ MU 1 \m = mCV MC 2 

\m + M/2 2 2 

where MC*/ 2 is the kinetic energy of agitation of the gas mole- 


cules. 


Thus «/ 


-«{i + 


2W. \ 
MC V 


The s 2 in Langevin’s X is, 


accordingly, to be replaced when forces act by «/ 2 , so that 
Langevin’s equation becomes, for this case, 
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k = 0.815 


M 




A J 


m +• M 


m 


the value of k thus being merely divided by the quantity (1 + 

2 w \ 

MC 2 / * s un ^ pl us ra ^° the potential energy of 

ion and molecule at impact to the kinetic energy of thermal 
agitation. Substituting for W s , this becomes 


k = 0.815 


e X 


4 


fM + m 


m 


MC L , ( D ~ l)e 2 \ 

\ ^ iirNMCW} 


Now it was found that the ratio of potential to kinetic energies 
for a molecular ion in contact with a molecule (i.e., for a small 
ion at impact) was 3.1. Thus, the Wellisch factor reduces k 
from the value 11.7 calculated for a forceless ion to 11.7/4.1 = 
2.86 cm/sec. per volt/cm. This value is in fairly good agreement 
in order of magnitude with the observed value. The criticisms 
of this theory lie in the application of the factor 2 WJMC 2 as 
calculated above to a small-ion theory, for the value of this 
factor, as shown before, suggests a cluster formation. Another 
minor weakness of this theory is that it neglects the loss of 
momentum of the ion gained in the field in cases where its path 
is curved, and it thus exchanges momentum with the molecule 
but does not actually collide. The amount of error introduced 
by this neglect is of the order of 10 per cent, as a rigorous calcula- 
tion by J. J. Thomson shows. 28 * 29 The change in k by such 
a correction would be less than 10 per cent, and the k above 
would become 2.6 cm/sec. per volt/cm. The theory is inter- 
esting, however, in that it shows that the forces will, with an 
elastic-impact theory, yield a value of the mobility which is 
in fair agreement with experiment. It is to be noted in passing 
that the mobility is a function of the charge e of the ion in both 
this and the Langevin equation. It is, however, less so than 
appears on the surface, for, if the ion cluster depends on the value 
of e, or if the attractive forces do, they will bring in e to increase 
s 2 and thus introduce a factor dependent on e in the denominator. 

106. Other Equations for the Mobility of Ions and the Nature 
of the Ion. — In the first edition of this text an equation of J. J. 
Thomson 28 was deduced on the basis of the energy lost by an 
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ion which attracted molecules with an inverse fifth power law 
of force, taking into account the momentum exchange between 
ions and molecules which did not collide as well as those which did 
collide. In his deduction Thomson made an assumption open 
to question. He assumed that the ion was a mass-point center 
of force and that when it “collided” with the surface of a mole- 
cule it merely reversed its direction and retraced its path. This 
could never happen for a real ion and a molecule, as both have 
finite size, and in an encounter the surfaces in contact would 
determine the nature of the paths after impact. Langevin, 31 
in his classical derivation of the expression for the mobility 
of a spherical ion in a gas composed of spherical molecules 
attracted to the ion by the inverse fifth power law to be discussed 
later, was required to meet the same problem. He, however, 
approximated the average change of path on spherical impacts 
of bodies moving in inverse-fifth-law orbits. His solution, while 
thus approximate to some extent, is superior to the solution 
obtained by Thomson. In 1924 Loeb, 29 in ignorance of Lange- 
vin's classical study of 19 years before, applied Thomson's 
equation to the evaluation of the ionic mobility. This led to 
a most interesting equation for the mobility in that it showed 
the nature of the real mobility problem from the theoretical 
point of view. It later appeared that Langevin had much 
earlier obtained an equation identical with Loeb's, except for 
the value of the constant factor, as the special case of his general 
equation for which the ionic radius becomes vanishingly small. 
It is probable that the constant in Langevin’s equation is more 
accurate than that of Loeb, since Langevin properly treated 
the reflection of the ions from the spherical molecules. The 
equations obtained are as follows : 

0.104, 



Thomson-Loeb 29 


Langevin 31 



Actually Langevin writes his equation k 
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Here p is the density of the gas = nM , where n is the number of 


molecules per cm 3 . As n = —AT 0 , where p 0 is the density atO°, 

Po 

760 mm, and No is the Loschmidt number, and as (D — 1) ** 

— (D — 1) 0 where ( D — 1) 0 is the dielectric constant at 0°, 
Po 

760 mm, and since M = Mon where p is the mass of the H atom 
and Mo the atomic weight, one can derive the expressions given 
above by putting in the value for the constants p and N 0 . 

These equations are of importance in that they give the 
mobility of the ion with no arbitrary assumptions as to its size 
and based entirely on the inverse-fifth-power-law attraction, 
showing that attractive forces without a cluster can account 
for the mobility. They represent in a sense the true small-ion 
type of action in an extreme form. In these equations the 


factor 


V 5 


] M + m 


m 


is the mass factor common to all but Lenard's 


mobility equation. 21 - 26 It is seen that it does bring in the 
assumption of the ion size through the value of m/M. In this 
case, however, the factor plays a minor role in the fivefold 


lowering of the mobility, for the 


4 


M + m 


m 


changes its value 


from 1.41 to 1 in the extreme range from m = M to m = °° . 
If m were less than M , the effect would be striking. Unfor- 
tunately it was in the past not possible completely to test this 
point, due to the fact that in early experiments in H 2 and other 
gases m was never known for the ions studied. 30 - 71 The reason 
is that no matter what atom or molecule may have been ionized, 
unless its ionization potential was less than that of the gas 
molecules in which it moved, the ion changed its charge, and, in 
any even slightly impure gas such as those used, it picked up 
another molecule to change m. 81 However, in the recent experi- 
ments of Tyndall and Powell 78 and Powell and Brata, 79 using 
unaged ions of the alkali atoms Li + , Na+, K + , etc., in He, Ne, 
Ar, Kr, etc., the law has very recently been put to an adequate 
test in this regard. It appears that the mass factor is adequate 
to give the observed results under conditions where the equation 
above applies. As regards the other quantities, they are well 
known and contain no implications about the ion. The ratio 
p/p o is the density of the gas when k is measured, relative to 
the density under standard conditions of 0°C. and a pressure 
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of 1 atm. The quantity D is the dielectric constant of the gas 
in bulk and the expression (D — 1) 0 means that D is determined 
under conditions for which p 0 is determined. Af 0 is the molecular 
weight of the gas. 

Since the assumptions involve point charges, it is clear that 
radii play no r61e and the deflections are produced by the force 
fields alone. In general this does not correspond to reality. 
According to Tyndall and Powell, 78 however, in a number of 
the inert gases, D is great enough so that the forces causing 
momentum loss for the motion of the ions in the field are largely 
those due to the dielectric attractions, and thus the elastic 
solid collisions involving physical radii should play a minor 
r61e. Under these conditions the law might be obeyed with 
fair precision, and the mobility should be given by the equation 
which they give in Langevin's form as 

A 

k = VpW-T)' 

In their equation, A is a function of s, the closest approach of 
ion and molecule in collision (i.e., the sum of the elastic solid 
radii of ion and molecule), the dielectric forces, and the gas 
temperature ( i.e., of D — 1). For the case where the solid 
elastic radii do not play an important role (i.e., for larger values 
of D — 1), these investigators find the equation to hold quite 
well. Langevin’s theory gives A = 0.51 as used by them, while 
the observed values are A = 0.54 for Ar, A = 0.55 for Kr, and 
A = 0.56 for Xe. Figure 72 shows the results for the mobility 
of the various ions as a function of the mass of the ion in Ar, 
curve 1, and in He, curve 2. The full lines are the ratio of the 
mobilities of other ions relative to Na+, assuming the law given 
above to hold. The points are the observed ratios. It is seen 
that in Ar the observed and predicted values agree very well, 
while in He, where (D — 1) is small, the ions K+, Rb 4 , and 
Cs* depart quite widely. It is interesting to note in addition 
that the equation gives not only the correct order of magnitude 
but very nearly the true values of the mobilities in cases where 
the nature of the ion is definitely known. This, in fact, might 
have been expected once experimental values of the mobility 
of such nature as to have theoretical significance had been 
obtained in the laboratory, for already in 1924 Loeb 29 had shown 
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that the equation he had derived from Thomson's theory gave 
not only the right order of magnitude of the mobility for most 
gases but gave the relative values for the different gases in nearly 
the order observed. The departures observed were all of the 
nature of the differences in mobilities of positive and negative 
ions which have since been shown to be largely governed by 
complex ion formation. Loeb, 77 and later Powell and Brata, 79 

have observed the formation 
of complexes with age for 
alkali ions in different gases. 
Powell and Brata remark that 
the complex ion formation 
exerts relatively little influ- 
ence on the mobilities. It is 
thus clearly brought out by 
this theory, as Loeb had long 
ago pointed out, that the 
major portion of the fivefold 
lowering of the mean free path 
of gaseous ions was due to 
that action of the dielectric attractive forces which did not produce 
a clustering ; 29 * 30 while complex ion formation, 69 * 71 ' 76 a form of 
clustering, does produce changes of a minor order. 

The simplified mobility equation also has other advantages 
in that it accounts for the observed features of the ionic mobilities. 
It is seen that the value of k is independent of field strength 
according to this equation, as in all mobility equations. This 
has been observed to be the case up to fields which are about 
half that for sparking in the gas. 82 This incidentally also 
indicates that the ion complexes are quite stable and do not 
show the easy disintegration on impact to be expected of large 
clusters. The independence of mobility and field strength 
should hold until the paths of the ions are curved materially 
in the field so that the Langevin equation no longer holds. 
It is seen that on the theory above, k is proportional to p 0 /p 
which is observed to be the case over a considerable range of 
densities, namely, from that at some 60 atm. pressure to less 
than a mm of pressure, temperature remaining constant. If 
density is constant, it is seen that k should be independent of 
temperature. This is surprising, as the simple solid elastic theory 
of Langevin, 
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fc = 0.815^1 Et* 

requires k to be proportional to 1/C or to T The cause 
for this independence in the dielectric theory lies in the fact that 
increases in T, while increasing random heat motion and thus 
decreasing k , also decrease the influence of the attractive forces 
of ions for molecules in the same measure. A partial action of 
this type is seen best in Wellisch’s equation where, if forces play a 
great role, and PE/}4MC 2 > >1, the C on the outside of the 
parenthesis in part cancels the 1/C 2 inside. On the full Langevin 
theory there would be a small temperature variation as is the case 
in Wellisch's theory. While the data on the temperature coeffi- 
cient of the mobilities are quite conflicting, 38 39 it can be said that 
the very careful experiments of Erikson 10 showed A; to be inde- 
pendent of T down to nearly liquid-air temperatures, and at those 
temperatures the decrease w r as only 10 per cent, which might 
have been explained in some other fashion. Modern data for 
k over a significant temperature range unfortunately do not 
exist. Finally it is observed that k is independent of the charge 
on the ion according to this theory. This follows from the fact 
that, while the force on the ion is proportional to the charge, 
the frictional drag due to the dielectric constant is also pro- 
portional to the charge. Hence the charge cancels out. This 
was already noted in the case of Wellisch’s theory. Actually 
the problem never arises in practice, despite beliefs to the 
contrary, 13 for multiply-charged ions are only infrequently gener- 
ated and the work of Kallmann and Rosen 72 - 81 on exchange of 
charges shows that, with the many impacts of a multiply- 
charged ion with neutral molecules during a study of its mobility, 
the ion will quickly lose its multiple charge and the mobility 
will depend largely on the single charge. 

The variation of k with y/ M 0 had long ago empirically been 
observed by Kaufmann, 1 ' and Loeb 32 as early as 1917 showed 
that k varied as some power of 1 /{D — 1). This, together 
with the successful calculation of mobilities for different ions, 
establishes the viewpoint on which the equation is based as 
relatively proper. 

Hence one may conclude that, while in general this simple 
form of equation is not accurately applicable to the problem, 
it can be applied with some success in the case of gases with a 
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high dielectric constant. The equation is, however, very 
valuable in that it shows that a large cluster ion is not essential 
for an explanation of the values of ionic mobilities. Taken in 
connection with the work on mixtures 71 and aging, 18 * 69 as well 
as mass spectrograph 80 studies, it helps to a clear understanding 
of the nature of the ion. 

Before proceeding to discuss in detail the more accurate 
theory of Langevin as modified by Hass6, 40 it is of importance 
to discuss briefly the mobilities of ions in gaseous mixtures. 
At the time the intensive study of anomalous gases which 
eventually led to the understanding of the differences of the 
mobilities of the positive and negative ions was begun, Loeb 29 
had just derived his version of the Langevin equation from 
Thomson's theory. Considerations based on this theory, in 
the absence of the very recent data on the freshly formed alkali 
ions of known nature in gases, led Loeb 36 to the conclusion that 
the behavior of the ions in pure gases could never clearly differen- 
tiate between the small-ion and cluster theories. In a more 
picturesque fashion of speaking, this was equivalent to saying 
that in pure gases the behavior of the ion indicated the ‘ 1 igno- 
rance" of the ion as to whether it was a cluster or a single charged 
molecule. A study of mobilities in mixtures of radically differ- 
ent gases whose D varied widely seemed, however, to promise 
a definite answer. If an ion in a gas a has a mobility k a and in 
a gas b the ion has a mobility k b , and if the nature of the ion 
is the same in both gases such that it is unchanged on mixing 
the gases, one can predict its mobility in a mixture of the two 
gases in any proportions quite easily. This must follow if the 
nature of the ion is unchanged in that the only effect of the 
mixed gases on the mobility will be for each gas to contribute 
its influence on the ion in retarding it in proportion to its partial 
pressure. To understand this, one may follow the reasoning 
of Blanc, 35 who in 1908 derived and proved the law on mixtures 
of H 2 , air, and C0 2 . Consider R , the resistances of the gases 
to the motion of the ions, the resistance being R a in the gas a 
and Rb in the gas b. Now the resistance a gas offers to an ion 
will be inversely proportional to the mobility. Hence one can 
set R a = d/kaj and R b = d/k b) where d is constant. Then, if 
there is a fraction of the pressure f a due to molecules of gas a 
in the binary mixture, the fraction of the pressure due to mole- 
cules of gas b will be 1 — Accordingly the total resistance 
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of the gas, R f} will be merely the sum of the product of the 
resistance R a of the gas a times the fraction of the pressure which 
it causes and Rb times its fractional pressure. Thus, 

Rf = faRa + (1 ~ fa)Rb 

_fad [ (1 — — fa)d _ kb fad + k a ( 1 - f m )d 

ka kb k a kb 

and, since one can write that the mobility in the mixture k f * 
d/R/y k f is given by 

? kakb 

' fah + (1 ~f*)k a ' 

It had been believed by some that in water vapor and other gases 
this law was not obeyed, 32 although in 1924 no systematic 
quantitative deviation had been observed. If the law is not 
obeyed, then it means that, in some way, either the ion is altered 
on mixing or else the ion by its presence alters the mixture 
in some fashion. Extensive investigations first by Loeb and 
his students, and later by Tyndall and his students, and by 
Mayer, over a number of years, showed that, in fact, two types 
of action occurred. 72 * 76 The most striking effect was that 
observed on mixing NH 3 and H 2 , ether and H 2 , and Cl 2 and 
H 2 . It was observed that in the first two cases the minutest 
traces of the gases NH 3 and ether produced sudden changes 
in the mobility of the positive ions, NH 3 increasing the mobility, 
while ether reduced the mobility. The negative ion in ether was 
unaffected, but in NH 3 a small deviation of a different nature 
from the Blanc law curve was observed. The negative ion 
had its mobility abruptly lowered for mere traces of Cl 2 in the 
H 2 , while the positive ion was unaffected. The interpretation 
is simple. NH 3 adds to the positive ion, replacing some bulkier 
molecule attached to the charged molecule and thus decreasing 
the radius and increasing the mean free path of the ion as usually 
observed in the none-too-pure H 2 . In the case of ether, the very 
bulky ether molecule was selectively picked up by the ions in 
preference to the less bulky natural impurity present, increasing 
the size of the ions and reducing their free path. While both 
CH 3 NH 2 and CH 3 CH 2 CH 2 NH 2 add to the positive ion in H 2 , 
CH 3 NH 2 unlike NH 3 leaves the ion mobility unchanged, indicat- 
ing that the size of the CH 3 NH 2 addition product is the same 
as the impurity on the normal ion in the H 2 . CH 3 CH 2 CH 2 NH 2 , 
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on the other hand, adds and sharply lowers the positive mobility 
because it forms a much bulkier complex. Analogous results 
were obtained by Tyndall and Grindley on the negative ions 
with the alcohols. Even then the change in mobility produced 
by very bulky molecules is not a very profound change, although 
the size of the ion may be very much increased. This again 
bears out the evidence from the experiments of Powell and Brata 
in the inert gases that the solid elastic radius plays a minor role 
in determining the value of the mobility. 

On the other hand, in very polar gases, such as NH 3 and HC1, 
Loeb observed that there was on the less affected ion (negative 
in NHa, positive in HC1) a departure from the Blanc law of a 
different sort. It was a gradual departure towards a lowered 
mobility in the intermediate ranges of composition becoming 
negligible again at high concentrations of either constituent. 
Debye interpreted this phenomenon as being due to the effect 
of the field of the ion in changing the composition of the gas in 
its immediate neighborhood, due to dielectric attraction. Thus 
the ion like the proverbial “ Flying Dutchman” always travels 
in a mist of the more active molecules. In a sense this is a 
cluster, but at best it is only a statistical one and one which is 
exceedingly labile, constantly changing and easily destroyed. 
The quantitative value of this effect can only be roughly included 
in the Blanc law. Condon proved that such an effect must 
occur and, by the reasoning outlined, laid the foundation for 
the rough investigation of this effect. It is, in fact, analogous 
to the change in density due to forces which give the temperature 
variation in Van der Waals' a (see page 146). Condon calculated 
the change in concentration of HC1 gas in an HCl-air mixture 
as a function of the distance from the ion due to the dielectric 
attraction of the ion for the HC1 molecule. 

In Chap. VIII it was shown that in the earth's gravitational 
potential field the number of molecules per cm 3 varied with 
the altitude above the surface according to the relation n == 
(M<L) h 

n 0 e ' R * T ' . There is, however, nothing in the derivation of this 
law to prevent its being applied to the case of any attracting 
force field as long as the conditions governing the application 
are fulfilled, and the law actually follows directly as a consequence 
of equipartition as indicated on page 95. One can, for sim- 
plicity, divide M and Ra by N A , the Avogadro number, thus 
giving ra, the molecular mass, and fc, the Boltzmann constant. 
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Then the gravitational potential mgh is equivalent to the poten- 
tial energy U of the ion in the field of force. Thus in a more 

u 

general form, one can write n — n 0 e kT , where n 0 is the number 
at some chosen reference plane and U is the potential-energy 
difference between that plane and the plane n where the count 
n is being taken. Now the ion is surrounded by a field of force 
and hence at each point in the field a molecule of moment /*, 
yielding a gas of dielectric constant JD, has a potential energy 
given by 

rr = ~( D — f) e2 _ Mg 
StNoT 4 2r 2 

Thus in the potential field of an ion there must be a distribution 
of molecules according to the law 

, (/>-!)«» 
n ~ n 0 e 8iriV>4 * 7 \ 

Here r is the distance from the center of the ion and, as the 
exponential term is unity for r infinite, n = n 0 is the number 
of molecules at infinity, z.e., where the force field ceases to 
attract the molecules appreciably, n is the number at any 
distance r less than infinity. Actually for practical purposes 
at r = 10 -5 cm, with the dielectric forces usually found, n = n 0 , 
while, at 10~ 8 cm, n > > n 0 . It is seen that the density of ions 
due to the force field will fall off very rapidly as r increases. Now 
consider a gas composed of a mixture of molecules of types a 
and b having widely different dielectric constants D a and D b . 
One can at once write that the distribution of the concentrations 
of molecules a and 6, N a and N b , at a distance r from the ion will 
be given by the relations 


N a = N aQ e" 

N b = N bo e 

where N a o and Ado are the numbers of molecules a and b per unit 
volume originally in the mixture and infinitely far removed 
from the ions. Thus at a distance r the relative number of 
molecules of types a and b will be given as 


N b 


V o -U [( Qu-n-(P fc -l ))e* 

j e SwNtr'kT 

JVto 

xr (Da — Dh)e* 

SrNor*kT 

nJ 
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It is thus seen that, if D a is greater than Db, N a /Nb will be greater 
than N„o/NbQ, the original ratio of concentrations in the mixture, 
by a factor which varies as e (D *- Db)/r4T , i.e., which varies with the 
difference in dielectric constants and the fourth power of the 
distance. The difference in D a — Db can be considerable, and 
this factor can also vary over an appreciable range so that there 
is a real difference in concentration of the two species about the 
ion for different combinations of gases. An idea of the effect 
of the Condon relation can be gained by substituting the values 
for D a and D b for HC1 and air into the equation, assuming T as 
273° abs. and N 0 = 2.7 X 10 19 . The relation then yields 


Values of 
below. 


N a N a 


2.83 X 10“* 9 


2.83X10-2* 


N b 

Na/Nb 

fnO 


N b0 


— fa0& 


for various values of r are given in the table 


r in Cm 
X 10* 

1.14 

4.0 

5.74 

6.9 

8.0 

9.2 

11.4 

13.8 

114 . 0 . . 
11400 -. 


Na/Nb 

fab 

10 700 

545 

. 13.5 

3.4 
2.34 
1.48 
1.17 
1.08 

1 000016 
1 .00000000 


The effect on the Blanc law is somewhat difficult to establish as 
will be seen. In Blanc's law the mobility 

i hak>b 

' = f«lc b + (1 - fjk/ 

where a and b correspond to the gases a and b above. For a 
gas where the relative concentration is unaffected by the forces, 
f a is the same as If, however, the concentration effect is 
present, f a in the equation cannot be set equal to /„ 0 but is really 

jy (/>■-» 

far = = faoe 8Ar °»F 4 *r — where the bar represents an 

average value and 

r = ~ 

u 8rN 0 kT ’ 
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Now it is difficult to fix the average value, for the average value 
strictly would be represented by 



<r being the sum of the radii of ion and molecule. Actually for 
very large distances from the ion the concentration change is 
not important as regards the mobility. In fact the concentra- 
tion will act on the mobility only through its effect on the free 
path. Hence it is possible in a rough calculation to restrict 
the concentration change to an average value lying between the 
diameter a and L the free path. Accordingly the proper pro- 
cedure for an approximate study would be to replace the f a 
in Blanc's law by 

C L f‘dr 

far = /A;-' 

J,dr 

An evaluation of this quantity for an HC1 and air mixture 
was kindly carried out by R. N. Varney and yields the value of 
f a between the values a = 4.00 X 10“ 8 cm and L = 6.86 X 
10“ 6 cm, as/ 0 f = 10.17/„o. The resultant effect on ll f — 1/kj will 
be to cause R/ } instead of following a linear course from f n = 0 
to f a — 1 , to follow a linear course with a slope increased by 
the factor / a f//ao from f a f = 0 to/ ar = 1, after which R is constant. 
The actual curves for Rf show this character, the ratio f a ;/fao, 
however, being small and the transition at / a f = 1 more gradual 
than the rough theory requires, as might be expected. 

The problem of an accurate theory of ionic mobility using 
the inverse fifth power law of attractive force, assuming solid 
elastic impacts, was attacked from a classical kinetic-theory 
point of view first by Langevin 31 in 1905. Instead of the simple 
mean-free-path concept in his approach to the problem, Lange- 
vin used the more general method of approach initiated by 
Maxwell and later developed by Boltzmann for the study of 
transfer problems. By this means the expression for the coeffi- 
cient of diffusion of the ions was developed and applied to the 
study of mobilities. The method is well beyond the scope of 
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this text and will not be given. Under the inverse fifth power 
law of attraction the orbits of the ion and the molecule must 
be computed. The effects of these orbits on the energy and 
momentum exchange must be accounted for and evaluated. 
Since in some cases the orbits lead to deflection without impact, 
and in others the orbits lead to impacts between the assumed 
elastic spherical ions and molecules, the considerations are quite 
complex. A solution of the problem led Langevin to an equation 
for the mobility of the form 

k = _3 L g±m , 

16K y/(D - I)p\ rn 

where Y is a function of a constant pi given by /i 2 = > 

OTTpa* 

a being the sum of the radii of ion and molecule and p the gaseous 
pressure. The relation between Y\§Y and 1/m is shown in 



Fig. 73 . 

Fig. 73. It is seen to have a maximum at 1 /m about 0.5. The 
curve, were no attractive forces present, would follow an asymp- 
totic curve, coincident with the one plotted, from 1/m = 12 to 
1/m — 3, which thereafter increases rapidly to a point giving 
YeY — 0.9 at 1/m of about 0.8. The equation expressed in 
Loeb’s notation is 


o 0.465. 

16K -Vcd - IWo 

P o 

For the case of 1/m = 0, as stated before, the quantity Ye Y in 
Langevin's form becomes 0.505 and in the equation above, 
0.235 (see page 565). 

In 1926 Hass6 40 made a critical study of Langevin ; s equation. 
In this study he recalculated the integrals dealing with the 
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different types of orbits given by Langevin. He expresses 
Langevin’s theory as 


k = 


Vp(D - 1 ) 




m + M 
m 


where A is again a function of a quantity X defined by X 2 = 
The ^ unc ^ on as recalculated by Hass6 is best 
given in the form of a table from 1/p « 0 to 1/p =4. 


X 

A 

A\ 

l » 

A 

A\ 

0 0 

0.5105 

0 0000 

2.1 

0.3370 

0.7077 

0.1 

0.5488 

0.0549 

2.2 

0.3236 

0.7119 

0 2 

0 5648 

0 1130 

2.3 

0.3111 

0.7155 

0 3 

0.5756 

0.1727 

2.4 

0.2994 

0.7186 

0 4 

0.5836 

0 2334 

2.5 

0.2886 

0.7215 

0 5 

0 5886 

0.2943 

2.6 

0.2784 

0.7238 

0 6 

0 5904 

0 3542 

2.7 

0.2689 

0 7260 

0.7 

0.5878 

0.4115 

2.8 

0.2599 

0.7277 

0.8 

0.5796 

0.4637 

2.9 

0 2515 

0.7293 

0.9 

0.5662 

0.5096 

3.0 

0.2436 

0.7308 

1.0 

0.5483 

0.5483 

3.1 

0.2362 

0.7322 

1.1 

0.5277 

0 . 5805 

3 2 

0 2292 

0.7334 

1 2 

0.5057 

0.6068 

3.3 

0 2226 

0.7346 

1.3 

0.4834 

0.6284 

3.4 

0.2163 

0.7354 

l 4 

0.4614 

0.6460 

3 5 

0.2104 

0.7364 

1.5 

0.4402 

0.6603 

3.6 

0.2048 

0.7373 

1 6 

0.4201 

0.6722 

3.7 

0.1994 

0.7378 

1.7 

0.4011 

0.6819 

3.8 

0.1944 

0.7387 

1.8 

0.3834 

0.6901 

3.9 

0.1895 

0.7391 

1.9 

2.0 

0.3668 

0.3514 

0.6969 

0.7028 

4.0 

0.1849 

0.7396 


The values lie close to Langevin’s and at X = 0, A = 0.5105. 
In Hasses discussion of the use of the equation for computing 
mobilities it is clear that p, D, and M can all be accurately 
evaluated. On the other hand, the value of m is uncertain 
except in the case of alkali ions in inert gases before complex 
ion formation can take place. The real difficulty lies in the 
value of <r, the sum of the radii of the ion, s and the molecule, S 
required to evaluate X. In general, while S could be taken from 
the kinetic theory for the molecules, 8 is not known unless the ion 
is monomolecular when its value could be guessed from atomic- 
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structure data. If the ion is a complex, the value of $ would 
merely be a conjecture. 

In addition the problem is complicated by the fact that these 
radii are determined by the attractive and repulsive force 
fields of the atom and the ion. If it could be assumed that the 
charge on the ion did not alter the attractive or Van der Waals 
forces , then the attractive inverse-fifth-power dielectric force 
would have to add to the attractive Van der Waals force and 
the repulsive force between molecule and ion would have to be 
taken into account. Actually, to the author it is unthinkable 
that in’ the intense inverse-fifth-power-law field, due to the 
charge on the ion, the Van der Waals attractive force between 
the uncharged carrier and molecule should not be completely 
altered. It is also probable that the repulsive force between 
ion and molecule would be altered but probably not in the same 
measure as is the attractive force. In general, however, the 
Van der Waals attractive forces are negligible compared with 
the dielectric forces and can easily be ignored. The repulsive 
forces, while changed, vary so rapidly with distance that these 
can be considered relatively the same. Actually in the first 
study of Hasse the law as deduced did not allow for the forces 
directly but only called for a radius defined by such forces. 
Hass6 then assumed that the dielectric forces acted independently 
and took the radius a for ion and molecule from the values for 
uncharged molecules from Jeans' evaluation of S from the 
coefficient of viscosity, or computed an S from observations 
on the Van der Waals forces inferred from viscosity. In 
this case <r gives the diameter for neutral molecules, taking 
into account attractive and repulsive forces. The values 
obtained by Hasse, assuming monomolecular ions, were somewhat 
high compared to the observed values. Computations of the 
mobility for a monomolecular layer cluster about a charged 
positive molecule as the positive ion and a similar cluster about 
an electron as the negative ion gave a fair agreement between 
observed mobilities for positive and negative ions and Hasses 
theory. Actually the type of negative cluster assumed by Hass6 
cannot form, as the electron would first be incorporated into 
a molecule and would thus form a cluster similar to a positive 
ion. It is of interest to see how little the mobility values are 
altered by large changes in m and <r on this theory. Actually 
the above agreement on the cluster theory is accidental, as has 
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since been shown. The so-called normal values of the mobilities 
observed for ions in relatively pure gases at ages of more than 
10~ 3 sec. used for comparison above, while important constants 
for the calculations of currents, are absolutely meaningless in 
terms of any ion theory. No matter what the originally charged 
molecule of an ion in a gas, such as those used above, is, there 
is no telling what the charged molecule is at the time of measure- 
ment, in view of the ready changes of charge observed by Kall- 
mann and Rosen. 81 In addition, the large cluster composed of 
molecules of the gas present does not form and, as the mixture 
work shows, will never form, if there are present even chemically 
undetectable traces of some more active gas. Hence ordinary 
ions, having made some 10 6 impacts at the time of measurement, 
are unknown quantities. In the caae of Loeb’s 77 experiments 
using alkali ions in short time intervals, e.g. 7 10~ 6 sec., and espe- 
cially in the later experiments of Tyndall and Powell, 78 and Powell 
and Brata, 79 using the same conditions with their exceptionally 
fine measuring device, the values of the mobilities observed have 
theoretical significance for the first time. In these measurements 
the agreements between theory and experiment are exceedingly 
good and in fact perhaps better than might be expected. 

In a later article Hass6 and Cook 38 use the methods of their 
very pretty analysis of the coefficient of viscosity, assuming mole- 
cules which attract according to an inverse fifth power law and 
repel according to an inverse ninth power law, for the calculation 
of ionic mobilities of monomolecular ions. The forces assumed 
are the attractive forces between molecules of the form / ur -6 and 
repulsive forces of the form Xr~ 9 already discussed in Sec. 64. 
The calculation was based on theoretical considerations prior to 
the advent of the new quantum mechanics. This viewpoint is 
characterized by two assumptions : the first is the existence of the 
classical electrical attractive force between the ion and molecule 
of the form 


2tNt* 1 • 

and the second is that this electrical attractive force and the 
Van der Waals attractive force pr~ b have their constants merely 
add, while both the and Xr -9 forces remain unaltered . While 
perhaps the addition of the constants p and q is to be questioned, 
and the use of a law of the form r -0 instead of the more nearly 
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correct e“ frr law of the quantum mechanics might be questioned, 
the results deserve being given as probably the best results 
to be obtained on classical theory. With the complexity of the 
wave-mechanical solution and the small hope of its speedy 
application, they will doubtless represent the best results to be 
had for some time. The course of the calculation follows closely 
the outline in their article on viscosity and is beyond the scope 
of this text. The equation resulting is given by 

4 - 16 2 v ^RI'|A Mm P i N.IlajU'fl- 

which for a monomolecular ion, where M = m, gives 


3e/ 
= 16 \ 


A 




i (i + <) 


tM) (2 RT\)Y< Nol(s) 

_ 1 _ yyi 

In this expression X' = X ~~Mm ~ * ^ coe ® c ^ en ^ re P u l“ 

2 RT\ 

sive law of force, s 2 = ■— 2 > where /xi is the coefficient of the 

combined Van der Waals and electrical attractive forces ( e.g ., as 
assumed by Hass6 and Cook mi = m + q) f and 1 + € is a correc- 


8 

| m 


I ( s ) 

0.05 

2 2584 

1 1 

0.2866 

0.10 

1.5619 

1.2 

0.2848 

0.15 

1 2496 

1 3 

0.2839 

0.20 

1.0431 

1 4 

0.2836 

0.25 

0.8634 

1.5 

0 2836 

0.30 

0.7129 

1.6 

0 2838 

0.35 

0.5971 

1.7 

0.2842 

0 40 

0 5121 

1.8 

0 2846 

0.45 

0.4508 

1.9 

0.2852 

0.50 

0.4067 

2.0 

0.2857 

0.55 

0.3747 

2.2 

0.2867 

0.60 

0.3515 

2 4 

0 2878 

0.65 

0.3343 

2.6 

0.2888 

0.70 

0.3216 

2.8 

0.2897 

0.75 

0.3121 

3 0 

0.2905 

0.80 

0.3049 

3.2 

0.2913 

0.85 

0.2995 

3.4 

0.2920 

0.90 

0.2953 

3.6 

0.2927 

0.95 

0.2922 

3.8 

0.2933 

1.00 

0.2898 

4.0 

0 2938 
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tion factor which for elastic spheres, according to Chapman, lies 
between 1 and 1.015. The quantity J(s) is an integral which is 
given for various values of s in the table on page 580. 

For the calculation of k in H 2 , X = 0.106 X 10~ 72 and the m due 
to molecular attractions is m = 0.35 X lO”* 43 . The q due to the 
dielectric attraction is given by q *= 3.54 X 10” 43 , and the 
Mi above is taken as mi = m + <7- This gives 5 = 0.235 and 
I(s) = 0.897. The mobility computed at 15°C. and 760 mm 
is 18.3 cm/sec. 

The various values calculated on this theory and on other 
theories are given below. 


Mobility of Monomomdcular Ions 


Gas 

Elastic 

sphere 

Sutherland 

model 

Centers 
of force 

Observed 

Air 

3.41 

3.13 

3.35 <°> 

l 2.78 

Argon 

2.95 

2.68 

(2.68 <«> 

{3.13 «■> 


Helium 

26.3 

24.9 

29.9 »> 

21.4 

Nitrogen 

3.44 

3.17 

f 3 47 <•> 

(4.05 <»> 

3. 04 u > 

Hydrogen 

19.0 

18 2 

18.3 <“> and < k > 

13 3 


(») Data obtained from viscosity. 

( fc ) Data obtained from equation of state. 

<«) Value is that of Powell and Brata. Loeb found 3.75 and 17.5 for Na + ions in N* 
and Hj respectively. 

In the first column are given values for the Langevin theory, 
using the values of the radii from viscosity. In column 2 a 
model due to Sutherland is used in which a basic radius s 0 is 
assumed due to the repulsive force. The Van der Waals attrac- 
tive force is then added to the electrical attractive force, and 
the mobility is deduced on the Langevin theory with a different 
value of the attractive force constant. The third column gives 
the calculation, assuming centers of force as above. There are 
also included the observed values of Tyndall and Powell for 
combinations that are nearest to the true conditions; they are 
He + in He, K + in Ar, Li+ in H 2 . The agreement is fairly close 
in all cases. It is seen that the values found are very little 
changed on the various theories. This indicates that with the 
inadequate data at hand, both as to real values of the mobilities 
and as to the constants, refinements in the theory have relatively 
little new to offer for the present. 
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In conclusion, Powell and Brata's 79 table of values of the 
mobilities of ions of a known nature in pure gases taken in such 
short time intervals that they have not attached is given below. 


Observed Mobilities of Monomolecular Ions 


Gas 

Li+ 

Na + 

K + 

Rb+ 

Cs + 

He 

25.3 

23.2 

22 4 

21.0 

19 0 

Ne 

14.35 

9.00 

8.00 

7.18 

6.58 

Ar 

4.99 

3.22 

2.78 

2.39 

2.24 

Kr 

4.03 

2.34 

1.98 

1.12 

1.44 

Xe 



1.50 

1.12 

0.99 

h 2 

13.3 

13.6 

13.5 

13.4 

13.4 

N, 

4.21 

3.04 

2.70 

2.39 

2.25 


As stated before, in the more polarizable inert gases the mobilities 
can be computed by Lange vin’s approximate formula, which 
incidentally is very close in the values it yields to the equations 
of Hass6. The comparison of theory and experiment is in this 
case exceedingly close as shown by Powell and Brata in the table 
below. 


Gaa 

u* 

Na 4 

K+ 

Rb* 

Oh + 

Ex- 

peri- 

ment 

Theory 

Ex- 

peri- 

ment 

Theory 

Ex- 

peri- 

ment 

i 

Theory 

Ex- 

peri- 

ment 

Theory 

i 

Ex- 

peri- 

ment 

Theory 

Kr 

4.03 

4.03 

3.22 

2.34 

2.42 

1.86 

1.98 

1.50 

1.98 

1.50 

1.61 

1.12 

1.58 

1.19 

1.44 

0.99 

1.47 

1.01 

X© 


Actually it is not certain that these values of Tyndall and Powell 
and Powell and Brata are correct. Loeb 77 observed values in N 2 
and H 2 which were somewhat above the values observed by 
Tyndall and Powell, giving k — 17.5 for Na+ in H 2 and k = 3.75 
for Na+ in N 2 . While Powell end Brata's gases were probably 
purer than Loeb’s, and his method was open to a source of 
uncertainty in the correction for gas density, it is seen that his 
values are also fairly close to the computed values on the theory. 
It seems, however, as if the values of Tyndall and Powell are more 
likely to be correct, in which case there is a discrepancy with 
theory yet to be accounted for. 

On the whole, however, the agreement observed seems far 
better than might be expected with the present lack of knowledge. 
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The fact is that it is rather much to expect the D observed for 
gases in bulk in weak fields to be unchanged when the strongly 
divergent fields of the order of 10 8 volts/cm in the immediate 
neighborhood of an ion are encountered. The ordinary law of 
dielectric displacement obviously cannot hold where the distort- 
ing forces of the ionic field at points approach those sufficient 
to cause a change of charge between ion and molecule. That 
the equations using the value of D from low field measurements 
is as successful as it appears to be must be ascribed to the obser- 
vation by Tyndall and Powell that, in general, most of the 
encounters of ions causing loss of momentum in the field are 
the force-field encounters which do not involve the close approach 
of the elastic impacts. 

That the law is further not justified in close approach of ion 
and molecule follows from the observed difference in mobility 
of positive and negative ions. The D — 1 terms do not dis- 
tinguish between positive and negative ions, and thus the forces 
cannot depend on the sign of the charge on the ion. Yet experi- 
ment shows that the mobilities for differently charged ions in 
different gases vary very decidedly. 71 This difference was 
ascribed to the formation of specific complex ions with molecules 
of the gases present and these are quite charge-sensitive. Such 
action cannot thus be ascribed to the ordinary dielectric attraction, 
and the clustering observed is not a clustering due to the dielectric 
forces . It is a complex ion formation of specific electrochemical 
character in which certain chemical groups are oriented by the 
charge in such a way that a type of chemical binding takes place. 
Such complex ion formation thus is quite able to explain the 
difference in mobility of the negative and positive ions and to 
indicate that a more accurate knowledge of the mobilities of 
the ions requiies a more precise knowledge of the laws of force 
acting between ions and different types of molecules at close 
approach. With this indication of the limitation of the ion 
theory, one may leave the subject of the ionic mobilities. 

107. The Coefficient of Recombination of Ions. — When the 
first edition of this text was written, the problem of the recom- 
bination of ions was in a most unsatisfactory state, due to lack 
of adequately controlled quantitative information, much of 
which has recently come to hand through the application of the 
improved technique now available as a result of the development 
of X-ray sources. In what follows, therefore, much of the earlier 
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work will be omitted and only the more recent results and 
conclusions given. 

It was early observed that the ionization produced by X-rays 
in a gas gradually disappeared with time. This was at once 
ascribed to two effects: the one, diffusion of the ions to the 
conducting walls of the vessel, and the other to a recombination 
of the ions of opposite sign due to their mutually attractive 
forces. The phenomena of loss by diffusion are phenomena 
requiring a relatively large ratio of wall surface to gas volume 
for their study. In the case of recombination, the phenomenon 
is a volume effect and diffusion must be reduced to a minimum. 
Since the ions of opposite sign are in general created in a gas 
space in equal numbers, and since the loss of ions dn in a time dt 
depends on the encounter of the ions of opposite signs, one 
can, calling n+ the number of positive ions in unit volume 
and the number of negative ions in unit volume, write that 
n+ = n_ — n and that dn = —an+n-dt = — an 2 dt. Here the 
negative sign indicates that n decreases as t increases, and a 
is a constant of proportionality called the coefficient of recom- 
bination, a characteristic of the ions and the recombination 
mechanism. This equation implies another factor in assigning 
values to n + and n_, to wit, the concentrations of the ions. It 
implies that ions are distributed at random in the volumes 
and that the volumes are large enough so that in general the 
average concentrations are represented by and n_ . An 
arrangement of ions in space so that positive and negative ions 
are grouped in pairs 42 would not be in accord with the above 
law, for this would give fictitious values to n+ and n_ which 
vary with time due to diffusion, irrespective of recombination. 
With this precaution in defining n+ and n_, one may integrate 
the expression and evaluate n as a function of t . Integration 
between the limits n = n 0 at t = 0, and n = n at t = t gives the 
equation 

i - i - and « - 

n n 0 tno\ n } 

If the quantity a should for any reason fail to be a constant in 
time, the equation would not properly serve to define a as it 
would give the average value of a from 0 to t. If a is not con- 
stant, the quantity at must be determined. Assume n Tl to be 
the concentration at t = r i and to be the concentration at 
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t = r 2> will then correspond to an average time t = 


^1 + T 2 
2 


the interval t x — r 2 being made as short as experimentally 
possible. a t is then found experimentally from 


<*t 


1 

0*2 “ Tj) 


V nrn Tt ) 


It is only in recent years that a system of measurement has been 
devised which gives controlled intensities of ionization sufficient 
to give good values of a t . 

All earlier measurements had indicated that a was apparently 
constant with time. What changes in a w T ith t had been observed 
were ascribed to a loss of ions by diffusion. The values of a 
obtained were, strangely, nearly the same for all gases despite 
the fact that the mobility of the ions in these gases differed 
widely. Two observers, Riimelin 50 and Plimpton, 37 did observe 
that a was high for values of t which were short. Riimelin 
ascribed this to the effect of electron recombination with ions 
in the shorter time intervals t when the electrons were free. 
This, as is today know r n, is incorrect, for electrons have a very 
small value of a and in fact attach' to neutral molecules more 
readily than to positive ions. Plimpton’s explanation w r as 
essentially correct and is in line with the more recent understand- 
ing of the problem. The whole question of the understanding 
of a and the interpretation of the results for a long time hinged 
on a fundamental point in the theory. Lqngevin 43 in 1903 
developed the generally accepted theory of recombination. 
Strange to say, this theory had a very subtle error inherent in 
it. This error was unrecognized for nearly 25 years, although 
countless physicists including the author had studied, used and 
accepted the theory. It was not until a rival theory, based 
on apparently very different assumptions due to J. J. Thomson, 46 
raised an issue, that Langevin’s theory was questioned. The 
experimental justification of the Thomson theory in 1929 41 so 
forced further study that it brought out the cause of the error 
in the assumptions of Langevin. 

Langevin assumed that the positive and negative ions actively 
attracted each other according to the inverse square law, / = 
e 2 /Dr 2 , for all distances of separation r in the gas. Under 
these conditions the ions should continuously and gradually 
drift together, the rate of drift increasing as r decreased. On 
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this basis Langevin deduced a theory assuming that one ion, 
e.g. f the positive ion, was fixed and the opposite ion moved 
towards it with the relative velocity of both ions under the 
electrical field of the fixed ion acting on the mobile ion. That 

is, he assumed the negative ion to move towards the fixed 
positive ion with the velocity ( k+ + kJ)X, where X was the 
field strength (e/r 2 ) at a distance r from the positive ion, and 
k+ and k _ were the positive and negative ion mobilities. The 
resulting analysis gave for a the relation 

a = At(Jc + + kJ)e> 

where e is the charge on the electron. This value was, however, 
too large, and Langevin* added a correction factor 0 < t < 1 
which took into account the failure of two ions, which had 
attracted each other, to recombine. He was then able to 
evaluate c directly from his measurements on recombination, c 
being a function of pressure and temperature. He could, 
however, find no satisfactory theoretical expression for e. 

Actually the reasoning above cannot be applied to ions in a 
gas under ordinary conditions. The error lay in assuming one 
ion fixed and the other in relative motion. Such an assumption 
will hold for a system of two isolated bodies immersed in a 
homogeneous viscous medium. Actually the air is not a medium 
of this type when regarded from the viewpoint of the ion, for 
the ions are of the same dimensions as molecules and the ions are 
being buffeted here and there in a 'perfectly random fashion by 
molecular impacts . Hence two ions in a gas are not an isolated 
system but are part of a medium which makes it impossible 
to consider one ion fixed and the other ion moving relative to 

it. In fact, at ordinary distances of separation from 10~ 2 
to 10~ 6 cm apart at N.T.P., the ions are moved about at random 
by molecular impacts and will not have their motions seriously 
altered by the attractive forces between them, as the kinetic 
energy kT is >>e 2 /r at these distances. This situation was 
intuitively recognized by J. J. Thomson 45 when in 1924 he 
formulated his theory of recombination, although he did not 
point out that the conditions which he postulated made the 
Langevin theory untenable. Thomson assumed that in general 
at large distances between ions, due to the fact that the kinetic 

* A full discussion of this appears in the first edition of “ Kinetic Theory/' 
p. 481 ff. 
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energy of molecular impacts on the ions was greater than the 
potential energy of the one ion in the field of its opposite, the 
random heat motions would determine the motion of the ions 
such that the ions would undergo a random diffusion, which in 
general must take them apart. Thomson, however, pointed 
out that at small distances r, such that e 2 /r ^ %kT, the forces 
of attraction of the ions would become so great that the ions 
would be drawn together and recombine. He thus was able to 
calculate the rate (as a result of random heat motions) at which 
ions would diffuse into spheres about oppositely charged ions 
where active attraction occurred. This rate gave too large a 
value for a, and Thomson had then to compute a Correction 
factor to take account of the chance that two ions, once they 
were close enough to actively attract each other, would succeed 
in effecting the transfer of the electron from one to the other. 
It is probable that this phase of the problem is one ultimately 
to be solved by wave mechanics, but for the present the classical 
theory of Thomson must suffice as no attempt has been made 
on the basis of wave mechanics. 

That the Thomson equation is essentially correct in its view- 
point follows directly from the experimental results of Riimelin, 50 
Plimpton, 37 and especially of Marshall. 41 It was proved by 
Plimpton and Marshall that the initially high fictitious values 
of a t observed were due to an initial non-random distribution 
of the ions produced in ionization, and that, as time went on, 
a t decreased as the distribution became more nearly random. 
This definitely indicates a diffusion of the ions initially generated 
in pairs to the random condition which can occur only if the 
ions separate. Marshall also showed that the fictitious value 
of a ( which varied with time in this region was dependent on 
concentration, an effect only to be expected on the viewpoint 
that the ions generated in pairs, in general, diffuse apart. The 
absence of the fictitious high values for a at short time intervals 
in H 2 , where, owing to electron diffusion before attachment, the 
random condition is reached long before measurement, again 
confirmed this interpretation. The independence of a and the 
mobility of the ions also speak strongly against Langevin’s 
theory, while it is in favor of Thomson’s theory which stresses the 
mass of the ions in the recombination process rather than their 
mobility. Finally the aging effect in such a heterogeneous gas as 
air, where the average mobility changes only 10 per cent in an 
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interval from 0.01 to 1 sec. in time, while a changes in the same 
time by a factor of 3 as shown by Luhr, indicates that mass, 
i.e.y velocity of thermal agitation and not mobility k as predicted 
by the Langevin theory, determines a. 

The discussion of the difficulty in the classical theory just 
indicated is open to mathematical demonstration in an approxi- 
mate form through a study of the Brownian motion of two 
particles which attract each other according to the inverse 
square law of force as do two ions. 34 The problem is handled for 
the three-dimensional case and is quite similar to the treatment 
of the same problem in the one-dimensional case given in Sec. 88 
with the exception of the added forces. The solution of the 
problem in this approximate form is due to Prof. Arnold Som- 
merfeld, who kindly assisted Loeb in the analysis of the problem 
when Marshall's results indicated a difficulty in Langevin's 
theory. Consider two particles 1 and 2 in a three-dimensional 
coordinate system subjected to unbalanced forces Xi and X 2 
because of unequal bombardment by the gas molecules. 

Let ui = vector velocity of particle 1 = W\. 
u 2 = vector velocity of particle 2 = w 2 . 

Wi = position vector of particle 1. 
w 2 = position vector of particle 2. 

B = the coefficient of viscous drag in the medium. 

X\ = unbalanced force on particle 1. 

X 2 = unbalanced force on particle 2. 
e = charge on ion. 
r = scalar distance between ions. 

( 1 ) - -*«, + x, + £!(2up). 

(2) mil ,--Bu, + X,+ ~ 

Multiply (1) by u»i and (2) by w t . Then, since 

1 d, « 

WlUl “ 

Wiilx - J t (WiUi) — Ml*, 

it follows that 

7»| + WtUi) ~ tti» + U 2 S ) ] = + «’**) 

e 2 

+ X 1 W 1 + X t wt + p[(u> 2 — Wx)Wi + (wi — 
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Now 

l(w 2 — Wi)wi + (wi — w 2 )w 2 ] = [{w 2 — Wi)(u>i — w 2 )] = — r 2 . 

Taking the displacements for times which are sufficiently large, 
the positive and negative values of X\W\ and X 2 w 2 must cancel 
out, and one can drop these two terms. Also m(ux 2 + u 2 2 ) is, 
on the average, 4 ( 3 ^fc!F) where k is the Boltzmann constant and 
T is the absolute temperature. Hence 

(3) mj t (wiUi + w 2 u 2 ) = -jjiwS + u> 2 2 ) + MT - ~ 


It is now necessary to find the time average of the integral of 
this equation over periods of time r such that r does not vary 
by too large an amount; i.e., it is required to know the velocity 
of diffusion for a given value of r. This is found as follows: 


(4) 



d(w\Ui + w 2 u 2 ) 



d(u)i 2 + u>2 2 ) + 


6 kT 




The integral Jd(wiUi + w 2 u 2 ) vanishes for finite values of r 
of the orders to be used in discussion, inasmuch as it is responsible 
for the transient term which in 10~ 5 sec. for Brownian particles 
ceases to exert any influence. Also let 


Then 


Ai = Wi 2 — Wo 2 and A 2 = w 2 2 — w 0 2 . 


Ai + A 2 = Wi 2 + w> 2 2 — 2w 0 2 , and d(Ai + A 2 ) = d(w x 2 + w 2 2 ). 


It is also required to know r as a/(0- Since, in general, this 
is a diffusion phenomenon, r may be expressed to a first approxi- 
mation by the expression r = r 0 + ay/t } where a is a constant. 
Performing the integration indicated and expressing the resultant 
logarithmic solution in terms of the first two members of its 
expansion in series, it is found, to a rough approximation, that 


X 


r dt 
tq + ay/t 



This leads to the result that 


2 r 


(Ai + A 2 ) 


6 kT - 



— t 


To 
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whence 



Now B for an ion can be found from the relation that the velocity 
u = KX f where K is the mobility, and the force on the ion 
/ = Xe = Bu when it moves in a field with a steady drift 
velocity. Whence B = e/K and 


+ 

As N A k - R, as RT = PF, and as N A e/V is JVe, the Faraday 
constant per cm 3 , one can write that KkT/e - N A kKT/N A e = 
KP/Ne . But it was found in Sec. 103 that K/D = Ne/P so 
that KP/Ne = D, the coefficient of diffusion of the particle in 
the gas. 

Hence it follows that 


Ax + A 2 = 2 



Thus, in general, after a time t when the ions are r 0 cm apart, 
the sum of the average squared displacements of the two ions 
in a time r is given by the expression Ai + A 2 , and this is equal 
to the diffusion of uncharged particles 2(6 Dr) in a time r except 
for a modifying or reducing factor given by the parentheses 
above. On the average Ai + A 2 = 2A, twice the average 
squared displacement of a single ion, and for the single ion it 
follows that there will be a random displacement given by 


A 6I>t ( 1 6t 0 Ict)' 

Ignoring the parentheses, this is the well-known diffusion equa- 
tion for a single particle in a time r. The effect of the parentheses 
is to reduce this diffusion in the measure that e 2 /6r 0 kT is impor- 
tant. While the equation is the result of an approximation 
and is not very accurate, so that the value of the constant is 
not accurate, the indication is quite clear. Since %kT is the 
average kinetic energy of the molecules and ions, it is seen that 
the modifying term is merely the ratio of the potential energy 
of the two ions at a distance r 0 to 4 times the kinetic energy of 
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motion. If the two energies are comparable, the ratio approaches 
significant values and the diffusion is markedly retarded. When 
the ratio reaches unity, the equation becomes meaningless as 
the neglect of higher terms in the approximation cannot be 
ignored. It means physically that at this point the attractive 
forces overcome the random heat motions, and hence the ions 
come together. 

This same problem was attacked several years later inde- 
pendently by W. R. Harper, 83 who proceeded to prove the 
diffusion to occur on the basis of a different type of reasoning. 
Both methods used are equally approximate and serve to prove 
that the conditions assumed by Thomson are correct. While on 
the Sommerfeld approximation the ions drift apart unless they 
approach to within r 0 = d cm of each other, given by 

6 kT 4KE’ 

Harper arrives at the criterion, good only when d is much larger 
than the mean free path, that d = e*/kT = e' 2 /%KE. At 0°C. 
the values of d calculated from the criteria of Sommerfeld and 
Harper are, respectively, about 1 X 10“*® cm. and 6.1 X 10“ 6 cm. 
In any case it is seen that when the ions approach to within a criti- 
cal distance d of each other in which at the temperature existing 
the kinetic energy of agitation is of the same order of magnit ude as 
the potential energy due to the charges on the ions, there will be, 
on the average, active diffusion of the two ions together, while 
beyond this, on the average, a retarded diffusion apart will occur. * 

Thomson 45 considered the problem of recombination as follows. 
If two bodies attract each other according to an inverse square 
law of force and are left to themselves, three types of orbits 
about their common center of gravity are possible. If the 
kinetic energy of approach is greater than the potential energy, 
the orbit will be an hyperbola and the two bodies will separate. 
If the energies are equal, the orbits will be parabolic and the 

* It is important to note that while this consideration applies specifically 
to the case of two ions analogous reasoning can be applied to two molecules 
attracting each other or in fact to a molecule in any force field. It explains 
why two attracting molecules do not coalesce unless the potential energy at 
contact is greater than the kinetic energy of the gas, and why in the earth’s 
gravitational field gas molecules form an atmosphere while large particles 
fall to earth. In these cases random motion will rule, and the particles 
will act like a gas until roughly the potential energies equal or exceed the 
kinetic energies. 
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bodies will just escape to infinity. If the potential energy is 
greater than the kinetic, the bodies will describe ellipses, i.c., 
closed orbits. Now a closed orbit of this type, while offering 
no assurance that the electron of the negative ion will jump 
to the positive ion, would make such a recombination process 
more probable as it prolongs the period during which recombina- 
tion may take place. Thus J. J. Thomson sets as his criterion 
for the recombination of two ions that they shall describe closed 
orbits about their common center of gravity. If left to them- 
selves in space, the initial velocities of the ions would determine 
the orbits described. However, in the gas, one has the ions 
continually disturbed by thermal impacts of average value 
J^mC 2 = %kT. Thus until the ions are within a distance 
d of each other, where d is evaluated by e 2 /d = %kT, the 
kinetic energy will be greater than the potential energy. It is 
seen that the sphere of radius d here defined is about the distance 
between ions at which retarded random heat motion gives place to 
active attraction between ions. At 0°C. it is about 4.18 X 10~ 6 
cm, or somewhat less than a mean free path in radius. Starting 
at the surface of a sphere of radius d about an ion 1, an ion 2 
of opposite sign will on the average have a kinetic energy such 
that if neither ion 1 nor 2 has any energy losses while they are 
separated by less than d } they will just escape to infinity along 
parabolic orbits. In general, however, the ions approaching 
to within d will have some residues of their previous energies 
produced by the field e 2 /r over the last free path before d is 
reached added to the energy %kT of agitation. Hence of the 
ions of types 1 and 2, approaching within d cm of each other, 
only those will describe closed orbits about their common 
center of gravity (z.c., recombine) which can lose energy gained 
from the field through impacts with neutral molecules while 
inside the sphere of radius d. This is a very crude criterion, 
but it defines the problem. It might be added that a single 
impact of one of the ions might not suffice, and a more adequate 
criterion would be that both the ions 1 and 2 should suffer an 
impact, or that one suffer two impacts. In any case it is clear 
that the problem of calculating the coefficient of recombination 
consists in calculating how many of the ions 1 and 2 drift into 
spheres of radius d from each other per second and then cal- 
culating the fraction of those that have either one ion or both 
ions colliding with neutral molecules within the sphere. Con- 
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aider an ion of type 1, e.g., a positive ion existing at a density 
of n i ions per cm 8 in the gas and having a velocity of thermal 
agitation C i. The negative ions will be characterized by n 2 
and C 2 . The relative velocity of the two ions will be given 
on the average by \/Ci 2 + C 2 2 . In 1 sec. an ion of class 1 
will sweep out a volume ird 2 y/C i 2 + C 2 2 cm in which any ions 
of class 2 encountered are liable to recombination. Hence the ni 
positive ions per cm 3 will in dt encounter 7rd 2 nin 2 dJ\/ C i 2 + C 2 ? 
negative ions of class 2 in such a way as to give possible recom- 
binations. It next becomes essential to calculate the chance 
of recombination w due to the loss of energy of ion 1 or ion 2 



within d. Consider an ion of the type 1 of mean free path 
L\. In sweeping out a volume of the last type, it will encounter 
ions of the opposite type 2 of free path L 2 traveling with the 
relative velocity along a path such as indicated in Fig. 74. 
This ion 2 has a path which strikes the sphere of radius d about 
ion 1 such that it makes an angle ^ with the normal to the 
surface of the sphere about ion 1. Such an ion as 2, provided 
the forces do not curve the path, will travel a length x inside the 
sphere given by x = 2d cos ^ as is easily seen. Actually in the 
intense fields within d the paths will be curved, and one can 
expect errors due to the assumption. The introduction of a 
curved path would, however, give refinements that would 
not be warranted on the basis of a theory as rough as this must 
be. The chance of an impact in a path of this length is given 

_ x_ 

by the distribution of free paths as e Li . Now an impact at 
an angle ^ on the sphere about ion 1 is not equally probable 
over the surface. In fact, it depends on the relative area of 


594 


THE KINETIC THEORY OF GASES 


a zone between 4/ and ^ + d\p and the base of the hemisphere. 
This zone is drawn on the surface of the sphere of radius d 
about the line parallel to the relative motion of the ion through 
the center of ion 1. The probability however does not depend 
on the area of the zone but on this area projected on the normal 
to the direction of motion. The relative area of the zone, 
therefore, is given by 


2ir d 2 sin 4'd4' 
nd 2 


2 sin \pd\p. 


and the projection of this on the normal to the motion of ion 
2 is 2 sin 4 / cos 4 / d4 / - Hence the chance of ion 2 escaping a 

_ X 

molecular collision in sphere d about ion 1 at an angle 4 / is 2e L * 
sin ^ cos 4 / d4'. The chance of escaping collision for all angles 
\p is the integral between 0 and ir/2 of the chance of escape at \f/. 
This is given by 


^ co 

e u sin cos 4/d\l/ f 
o 

which can be easily integrated by remembering that d(cos 4 / ) — 
— sin 4 / d4 / and calling cos 4 / = u. Thus the chance of escaping 
collision is 



and hence the chance of colliding and thus of recombining is 

1 - e4t (“ + ■) 

Analogously the chance of an ion of type 1 encountering a 
collision with a neutral molecule within a distance d of an ion of 
type 2 will be given by 

* -■%+«)}• 

The chance that both simultaneously suffer collisions within d is 
merely wiw 2 . Hence the number of recombinations dn in a time 
dt will be given at once by the product of 7rd 2 nin 2 d^v / C\* + C 2 2 
and the quantity (wi + — W 1 W 2 ). This follows since the 

chance of loss of energy of ion 1, w\ t counts all losses for ion 1 


w i = 1 — 


2Li 2 

4d 2 
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and w 2 counts all losses for ion 2, whence the sum of w x + w 2 
counts the simultaneous losses wiw 2 twice, so that w\w 2 must be 
deducted. Hence 

dn = —Td 2 nin 2 dt\/Ci 2 + C 2 2 (w\ + w 2 — wiw 2 ) 
but 

dn — — an\n 2 dt by definition of a. 

Hence, 

a = ird 2 \/Ci 2 + C 2 2 (wi + w 2 — W\W 2 ). 

It was stated that probably one impact of either ion 1 or ion 2 
with a molecule was not sufficient to cause recombination. The 
computation of Wi 2 and w 2 2 for two impacts each has been 
carried out with a slight error by Richardson. 44 However, 
since the curvature of the paths is neglfected, such a calculation 
seems futile. An approximation to that sort of criterion which 
is at hand is the chance W\W 2 that both ions suffer one impact 
with molecules in the sphere d. In this case a L would be given 

by 

a L - ird 2> \/C\ l + C 2 2 (w x w 2 ) 

and, if one assume L x = L 2 = L, which with the approximate 
nature of the theory suffices, one has 

- ^VC7TC,>[l - g{l - e-?(f + i)}]'. 

The quantities w x + w 2 — w x w 2 , neglecting the ^ 1^2 in Thom- 
son's equation for a and the w x w 2 = w 2 in a Lf can be represented 34 
by curves as a function of 2 d/L = x } and as 


and as 


d - Wf - 4 ‘ 05 X 10 " T 


L = IX 10-» — 

P La 


where L/L A is the value of L relative to L Ai that for air at N.T.P. 
x = 0.81— p — 


273 760 L 


for a gas at constant density with p in mm of Hg, and T in 
degrees absolute. The values of u>i + u>* = f(x) and w* - f{x)* 
are shown in curves 1 and 2 of Fig. 75 for a range of x covering 
experimental measurements. Again VCi* + is the relative 
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velocity of the two ions, and, as in absence of any precise knowl- 
edge it is simpler to write C\ = C 2 , 

C, + C, = V^/|l.84 X 10-.JZ, 

where M is the molecular weight and 1.84 X 10 s is the velocity 
of agitation for the H 2 molecule at 273° abs. Whence a from 
the two equations proposed becomes available for comparison 
with experiment as 

If one choose L A = L, M 28.8, and T = 273, the values of a 
obtained are 

a = 2.82 X 10- 6 , 
a L . 5.64 X 10- 7 . 

Had one, as is more nearly correct, chosen L = L A / 5 (for the 
mean free path of ions is about one-fifth the kinetic-theory value 



5 

x 


Fio. 75. 

of that for molecules in air) and had one placed M = 3(28.8) 
which is possibly more nearly the real mass of the ion, the values 
would become 

a = 8.41 X 10-«, 
a L = 1.62 X 10-«. 

It is seen that the values of a L lie more nearly in the region 
observed by Marshall than do the values of a. 
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As regards the variation of a with pressure, the results of 
Thirkill, 48 * the circled points in Fig. 75, agree fairly closely with 
a L but are incompatible with those for a. In the case of the 
temperature variation Erikson's 48 results at constant density 
are compared with the theoretically predicted values of a after 
adjusting one value at 285°C. to correspond to Erikson's observed 
value. The agreement is indicated by the table. 


Temperature in 
degrees C. 

Observed 

Calculated 

94 

3.18 

5.1 

205 

2.39 

2.16 

285 

1 47 

1.47 

337 

0 94 

0.90 

373 

0.74 

0.75 

428 

0.59 

0.53 


The agreement is fair except at the lowest temperature. This 
may be due to a failure of the theory as regards the power of T to 
be used, the % power being too high, or it may be due to an actual 
increase in the size of the ion, at such low temperatures, which 
makes \/Ci 2 + C 2 2 really smaller than it appears and hence gives 
a low observed value of a. There is some possible evidence for 
this from the values of mobilities at liquid-air temperatures. 

As is seen from the foregoing comparison, the Thomson theory 
agrees in the general trend of predicted behavior and in actual 
order of magnitude with the doubtful results of experiment. 
The situation concerning an adequate test of the theory by 
experiment is even more serious than that in the case of the 
ionic mobilities. At least in pure gases, in short time intervals 
for known positive ions, real data on mobilities can be obtained. 
In the case of recombination, nothing but “ shot-gun” methods 
are as yet available. 47,34 a cannot be measured for times much 
less than 10~ 3 sec. by any direct method where the variables 
can be controlled. Even in the purest gases the ion forms 
attachment products in less than 10~ 3 sec. and is thus of uncer- 
tain mass. Also negative and positive ions both must be 

* Thirkill used the method of Langevin, with ionization produced by 
X-rays, thus obtaining results which should be fairly reliable. Observa- 
tions of other workers do not cover as wide a scope as those discussed here 
and consequently are not given consideration. 
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generated, which means positive and negative ion formation in 
pairs, and this initially does not give random distribution. 
Thus the values of a observed in the early periods of recombina- 
tion are fictitious. In gases like air the progressive aging and 
formation of heavier ions together with a loss of the faster ions 
by recombination make the values of a still more variable with 
time and thus unreliable. Hence, to date, no measurements 
of a have been made in really pure gases which are known to be 
representative of any definite type of ion and which are known 
to yield a stable value of a. In the few early studies of the 
variation of a with pressure 46 and temperature , 48 with the existing 
ignorance of the variation of a with time, no measurements 
could have been made that insured that values of a came from 
the same point in the a time curve and were thus comparable, 
and it was not even certain that the values of a represented 
the same sort of ion at the various temperatures and pressures. 
Finally in the purest gases worked with, such as H 2 and N 2 , the 
carriers in part were electrons, for which a e is orders of magnitude 
different from a for ions. It is probable that in some of these 
cases the a observed may have been influenced by the rate of 
electron attachment to neutral molecules of impurities to make 
the ions thus still further compromising a for comparison with 
theory. 

It is essential that with the present knowledge and improved 
facilities available, careful determinations of a in pure gases be 
undertaken, precautions being taken to make sure that the 
values correspond to the same ion and to the same relative 
values of a on the time curves, and care having been taken to 
eliminate the effect of the free electrons in the recombination. 
Perhaps such measurements should be accompanied by mobility 
measurements on the same gas with the same age of ion in order 
to insure constancy of the ion for variations in pressure and 
temperature. 

In passing it must be pointed out that in recombination, in 
contradistinction to mobility, the essential factor is the average 
relative thermal molecular velocity y/C i 2 + C 2 2 . This varies 
inversely as the square root of the mass of the ions. Thus, until 
the ionic mass is known, little progress can be made in an accurate 
study of the theory. It must be noted that, on this theory, the 
mobilities and recombination coefficients should not be closely 
related. This observed lack of parallelism between mobilities 
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and a is contrary to Langevin’s theory but is expected on Thom- 
son’s theory, for k depends very little on M f while C depends 
essentially on M. The best values of a obtained so far are 
those of Luhr, 84 and these are open to some of the doubts expressed 
above, although the time factor has been corrected. They are as 
follows at 20°C. and 760 mm pressure. 

0 2 (1.32 ± 0.1) X 10- 6 

N 2 (1.06 ± 0.1) X 10” 6 

Ar (1.06 ± 0.1) X 10* 6 

H 2 (0.28 ± 0.05) X 10~ 6 

Air (1.23 ± 0.1) X 10~ 6 at 5 X 10~ 2 sec. age. 

Here it is seen that H 2 has a far lower value of a than 0 2 , N 2 , or 
Ar, while in these gases the mobilitiea are far lower than in H 2 . 
In part the value in H 2 is due to the unknown nature of the 
carrier of the charge. While initially the ionized carrier was 
H 2 +, by the time these measurements were made, the carrier 
probably had the mass of a molecule much greater. It is likely 
that the positive ion in relatively pure H 2 has a molecular 
radius of the order of that of the H+CH 3 NH 2 molecule and a 
mass correspondingly great. Hence the recombination coeffi- 
cient observed for H 2 might be expected to be of the same order 
as those in N 2 or Ar, where similar positive ions exist after 10~ 3 sec. 
This appears to have been the case in less pure samples of H 2 
used by earlier observers. 49 Luhr’s 84 value in H 2 is, however, 
much lower than in these gases. This is to be ascribed to the 
fact that in Luhr’s experiments in H 2 the electrons were largely 
free. In N 2 and Ar they should also have been free. Bradbury, 66 
however, later showed that in Luhr’s experiments with N 2 and Ar 
only about one-third of the electrons were free, while in H 2 the 
fraction was considerably greater. 

This leads one to inquire into the value of a e for free electrons 
and ask how it is that free electrons with a very high velocity 
of diffusion apparently recombine slowly with positive ions, for 
C e is very high compared to C\. The answer is easy to find. 
Even the heavy ions find it hard to recombine, i.e., to describe 
permanent orbits about their common center of gravity, owing 
to the excess of energy gained from the field and the thermal 
impacts. In Thomson’s theory at least one or two impacts 
with neutral molecules are needed to take up the energy to make 
recombination possible. In the case of electrons, as will later 
be learned, the impacts are very much more elastic and the 
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electron finds it very hard to lose its excess energy through 
impact. In fact, the only way in which the electron can lose 
it§ energy in the process of recombination is to fall into a vacant 
electron orbit in the positive ion and emit radiation whose 
frequency is determined by the relation hv = hv 0 + /4nw 2 , where 
vo is the frequency for a free fall from infinity to the orbit in 
question and mv 2 is the excess energy of the electron. 47 Such 
a radiation emission is a process whose a priori probability is 
exceedingly small. Thus the electrons remain uncombined in a 
gas. No direct observation of a e for electrons has been made 
under conditions similar to those for ions. At very low pressures 
Kenty 86 has estimated a for electrons in Ar to be of the order of 
10~ 10 . On the other hand, for molecules like 0 2 the chance of 
attachment of electrons on impact, while a function of the velocity, 
is of the order of 10 -4 at velocities near that of thermal agitation 
(see Sec. 109). In N 2 , if pure, the probability should be 0, but, 
if molecules like Cl 2 , where the probability of attachment may 
be 10"" 1 or greater, are present even in 1 part in 10 6 , most of the 
electrons would have attached in 0.01 sec. Thus in most 
gases, even when supposedly pure, free electrons attach to 
molecules to form negative ions more rapidly than they recombine 
with positive ions. Even were the probability of recombination 
of electrons and positive ions commensurate with attachment 
to neutral molecules, in view of the greater concentration of 
molecules attachment would occur much more frequently. 
Thus, for instance, ion densities are rarely greater than to 10 7 ions 
per cm 8 , which means in air at atmospheric pressures in a gas they 
are present in a concentration of 10“ 12 , while impurities even in 
the purest gases are present in concentrations of 10“ 7 . Hence, for 
equal probabilities of attachment and recombination, attachment 
would occur more often than electron recombination. Then, if 
recombination of ions is more rapid than the electron attach- 
ment, the apparent value of a will depend on the rate of ion 
formation. It is suspected that this was the process that gave 
Luhr’s values in H 2 . Further experiments on a in pure gases 
are now in progress in the Physical Laboratory of the University 
of California with a hope of clarifying this problem. 

108. The Mobilities of Electrons. — According to the elastic- 
collision theory of Langevin 2026 for the mobility of a charged 
carrier, derived in Sec. 103, the mobility of such a carrier is given 
by 
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K, = 0.815— 7r\/— tt— ' 
m C i\ M 

where m is the mass of the carrier, C\ the square root of its mean 
squared velocity, M the mass of the gas molecule, Xi the free 
path of the carrier, and e its charge. This equation should be 
applicable to the case of the electron where m is the mass of the 
electron, C\ the square root of its mean squared velocity of 
agitation, and Xi its free path. Theoretically Xi is 4\/2 times 
the mean free path for the uncharged gas molecules (see Sec. 24). 
Actually electron free paths vary with velocity in a very 
complex fashion and over a wide range (see Sec. 25). In rigorous 
calculations these values should be used. The mean free path 
of the electron, due to its much higher velocity, does, however, 
not appear to be reduced by the presence of its charge, in the 
same way in which this holds for the ions. At any rate, it 
may for the sake of simplicity be assumed that the value of 
Xi for an electron is 4\/2 that of the molecules. It might 
then be expected that the mobility of the electron could be 
computed by assuming C i a constant given by the velocity 
of thermal agitation of the gas. Now this is not the case. 
Franck and Hertz 62 were among the first to show that the electron 
in monatomic gases makes almost completely elastic impacts 
with the atoms. The many investigations on radiation and 
ionization potentials have shown that this is largely true for 
all gases, unless the electron has an energy } which is great 

enough to excite one of the electrons of the atom or molecule to 
emit light, or to remove that electron, that is, there seems to be 
no or little loss of energy on impact between electrons or mole- 
cules unless the electron has an energy J^mC 2 = hv f where v is 
the frequency of the light emitted and h is the Planck constant. 
For most gases hv leads to an energy equivalent to a fall of 
potential of several volts, that is, to an energy of 10~ 12 erg. 
The reason for this is quite clear. Unless on an impact the 
energy of the electron goes to deform the atom or molecule, 
that is, to displace one of its electrons, its energy loss must obey 
the laws of elastic impact. The quantum theory says that the 
deformation cannot take place unless the electron has the 
quantum of energy to move one of the molecular electrons to 
one of the outer orbits. This it cannot do except under the 
conditions above. Now in an elastic impact the electron trans- 
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fers an energy to the molecules which depends on the relative 
masses. It is given by the relation 3 * 86 

✓ ,/mV, Mo>*\ * 

' - 2 ImA‘ - Sc?/ 

where Afw 2 / 2 and mC i 2 /2 are the average kinetic energies of 
molecules and electrons, m is the mass of the electron, M that of 
the molecule, and / the fraction of the energy lost at an impact. 

For the case where C i > > w, / = 2-^* For an N 2 molecule and 

an electron,/ = 0.0000384, and for the helium atom, it is 0.00027. 
Thus the loss of the energy is very small. An analogous mechani- 
cal example would be the loss of energy of a perfectly elastic 
tennis ball thrown against the side of a small boat, where, owing 
to the great mass of the boat, the loss of energy of the tennis ball 
to setting the boat in motion would be very small indeed. The 
very small energy transfer to a molecule by an electron explains 
why the electron only loses larger amounts of energy to electrons. 

The question of inelastic impacts of electrons with atomic or 
molecular structures is, however, much more complicated than 
appeared at the time of the writing of the first edition. Franck 
and Hertz 62 had observed only elastic impacts in the inert gases 
and Hg at energies below the radiating or ionization potentials 
derived from their spectra. This was also found to be strictly 
true for He by Compton and Benade. 63 In theory it should be 
true for any atomic structure, although for some of the alkali 
atoms the radiation potentials lie at very low energies, viz . , about 
1 to 2 volts. For molecular structures the case is different. 
The energy levels in most molecules, both electronic and other- 
wise, are very complex and in many cases not well known. In 
addition, the molecules have rotational energy and energy of 
vibration of the atoms in the molecule. Now, owing to the 
small mass of the electron, one would not expect it to be able to 
lose energy to the massive atoms in the molecule or to the mole- 
cule itself to cause energy losses to vibrational or rotational 
changes of state, even though rotational frequencies are in the 

* This equation due to Compton 3 has recently been more rigorously cal- 
culated by Cravath 86 for the general case with Maxwell’s distribution of 
velocities. It gives the numerical factor 2.66 instead of 2.00 given above 

«n<l takes the form / - 2.66 (l - Jjgf,)* 
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hundredths of an equivalent volt and vibrations in the tenths of 
an equivalent volt of energy. Regarded from this point of view 
it is true that the electron by direct impact cannot produce such 
changes as it has not mass enough. In an indirect fashion, how- 
ever, the electron can lose energy to vibrational states. The 
vibrational levels are different in molecules as the electron levels 
change. The same is true of the rotational levels as those depend 
on the moments of inertia of the molecule, and this varies with 
vibrational and electronic states. It has been shown that per- 
turbations produced in the electronic molecular structure by 
rapidly moving electrons whose energy does not suffice to change 
electronic levels in the molecule can cause changes in vibrational 
levels in the molecules. Hence, by changing for a short time the 
electrical conditions in the molecule while effecting no permanent 
electronic change, there is the chance, depending on the phase 
of the vibration existing at the instant, of producing vibrational 
energy changes. Thus the impacting electron which is unable 
directly to transfer energy to the vibrating atoms and which has 
too small an amount of energy to give to molecular electronic 
levels can still lose energy to the vibration in molecules, and 
these losses can be in volts or fractions of volts of energy. The 
probability of such energy losses, however, is rather small com- 
pared to the probabilities of radiating or ionizing impacts when 
the electron has the threshold energy for such effects. The 
mechanism of such losses is clearly described by the Franck- 
Condon 87 mechanism of dissociation and intensity distribution 
in band spectra by electron impact. Thus, unlike the atoms, 
molecules have some very low electron-energy states, 0 2 having 
a metastable level at 1.62 volts and apparently another level 
at about 1 volt. In addition, vibrational transitions of all 
degrees of energy loss are possible when the molecule is perturbed 
by a slow electron. It is not strange then that Franck and 
Hertz found electron impacts in H 2 somewhat inelastic and 
those in N 2 badly so, while results in 0 2 could not be achieved. 
H 2 and N 2 are free-electron gases, while 0 2 attaches electrons 
to itself, thus giving “inelastic” impacts of still another sort. 
In 0 2 , thus, electrons lose energies very readily and Bradbury 74 
has observed the inelastic impacts at 1.62 volts. The loss of 
energy of electrons in H 2 and N 2 has been studied by Baerwald 88 
and the fractional loss / is of the order of 1 or 2 per cent per 
impact. In N 2 and CO the problem was studied in detail by 
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Harries , 89 who observed a class of inelastic impacts in which elec- 
trons suffered serious energy losses in rather rare impacts, which 
are well below the lowest electronic radiation levels. This 
accounted for the average energy loss determined by others in 
more statistically conditioned experiments. Thus one will 
find that, in all molecular gases, / will be greater than the value 
to be expected from elastic impacts such as occur with inert gas 
atoms. It is for this reason that electrons gain their higher 
terminal energies so easily in the inert gases and that these 
show correspondingly lower breakdown potentials than do the 
molecular gases. 

With the low rate of energy loss, one can turn to the behavior 
of an electron in a gas where an electrical field of low value exists. 
Here between impacts the electron gains an energy Xed from the 
field X, where e is the electron and d the component of the electron 
free path in the direction of the field. This energy plus the 
energy of thermal agitation it retains at its impact, except for 
the fraction /, which it loses. As / is small, the energy will be 
practically that gained in the field. As this goes on over several 
free paths, the energy of the electron mounts higher and higher. 
The energy gained, however, results in an increased velocity, 
which, owing to the electron's small mass, is not directed along 
the field but takes on all directions which the random motions 
of the electron, as a result of the collisions, demand. Thus what 
really happens is that the electron gains in energy and velocity, 
but the velocity is not in the direction of the field but a randomly 
directed velocity, or a heat motion. The temperature of the 
electron in virtue of the external field increases above that of 
the surrounding gas molecules. This process will go on until the 
fractional energy loss multiplied by the average energy of the 
electron equals the average rate of gain of energy by the electron 
from the field. The electron then reaches a steady state when it 
loses energy at impacts as fast as it gains it from the field. It has 
then gained its terminal velocity in the field, and it has a terminal 
energy well above that of the gas molecules about it. If the field 
is cut off, it loses this gradually, eventually attaining equiparti- 
tion. If the field is high, the electron may gain radiation energy 
before it reaches the terminal state. It may then collide inelas- 
tically and again start from rest. In the mobility measurements 
the fields are such that this never occurs, so that it will be 
overlooked. 



APPLICATION OF THE KINETIC THEORY 


605 


Accordingly, in the mobility measurements where the electron 
gains its terminal speed very soon, the factor mC i 2 is not the 
energy of agitation of the molecules of the gas but a much larger 
quantity. To Townsend 16 belongs the credit of having seen this 
first. He represents the value of C i as y/kC = C 2 , where k is 
the ratio of the energy of the electron in the field to the energy of 
the agitation of the molecules. This k he succeeded in evaluating 
from measurements which he made of the diffusion of electrons 
at low pressures. Thus he found for electrons in air the values 
given in the table below : 


p in mm 

A' in volts /cm 

j 

V 

k 

18 5 

40 

2 16 

24.0 

12 0 

30 

2 5 


1 8 

4 

2.2 

ksh 

3 7 

40 

10 8 


1 8 

20 

11 1 

46.5 

0 95 

10 

10 5 

45 5 


These show that k is considerable and that it depends on the ratio 
of field strength A r to pressure p. In the latter case the value by 
which C would have to be multiplied to give the true value would 
be about 6.8. It is obvious that the terminal energy and hence 
the factor k must vary with the field strength, the free path, and 
the value of the quantity /. The first attempt at a theory of this 
was made by Loeb 2 in 1921. Later Compton 3 took up the compu- 
tation from the standpoint of his measurements on f and arrived 
at an interesting theory, which, in the absence of more definite 
information about some of the quantities entering into the 
equation (notably Xi), leads to satisfactory agreement with 
Townsend's 64 results for electron mobility. In what follows, 
Compton’s* treatment of the problem will be given. Compton 
starts, as was done above, from the Langevin equation for electron 
mobility 

K = 0.81 5- h h+M = 0.75- L», 
mC i\ M m Ci 

* In &n article by Compton 2 * and Langmuir, Compton gives a new and 
much more rigorous derivation. This derivation is far more extensive than 
the one given above and there is little space for it in this text. It is more 
accurate but in principle and results differs little from the above. 
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as m is small compared to M. In a field X the average distance 
which an electron advances in a second in the direction of the field 
is KX. But ci/Ai is the average number of impacts made in 1 
tec. Thus S, the average advance of the electron in the field 
between successive collisions, is 


Converting 


8 


M , 0 . 75 ^. 

Ci me i 2 

Xt 


Ci = \/0.849Ci 


and calling eU « %mCi 2 , then S = 0.441 

U is thus the energy of the electron in equivalent potential 
drop. As was stated before, the fraction of the energy lost at 
each impact of an electron with a molecule follows from simple 
dynamics. 8 It is given by 


' -*( 5 - 6 ) -* 50 - 5 } 

where Q is y^Ma) 2 in equivalent volts. The terminal speed may at 
once be computed, for in going a distance dx in a field the electron 
gains an energy eXdx , and it loses an average of feU at each of the 
dx/S intervening collisions. The net gain in energy is 

edU = eXdx - fell—- 

O 


Putting in the values of / and S from above, 

~ = X - 4.536 
dx Ai 2 Jlf a 

To get the terminal speed, it need only be remembered that when 
this is arrived at, ^ = 0. Thus, 


Ut - + 


4 


a 2 w* 

4 + 4.536m ’ 


* Compton’s** more recent equation gives U t as 
„ 8 , r«> , X,*X*(JW + 

u,m 2 +LT+ 5.32Mm " J 

including Cravath’s 8 * correction. 
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in equivalent potential drop. If this be transformed to terms of 
J^mCV = Ue, and the mean energy of the molecules is given as 
eQ — aT = % MC t , and, if C 2 = 1.086c*, then 


(c*), = 


1 r aT + ( a'T* + 

1 . 086 \/otL \ 


X,WX ! eYl M 

1.134m / 


For many cases or aT is so small that it can be neglected, so 
that 

(*. = 0.891 

\ m \ra / 

Accepting Xi = 4\/2X, U t may be computed as a function of X/p , 
the field strength in volts per cm divided by the pressure in mm 
of Hg. The results of such a computation for several gases 
are given below: 


Gas 

Ji 

\ m 

Xi(in cm) 

U t (volts) 

He 

85.9 

0.1313 

5.30- 

5.86^ 

Jf 

2.40 — 

l 


271.5 

0.0461 

H, 

60.8 

0.0842 

n 2 

227.4 

0.0435 

4.65 - 

OO. 

285.0 

0.0290 

3.88- 

l 

3.85- 

V 

Hg 

608.0 

0.0135 


This table holds for X/p of such a value that U t is considerably 
greater than a value of U = 0.0372 volt, the mean velocity of 
thermal agitation. It also holds only below values of X/p 
where U t is less than a critical potential for radiation. When an 
electron has the terminal speed under the conditions specified 
above, the average number of impacts per cm advance in the 
gas is given as 

I = 1M5 IK. 

8 Xi \ m 

It is of advantage to know how rapidly the electrons acquire 
their terminal speeds, that is to say, how far from the cathode 
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they get before they acquire them. This is obtained from the 
value of 

dU __ v , co/5 TT (U - 12) 
dx - x 4.536ml/ ^ MX * 


Designating the constant 4.536- 


m 4.536 p 2 m 


^ - .0 as a 2 , and inte- 

XiW X 2 ioM 

grating from U = 0 at x = 0 to £/ = £/ at x = £, then U at x cm 
from the cathode is 


u = + X 


4 


+ 


n 2 e 


\l— -f 

, \la*^4X* _ l 


4X 


2a z\U7™L 

, \ a * + 4 X* 


+ 1 


If X = 0, U = 12, and if the field is so large that 12 may be 
neglected, 

r/ = x e2ax ~ 1 

a e 2ax + 1 

When x is large, (7 approaches U t = — 

The distance d that an electron has to go so that its energy 
reaches a fraction <f> of its terminal energy can be obtained by 
setting U/U t = 4> and solving for the particular value of x = d 
required. It turns out that 

d = rH- 

The average number of collisions n made in going x while getting 
its terminal speed is 


' " X J* * X oBlbx*- 


for 


1 

S 


V 


0.441Xi 2 X 


From the equation for U, this is 

(im)[ l0R ^ + e_2 °* + “ lo 8 4 1- 

Thus the average number of collisions m made in acquiring <t> is 
obtained by putting d for x in the above 

M . 1 

^ = i^ log r^T 2 
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These results are summed up in the following table. They are 
of use where the question of the terminal velocities of electrons 
enters in. 


p, in mm 

4 

He, d in cm 

in cm 

Hg, d in cm 

760 

0.1 

0.00064 

0.00057 

0.00047 


0.2 

0.00131 

0.00115 

0.00096 


0.5 

0.00356 

0.00313 

0.00262 


0.9 

0.00953 

0.00840 

0.00708 


0.99 

0.01710 

0.01507 

0.01260 

IQ 

0.1 

0.049 

0.043 

0 036 


0.9 

0.724 

0.638 

0.533 

1 

0.1 

0.49 

0.43 

0.360 


0 9 

7.24 

6.38 

5.33 


* These values theoretically apply to N*. Actually, as shown on p. 603. these data have 
no significance owing to energy losses in Ns to vibrational and other excitations. 


From the value for V t and thus c 2 *, the electron mobility can be 
at once obtained, for it is merely necessary to replace the Cr 
of the Langevin equation for electron mobility by this factor to 
get K n the electron mobility. Thus K e becomes 


K t = 


0.815e\, 


\/ 1 


*1 ctT + ^ a 


2J»2 _j_ 


XiWXvY*]* 
1.134m / J 


When the terminal velocity is large compared with the molecular 
velocities, the equation reduces to the form 


K ex = 0.842 


i 


c\i 


X\ZMm 


0.707 



The complete mobility equation in terms of a is then 


0.815 cXi 

It is seen here that the mobility is not a constant but is a 
function of X/p , for X 2 Xi 2 is (l/p) 2 X 2 X 2 i 0 , where X l0 is the mean 
free path at 1 mm. As X/p increases, it is obvious that K t will 
decrease. Thus the velocity of the electron in a gas in an 


* Compton’s’* new equation for electron mobility replaces 0.815 by 0.921 
and 1.134 by 1.33. 
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electric field increases more slowly than proportionally to the 
field strength. It is obvious that the greater the inelasticity of 
impact (t.e., the greater the fractional loss of energy at an 
impact/) the less the value of K e will depart from a true mobility, 
and the more slowly K e will vary with X/p. 

The equation can be compared with experiment by remember- 
ing that Xi = Xio /p. Doing this the mobility constant (the 
mobility reduced to 760 mm pressure and 0°C.) K e0 is given by 

2.54 X 1Q 6 X 10 * 

1 + (l + 1.355 X 10W lo (f)7f 



It remains, therefore, only to put in the values of M f Xio, and 
(X/p) to get K eo . 



The results for H 2 are given in Fig. 76. The crosses represent 
Townsend and Bailey's 64 data, the points Loeb's 8 data, taken by a 
more direct but more fallible method. The mobility K ett is 
plotted as ordinates in cm/sec. against X/p in volts/cm per mm 
pressure. The smooth curves 1 and 2 represent the theory for Xio 
= 4i\/2\ 0 for H 2 molecules, and Xio = 0.58 (4-\/2)Xo for H 2 mole- 
cules. The former curve fits Townsend and Bailey’s data better 
than does the latter. 


* The most recent equation of Compton 87 differs only slightly replacing 
the 2.54 X 10* by 2.71 X 10* and the 1.355 X 10* by 1.106 X 10«, and 

( 273\ y* 
-yr) * 
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The results in N 2 are given in Fig. 77. The results of the dif- 
ferent workers are represented as before. In this case the one 
result of Townsend and Bailey in the region studied by Loeb 
agrees with his values fairly well. The smooth curve 1 is calcu- 
lated from theory, assuming that the mean free path for N 2 has 
the value 4\/2Xo for molecules = 0.0405 cm at 1 mm pressure. 
This does not fit the data. By choosing / = 0.05, instead of 
0.000038, the true value, curve 2, is obtained. This fits the data 
less well than curve 1. Finally, if / is taken as 0.000038 but Xio 
is taken as 4(4\/2Xo), or 0.1620 cm at 1 mm pressure, curve 3 is 
obtained. This conclusion that the mean free path in nitrogen 
is longer than the kinetic-theory value was drawn by Loeb from 
his original measurements. The existence of abnormally long 
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mean free paths of electrons in some gases has been shown by 
Ramsauer, Mayer, and Brode (see Sec. 25). They were not 
found in N 2 at the higher velocities worked at. It is possible that 
at the low terminal velocities at X/p = 0.1, where U \ is less than 
0.4 volt, the N 2 which is similar to argon also shows abnormal 
mean free paths. The points at higher values of X/p and of U t 
fall nearer the curve with the normal value of X i0 . Another strik- 
ing confirmation of the theory was made by Wahlin 55 in N 2 at low 
values of X/p , that is, near 0.01, at the same time as Compton’s 
paper was in press. The peculiar intercept of the theoretical 
curve with the axis of ordinates was experimentally observed in 
N 2 by Wahlin. The latter, however, treated his curve in a differ- 
ent manner theoretically. He finds that a Xio which varies with 
velocity is needed. He also employs a higher / to attempt to get 
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agreement. This is justified by present knowledge, but the 
manner in which the energy loss should be applied may not be 
justified. Perhaps the best one can do is to apply the observed 
average energy loss inferred from experiment. Curve 4 in 
Fig. 77 is the case for N 2 when impacts are completely inelastic. 
It is seen that K is much higher than the observed values. In 
Fig. 78 the values of Townsend and Bailey at high values of 
X/p are given. Up to X/p equal to about 5, the curves fit 
fairly well. Beyond this the observed values are distinctly 
higher than the theory demands. Compton concludes that this 
represents an increase in / due to inelastic impacts, for here U t 
is 23 volts in magnitude, which lies well above the ionization 
potential for N 2 . 



In Fig. 79 are given the results of Loeb in He. They are more 
in accord with the theoretical curve 2, for which Xi 0 is 0.5, the 
kinetic-theory value, than with 1, for which Xi 0 comes from the 
kinetic theory. The curve for 0 2 (Fig. 80), represented by 
crosses, comes from the data of Townsend and Bailey. This is 
the worst failure of the theory, for using / and Xm from the kinetic 
theory the computed curve is given by the full curve 1. Measure- 
ments in this gas, however, are highly questionable, as the elec- 
trons, on the average (in 40,000 impacts), attach to form ions. It 
is, however, quite possible that in this gas the electrons suffer 
less elastic impacts than in the other gases studied. A higher 
value of / would explain the result better than a higher Xi 0 . It 
may be noted that the measurements in 0 2 correspond to about 
8 volts terminal velocity while energy losses are now known to 
occur as low as 1,62 volts, if not at still lower values. 
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The conclusion which can be drawn from the applications of 
the kinetic theory to the problem of electron mobilities is that 
the theory, in spite of the complexity of the problem, is more than 
qualitatively successful. 

109. Attachment of Electrons to Neutral Molecules in Gases 
to Form Ions. — It was stated in Sec. 102 that the mobility of 
negative ions in gases was inversely proportional to the pressure 
down to very low pressures when ions that had been already 
formed were measured. Before the work of Wellisch 8 ’ 56 in 1915 
this was not believed to be the case. It was observed by many 
workers that the mobilities of photoelectrically generated ions, 
measured soon after liberation from a metal plate in the measur- 
ing field, began to become abnormally great at 100 mm pressure 
in air. This was ascribed by numerous observers to a breaking 
up of the negative ion cluster by impacts with gas molecules. To 
Wellisch is due the credit for having investigated the mobilities 
of negative ions when formed behind a gauze, at low air pressures, 
after they had come through the meshes of the gauze. He found 
two classes of carriers, one which he showed were normal ions of a 
mobility constant close to the value accepted for normal negative 
ions, the other which he asserted were free electrons. The 
effect of the gauze and the weak auxiliary field back of it was to 
delay the photoelectrically liberated electrons, or electrons which 
were caused by radium radiations, until they formed ions. This 
Wellisch did not know. In fact, as he did not compare his results 
with the results of workers who had used no gauze, he devised 
another explanation. He assumed that an electron, when liber- 
ated, must have the energy e 0 necessary to attach to a molecule to 
form an ion. If it has not this energy it will never attach and 
will remain permanently free. Thus one has either ions or per- 
manently free electrons. In 1920, Loeb 9 undertook the problem 
and repeated Wellisch’s experiments. He completely corrobo- 
rated the observations of Wellisch. But he further observed that 
the relative number of ions and free electrons depended on the 
pressure and auxiliary field strength which allowed of only one 
interpretation. It showed that the free electrons were not per- 
manently free. In fact, it showed that ion formation was con- 
tingent on the condition that the electrons spend a sufficient time 
in the auxiliary field before being studied. If the pressure and 
field strength were such that the time was short, only electrons 
were obtained; if the time was long, only ions were obtained. By 
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increasing the auxiliary field strength so that the electrons had a 
very high energy, no increase in the number of ions formed was 
qbserved by Wahlin, 61 who was then working with Loeb. Thus 
the Wellisch theory was found to be wrong. 

The experimental work and viewpoint on this problem were 
very much aided by a theory of J. J. Thomson. 16 Thomson 
attempted to explain the abnormal increase of mobility of photo- 
electrically liberated ions at low pressures in air as follows. The 
ultra-violet light used liberates electrons. These do not attach 
to molecules to form negative ions at their first impact. If it 
be assumed that the electron requires, on the average, n impacts 
before it can attach to form an ion, where n may be a large 
number, then it is possible to explain the phenomenon. This 
amounts to assuming that the attachment of an electron is a 
chance phenomenon, depending on where it strikes the molecule 
or under what energy conditions the impact takes place. For 
each chemically different gas this would be different, depending 
on its chemical nature. For simplicity , Thomson assumed n 
to be a constant, independent of velocity, characteristic of each 
gas. That this is probably incorrect in some measure will be 
seen later. As a first approximation, it is, however, sufficient. 

This constant n has other interests. Many discharge-tube 
phenomena had indicated that in certain gases the electrons 
apparently did not remain free, or were not present. In others 
they appeared to be so. It was Franck 57 in 1910 who first 
found that in carefully purified He the negative carriers had 
a mobility of several hundred cm/sec., while the positive carriers 
had the mobility of the normal ions to be expected in He. He 
interpreted these results as meaning that the negative carriers 
in He were free electrons. He found the same to be true in Ar 
and N 2 gases. In the latter gas he gave the value of 200 cm/sec. 
observed for the negative carriers as the electron mobility in N 2 
at atmospheric pressure. It was the observation by Loeb on 
repeating Franck's work of mobilities of over 1,000 cm/sec. in N 2 
which led to the electron-mobility investigations discussed in 
Sec. 108. Franck concluded from his investigations that the 
gases had electron affinities which varied with the chemical 
nature of the gas. This term was also associated with the electri- 
cal charge taken in polar compounds by the atoms. Thus, 
atoms like H, Na, Mg, or A1 were called electropositive, while O 
and Cl were electronegative. That He and Ar, which are inert 
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gases, should leave the electrons free was not surprising. N in 
many cases, however, is chemically electronegative, while the 
N 2 molecule seemed to shun electrons as much as He. The more 
electronegative gases like 0 2 and Cl 2 were, owing to their associa- 
tion with the electronegative atoms, considered to be admirable 
electron traps. This was borne out by their behavior in discharge 
tubes. It is, however, known today that the electropositive or 
electronegative character of an elementary atom is a property 
of the atom, due to the fact that the stable outer configuration 
of electrons in the atom seems to build around the number 8 in 
certain portions of the periodic table. 68 This striving towards 
completion of an octet, however, is definitely applicable to the 
atomic state. It depends on the nature of the electronic con- 
figuration of the molecule whether the addition of an electron 
to its configuration will increase its symmetry and therefore its 
stability or not. At the present time this is not predictable for 
molecules, and the association of electronegativity in the atomic 
sense with molecules is doubtful. 

That electrons do make negative ions in some gases and not in 
others is, however, an observed fact which need have no relation 
to the atomic behavior above. The term electron affinity 
may then be applied to describe the behavior of a molecule 
towards the electron. It is then necessary to find more than a 
qualitative measure of this property. Two roads to this are 
open. The one would be to find out what the ionizing potential 
of the extra electron of the negative ion is. This, of course, 
could be determined by the frequency of the shortest wave length 
of the light emitted when an electron is attached to a molecule 
to form an ion. This multiplied by the Planck constant would 
give the energy necessary to remove the electron. Up to the 
present, investigations of this nature have yielded no result and 
one cannot measure electron affinity in this manner. The 
second procedure would be to get a quantitative measurement of 
the average number of the impacts required by an electron with 
a given type of molecule before it could attach. This quantity 
is precisely the quantity defined by J. J. Thomson as n, his 
constant of attachment. It is thus necessary to devise a means 
of determining this. If the number of impacts which an electron 
makes in going a given distance in a gas under an electrical field 
could be measured, and if the number of electrons, n* out of JVo, 
that traverse a distance x in the gas in the field without attach- 
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ing could be measured, there would be a means of getting n, 
the constant of attachment. The number of electrons which go a 
distance x in a field without attaching must be derived from the 
assumptions as to n as related to the kinetic-theory constants 
before the value of n can be computed from any data. To 
deduce this expression, one may proceed as follows. Assume 
that it takes n impacts, on the average, for an electron to attach 
to a molecule, where n is a constant of the molecular type alone. 
If the average velocity of agitation of the electron is c 2 and its 
mean free path Xi, it makes c 2 /X 1 impacts per second. If it 
is in a field of X volts per cm it moves K e X cm/sec. in the 
field, where K e is the electron mobility. It therefore takes 
1 /K e X sec. to move a cm in the direction of the field, if it has 
its terminal speed (see Sec. 108). In this time it makes c 2 /(\iK e X) 
impacts. Thus in going x cm in the direction of the field it 
has xci/ (\\K e X) impacts. If attachment is purely a chance phe- 
nomenon, taking, on the average, n impacts for an attachment, 
the number dy out of y electrons attaching between x and x + dx 
can be written as 


dy 


c 2 dx 

aV \yK'X 


where the quantity c 2 /\iK e X is the quantity by which the dis- 
tance dx in the field must be multiplied in order to give the 
number of impacts in going dx cm. In this equation a is a 
constant to be evaluated from the equation obtained. Thus 


or 


dy _ c 2 a 
y ~ 


dx, 


act 

y = Ae 


If x — 0, y — No, the number of electrons starting, and thus 


qg; 

y = Noe~ MKexX , 

that is, y , the number of electrons going x cm in the gas without 
attaching, is found by multiplying the number N 0 starting at 

qga 

y - 0 by e XlX ‘ x * To get x, the average distance the electrons 
go without attaching, one can write 
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and 


Call 

then 



Cl 

x,x,x ~ n ’ 


X 



N oaTjxe^^dx 


Noarje dx 


2. 

art 


But in going x cm the electron has x rj impacts. Thus the aver- 
age number of impacts which the electron makes before attaching 
is xrj = rj/arj = 1/a. Therefore 1/a is the average number of 
impacts which the electron makes before it attaches. This is n, 
the average number of impacts required to attach. Thus the 
number of electrons out of No which go x cm without attaching in 
a gas is given by 


y = N 0 e " * = N 0 e " x ‘*-** 


It is often more convenient to use this in another form, as Xi 
and c 2 are not known. The equation for electron mobility says 
that 


K . = 0.815 - ~ 

m Ci 


0.75 — 4- 1 ' 

m Ci 


where Xi is the electronic path and Ci is the average velocity of 
agitation of the electron in the field. Thus 


and one has 


Xi mKe 
di 0.75e 

0.75ex 

Noe •"•CW*. 


As 


0.75e 

m 


is 4.06 X 10 17 in electrostatic units, and if if, is to be 
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given in cm/sec. per volt/cm to correspond with X , this must 
be multiplied by 300; the equation reads 

1.35 X 10 t5 s 

y = N 0 e n(K.)*x _ 

The equation holds wherever K e is known and n is constant. It 
must be pointed out that the value of K e is usually measured or 
computed for electrons where c 2 has reached a terminal value. 
In experimental attachment work where n is small this is not the 
case, and K„ must either be measured directly or else computed 
for velocities c 2 that are not terminal velocities. 

The first attempts made to measure n were due to Loeb, 17 and 
later to Loeb 69 and Wahlin. 51 The effect of the attachment 
and its consequent change of mobility of the carrier on the shape 
of the current-voltage curves obtained with a square-wave-form 
alternating current has been rigorously worked out by Mooney 
and Loeb. It is given, together with the attempt at experimental 
verification, in an article by Loeb. 69 The paper shows that it is 
possible to get a fairly accurate quantitative agreement using 
the uncorrected electron mobilities taken in air. With the intro- 
duction of the corrections to the electron mobilities, agreement 
is no longer possible. The reason for the lack of accurate 
agreement unquestionably lay in the variation of the attachment 
constant with electron velocity. Bailey, in Townsend's labora- 
tory, measured the attachment constant n, or better its reciprocal, 
the probability of attachment h, by the analysis of the rate of 
loss of electrons and ions by lateral diffusion in a beam of what 
were initially electrons moving under a field in air at low pres- 
sures. He observed the values of h or n for air and found that 
these depended in a distinct fashion on the velocity, or, better, 
the energy of the electrons, h decreasing and v increasing as the 
value of the energy increased. Hence n or h is a function of 
X/p which must be included in the equations of Loeb in order 
to evaluate h. The complexity of the equations and the difficulty 
in obtaining accurate values of electron mobilities at higher 
pressures made an attempt to deduce the variation of A as a 
f(X/p) from these data impossible. 

Despite this fact these early studies yielded an approximate 
value of n for air in a given region of (X/p) which was of value, 
as it then was the only estimate of this quantity. 90 The terminal 
energy could not be calculated for these values of X/p in air, 
but even then the results served as a useful constant in discussions 



APPLICATION OF THE KINETIC THEORY 


619 


of ionic behavior in the absence of more accurate data. The 
value of n deduced for air from these measurements was about 
2 X 10 6 . As electrons do not attach to jV 2 , these must all 
attach to 0 2 molecules, and n for 0 2 should be about 4 X 10 6 . 

At an earlier date before the values for electron mobilities were 
known at higher pressures, Loeb 17 and Wahlin 51 had measured n 
for a large number of gases. Using doubtful values of K e , they 
arrived at the table of values for n given below. It is question- 
able whether the values are accurate in more than order of magni- 
tude. They do differ, however, so widely in order of magnitude 
that even these crude early results give a good idea of n . In 
any case, they are the only estimates to date of this constant in 
different gases. 90 


Attachment Constant n 


Gas 

n 

Comment 

n* 

i 

00 


Hi 

00 


CO 

1.6 X 10» 


nh 3 

9.9 X 10 7 


c 2 h 4 

4.7 x 10 7 


c 2 h 2 

7.8 X 10' 


c 2 h 6 

2.5 X 10“ 


CO* 

1.5 X 10 7 

Freshly prepared 

co 2 

3.5 X 10' 

4 hr. old 

CO* 

2.1 X 10' 

22 hr. old 

N*0 

6.1 X 10 s 


C2H5C1 

3.7 X 10 s 


Air 

4.3 X 10'* 



8.7 X 10> 


Cl 2 

Less than 2 . 1 X 10 a 



* The value of n for air was later redetermined using more accurate values 
for K t . It is about 2 X 10 6 . The value for O2 was found to be one-fifth 
of this, in accord with the supposition that the electrons attached to the 0 2 
in air. The value 2 X 10 6 is in agreement in order of magnitude with recent 
more reliable values of Bailey. 

While these results are not of more than qualitative value, 
they are significant, inasmuch as they give a definite though 
rough order of magnitude of the electron affinity of some gas 
molecules. 
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The difficulties in obtaining proper experimental values of n 
lie in the evaluation of K e , which must be determined at the same 
time that n is measured. A further complication is introduced 
if n depends on c 2 . This is assumed to be the case by Bailey. 
Bailey 18 tried to overcome the difficulty in measuring K t by 
obtaining measurements which determine the quantity c 2 /n\\K c 
= 0 as a function of X/p. He did this by measuring the ratios 
of the currents passing through holes in a series of plates separated 
by known distances. The ratios of these currents can, by 
theory, be related to /?, since the relative velocities of diffusion 
of electrons to the plates are greater than that for ions and can 
theoretically be computed. The measured ratios then give a 
factor which measures the number of attachments per unit X /p 
per cm distance in the gas as a function of X/p. If 0 is known 

for a given X/p , then by using the relation ~ = 0.75 — one 

Ai wi K e 

can get 0.75 ~ i = 0, and hence n = °' 75 e \ . J x 9 From 
m (K e ) 2 n m & (A,) 2 

the value of K t or, better, K t X — W y the velocity of the electron 
for the same value of X/p taken from the measurements of Town- 
send and Tizzard, n can be evaluated. In this fashion Bailey 
obtained 1 /n for air for certain values of X/p as 


X 

0 5 

1 0 

2.0 

V 

1 

w 

3.3 X 10~ e 

2 x i<r» 

0 7 X 10-« 

C 2 

3 3 X JO 7 

4.5 X 10 7 

6 X 10 7 


The corresponding values of C 2 , (0.92 C 2 = c 2 ) for X/p are given 
below the values of l/n as taken from Townsend and Tizzard’s 64 
results. They show that n has the values of 3 X 10 5 , 5 X 10 5 , 
and 1.4 X 10 6 in air at increasing values of C 2 of 3.3 X 10 7 , 4.5 X 
10 7 , and 6 X 10 7 cm/sec. His results show that n increases as 
the velocity of thermal agitation increases. This means that n 
is not a constant of the chemical nature of the gas alone but 
depends on the average energy of agitation of the electron. 
That n should increase as the energy increases is not surprising, 
for it is to be expected that, as the electron travels faster, a 
capture is more difficult to effect. This is in line with Wahlin’s 
results, who found that as the field increased the number of free 
electrons is not decreased as Wellisch’s theory leads one to expect. 
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Since the first edition of this text was written, Cravath, 73 in 
Loeb’s laboratory, applied a new method to the measurement 
of n or h devised by Loeb. In this a stream of electrons from a 
hot filament or other source is driven through a known distance 
x of air or gas at low pressure by an electrical field. At x cm 
from the source there is an equipotential surface having a grid 
of fine parallel horizontal wires separated from each other by 
1 or 2 mm and insulated. Alternate wires are connected to the 
terminals of a high-frequency alternating supply of potential 
in the order of 10 6 cycles per second. This high-frequency field 
served to remove any of the very mobile electrons left in the 
beam after the distance x had been traversed, without removing 
the slow negative ions. The latter reached the other electrode 
creating the field, and the ratio of the current to the grid wires 
to the total current gave the fraction of the electrons which 
had not attached in the distance x. Using the data of Townsend 
and his pupils on electron mobilities in air at low pressures, 
Cravath was able to obtain h or n as a function of the terminal 
velocity or energy of the electron. His results lay close to those 
of Bailey in air, but in 0 2 they extended to far higher values of 
X/p than did the previous measurements in air. Cravath found 
that h fell to a minimum at about 1 to 2 electron volts energy 
and started to rise again. He found that h appeared to vary 
with pressure when larger ranges of pressure were used. He also 
observed what seemed to be a detachment of electrons from 
negative ions in the intense fields about the grid wires when 
intense fields were used. The energy of detachment was about 
0.9 volt as estimated from the fields. 

The great defect in Cravath’s method lay in having to use 
electron-mobility data from measurements not made on the 
same gases with which he was working. It also suffered from 
difficulties involved in the use of the absolute values of the 
currents to the grid and plate which required correction for loss 
of positive ions to the grid wires, the failure to capture all the 
electrons, etc. 

Bradbury 74 in 1933 perfected an elaborate and beautiful 
method. He used two grids at distances x\ and x% from the 
source. He used an outgassed all-glass system (this was the 
first time such purity had been achieved in the work) and photo- 
electrons instead of the contamination-productive hot filament. 
Finally he used a method of determining electron mobilities 
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to be described later, which gave results to far higher values of 
X/p than before and which were taken in the same chamber 
on the same gas and nearly concurrently with the attachment 
data. The use of the two grids eliminated the errors due to 
failure to capture electrons, and due to the capture of ions, by 
giving similar values due to these losses so that the relative 
current values for x\ and £2 gave the real ratio of ions and 
electrons. The results justified his pains. He found no pres- 
sure variation in O 2 but found that the curve for h as a function 
of energy fell rapidly to a minimum at about 1 volt electron 
energy and rose again at about 1.62 volts, reaching a maximum 



Fig. 81 . 

and then falling again. The rise at 1.62 volts was due to the 
fact that at 1.62 volts in 0 2 the electrons lose energy to inelastic 
impacts and thus suddenly have an increase in h as the energy 
is decreased by inelastic impacts. Finally the average energy 
of the electrons increases again as they pick up energy in the 
field after the loss of the 1.62 volts and the curve ultimately 
falls. The observed curve is reproduced in Fig. 81. Studies in 
nitrogen-oxygen and argon-oxygen mixtures bear out his results 
and explain anomalies in the relative values of h in pure 0* 
and mixtures observed by Cravath, which could not then be 
explained. Bradbury's values agree with the partial results 
of Bailey 18 and of Cravath 78 where they overlap. Bradbury 
also observed the detachment of electrons at high grid-wire 
fields observed by Cravath and at about the same energy. It 
is possible that this may lead to a method of obtaining the 
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electron affinities of neutral molecules on a true energy basis. 
Bradbury is extending the method to other gases. In general, 
then, it is seen that the concept of J. J. Thomson was a most 
fruitful one, as it has ultimately led to the successful explanation 
of many phenomena and may ultimately lead to a real evaluation 
of the energy of ion formation. The rough values of n estimated 
by Wahlin 90 are justified as order-of-magnitude estimates 
which must serve until further work, such as Bradbury's, gives 
more significant and accurate values. 

110. The Photoelectric Current in the Presence of a Gas and 
the Theory of Ionization by Electrons. — It was stated in the 
introduction to this chapter that if electrons are liberated from 
one electrode in the uniform field of a plane-parallel condenser 
in the presence of a gas, the current rises at first in a nearly 
linear fashion as the field strength increases. Ultimately the 
current appears to approach a saturation value to be followed 
at high fields by a sudden increase due to the multiplication of 
carriers through the ionization of neutral molecules by impact 
in a field. It is of interest to study the rise of this current. As 
usual it will appear that the important parameter will be not 
the field strength X alone but rather the ratio of field strength 
to pressure X/p y where for convenience X is given in volts per 
cm and p is in mm pressure. The problem of the initial rise 
of the current was first solved many years ago by J. J. Thomson. 91 
This approximate solution, although actually correct, appeared 
to give results which were not in accord with experiment. It 
transpired that this was no fault of the theory but lay in the 
interpretation of one of the terms in the equation, which should 
have been at once understood after the elasticity of electron 
impact was recognized. In this discussion the subject will 
be confined to the case of free-electron gases such as the inert 
gases, pure N 2 and H 2 . For the case of the ionization by electron 
impact the gas discussed will be air because of the complete 
data at hand. In these discussions the intensity of the photo- 
electric emission of electrons will be considered so small that 
space-charge effects may be neglected as is the case where 
current densities of 10~ 13 amp. per cm 2 are encountered. 

One may now consider the conditions when a field X exists 
across two plates of a plane-parallel condenser from which w 0 
photoelectrons per cm 2 per sec. are being emitted by ultra-violet 
light, the space being filled with gas at a pressure p in which the 
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electrons remain free. In this gas the electrons have a mobility 
k e which is their velocity per unit field but may be in turn a 
function of the field, as was seen in Sec. 108. The electrons 
emitted are drawn across the plates by the field X and yield 
a current per cm 2 which is given by i = nk e Xe } where n is the 
number of ions per cm 8 , considered uniform between the plates. 

Now in the gas space the electrons are moving among the 
molecules and, in the feeble concentrations present, act like a 
gas having the partial pressure which corresponds to the n ions 
per cm 3 present, the repulsive forces being negligible. Such a 
gas will show a tendency to diffuse back towards the cathode, 
and the number of electrons returning to the cathode which 
reach it and are thus removed from the current can be calculated 
by the kinetic theory from the relation of Sec. 40a which says 
that the number of molecules striking a cm 2 of surface per 
second is given by v = nc/4 = nC/\ / % r, where C is the root- 
mean-square velocity. Thus the total emission current is 
partially lost by backward diffusion. Accordingly one can 
write that 


n 0 e 


nCe . 

V£ + '’ 


where n 0 is the emission per cm 2 per second, nCjy/^i r is the 
number of electrons lost by backward diffusion, and i is the 
current due to the movement of the electrons across the plates, 
these being the emitted electrons which have not been lost. 
Actually this assumes that the concentration of ions in the gas 
space is n all the way across the plates. This is not true, inas- 
much as the emission and reflection of electrons as well as the 
diffusion in both directions together with the action of the field 
doubtless set up a very complicated distribution r4gime. Never- 
theless, it happens that the simple assumptions lead to results 
in sufficient agreement with observation to warrant the rough 
approximation. Now it was shown that i = nk e Xe so that, 
ne ** i/k e X } whence 
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Since k, — (760 /p)K„ one can write 

n veR'-mV^ 
i = V ? 

C + K,-760\/br 
P 

it being remembered that for electrons in a gas K e is also a 

complex function of X/p. It is seen that, if C < < K e - L 760y/Eir 1 

v = . n 0 e f i.e.j the current approaches a saturation value, and 

if C >> K e -760Vbr, t.s., for low values of X/p , that i is 

nearly proportional to X/p , i.e. t that the current rises linearly. 
In any case i is a function of X/p that can be computed if n 0 e f 
C, and K e are known. Now n 0 e can be measured as it is the 
photoelectric saturation current which is easily obtained by 
pumping out the gas. It appears that with gases like H 2 or N 2 
the effect of a change in the density of gas from that at atmos- 
pheric to 10 -4 atm. does not materially alter the photoelectric 
emission if the light source is constant. When the metal is 
outgassed, on evacuation of the gas, however, the result would 
naturally be different. It was next observed that, while n 0 e 
could be measured, when the gas was present the values of i 
were always very far below the value of n 0 c, no matter how 
high X/p (even into the region where ionization by collision 
begins). When the values of the electron mobilities K e were 
available to test the theory in these gases, the observed results 
still did not appear to agree with the theory as it was applied. 
The difficulty was discovered by Loeb as Bradbury's 76 measure- 
ments under refined and stable conditions indicated the exact 
and serious nature of the departure. It had always been assumed 
that the electron velocity C would have the values appropriate 
to thermal equilibrium with the gas, since the electrons made 
many impacts with the gas molecules after liberation. It 
occurred to Loeb that it was probable that the loss of the electrons 
by backward diffusion must occur to the emitting plate. Now 
the electrons emitted by light from a quartz-mercury arc from 
a Zn electrode have an average energy in the neighborhood 
of 2 volts on emission. Before they can lose this energy, hun- 
dreds of impacts with N 2 or H 2 molecules are on the average 
required. These impacts will in general take the electrons far 
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from the cathode. Hence it is only the electrons with an average 
velocity given by J^mC 2 = hv — hv 0 for the photoelectric process 
which figure in the equation, where v Q is the photoelectric thresh- 
old and v is the average frequency of the incident light. This 
interpretation of the value of C at once gave the proper result. 

Y 

For, if C is of the order of about 2 volts, C >> K e — 760\/6ir 

V 

so that one is never near the saturation value as long as appre- 
ciable gas is present. When the gas density becomes so low 
that the plate distance is comparable with a few hundred mean 
free paths, the theory fails since the initial assumptions on which 
it was deduced do not apply. Another way of interpreting 
the significance of this assumption is to state that, in order that 
a large proportion of the electrons be saved from return to the 
plate, X/p must be such as to give an electron an energy of the 
order of a considerable portion of a volt in one free path. Before 
such fields are reached, however, ionization by collision sets 
in. Bradbury 76 inserted the proper value of C into his equations 
for i as a function of X/p and n {) e and by this means evaluated 
K e) the electron mobility, as a function of X/p. In this fashion 
Bradbury checked the velue of K e of Loeb in N 2 and of Townsend 
and Bailey for H 2 in the region covered, within'the accuracy of 
his assumed value of C . He was, however, able to go to far 
higher values of X/p than ever before, reaching X/p = 20 in H 2 . 
Had the source of electrons been a hot filament and the current 
density been low enough to avoid space charges, the value of C 
would have been only some tenths of a volt instead of 2 volts. 

As w*as seen above, the current will not reach a saturation 
value before ionization by collision sets in, and this will set a 
limit to the low r er values of X/p at which one can accurately 
measure ionization by collision. This measurement of i and 
noe as a function of X/p thus not only establishes the theory 
but gives a new and fairly accurate method of obtaining K e 
in gases. In his later measurements on the attachment coeffi- 
cient h, Bradbury used this method for evaluating K e making 
the photoelectric measurements needed to estimate C in the 
same chamber as was used for h. 

In Fig. 82 are shown the saturation current n 0 e in vacuum and 
the value of i as a function of the potential across the plates 
in H 2 gas at 3.0 cm obtained by Bradbury. In Fig. 83 the 
values of K e obtained in N 2 are given as a function of X/p. 
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The circles and crosses represent data taken at two different 
pressures. Thus one has an explanation of the shape of the 
photoelectric electron current in a gas as a function of X/p . 

In gases like air the case will be somewhat more complicated, 
due to electron attachment. This introduces two values of 



mobility into the equations, that of ions and that of electrons, 
the ions appearing to take the place of electrons as the charge 
moves through the field. The attachment will, however, little 
affect C, as the electron cannot as a rule attach very readily 
until its velocity is reduced. However, velocity reduction also 
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occurs more readily in gases where electrons attach. In general, 
Bradbury's results in air were not sufficiently different from 
those in the gases H 2 and N 2 to warrant any radical change in 
the equations except that one must remember that the value 
of C may remain the same, but K e may reduce to ionic values at 
higher pressures. 
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One may now turn to the problem of ionization by collision. 
It was stated that when X/p became sufficiently great, the 
current began to increase exponentially. This increase was 
ascribed to the formation of new positive ions and electrons by 
the electrons initially generated. To Townsend, 19 * as was 
stated, belongs the credit for having investigated and explained 
the phenomenon and worked out the theory of the increase. His 
experiments showed that, for an initial saturation current t 0 at 
the surface of the plate x = 0, the current i at any distance x 
from the plate was given by i = i oe ax , where a is the number of 
ions generated per cm path by each of the electrons. This 
a was then shown by Townsend to be a function of the intensity 
of the field strength, the pressure p, and the energy required 
to produce an ion. This relation between a/p and X/p may be 
deduced as follows, according to Townsend. It can be assumed 
that the electron makes inelastic impacts with the molecules of 
the gas.f 

Thus at each impact the electron starts its free path anew, 
gaining the energy from the field that it can gain on a free path. 
As the fields are high, it can be shown that the free paths of the 
electrons will be so curved in the field that their length will be 
mainly in the direction of the field. In order to ionize, it was 
assumed that the electron must strike the molecule with an 
energy E 0 gained from the field, that is, the energy gained by 
an electron that ionizes a molecule must be gained in the free 
fall of the electron through a distance Xi in the direction of the 
field given by E 0 = Xe\i where Xi is the mean free path, X the 

* Bergen Davis 92 in 1907 deduced an expression for a/p as a function of 
X/p along the same line as did Townsend but including the chance of energy 
transfer for an impact against a solid elastic sphere. As neither theory is 
correct on the basis of present-day knowledge and as Townsend’s equation is 
simpler, it will be used for illustration. 

t This assumption was originally made when it was believed that the 
negative ions, not the electrons, generated new ions by impact. It must now 
be abandoned, as will later be shown. In spite of the electronic nature of 
the carriers Townsend maintained that the velocity of the electron at impact 
with a molecule was reduced to the velocity of thermal agitation so that 
his theory remained unchanged for a long time. He later modified it to 
include more elastic impacts in He. Since, however, the theory is widely 
disseminated in present-day literature where it is available for use by those 
unaware of its weaknesses, these should be shown at this point. In addition, 
it serves as an excellent introduction to the problem as a whole. (See Town- 
send, “ Electricity in Gases,” p. 291, Oxford University Press, Oxford, 1915.) 
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field strength, and e the electron. Thus the number of ions 
per cm path generated by an electron must depend on the 
number of times, in going 1 cm in the gas in the direction of the 
field, that its free path equals or exceeds a distance x , given 
by x e - Eo/Xe. Now out of n 0 free paths the number of free 
paths exceeding a distance x is given by the kinetic theory as 

X_ 

n 0 e Xl , where Xi is the mean free path. Thus if in going 1 cm in 
the direction of the field the electron makes n 0 impacts with 

Eo 

molecules then a = n 0 e XeXl . The number of impacts per cm 
path no is simply 1/Xi if, as assumed, the paths are in the direc- 
tion of the field. Thus 

_ Eo 
^ ~Xe\ j 

“ = xi e 

As Xi = Xo where p is in mm, one could write 


a 

V 



Thus, a/p is a f(X/p). For H 2 and one or two other gases 
Townsend measured a/p and, knowing X, he was able to compute 
Eo and test the theory.* The agreement observed was quite 
satisfactory and the value of Eo deduced for several gases lay 
in the neighborhood of a free fall of an electron through a poten- 
tial of 28 volts, that is, E 0 /e = Vo volts, where Vo was about 26 
or more volts. This measurement of the ionizing potential 
Vo was the first estimate directly made. 

The situation produced by the satisfactory agreement of the 
curves with the theory, however, leads to an interesting paradox, 
for, in the first place, the assumption on which this theory is 
based, to wit, that of inelastic electron impacts, is wrong. Also, 
the exact measurements of the ionization potentials at low 
pressures by such workers as Franck and Hertz and the countless 
other investigators in recent years 1 *- 80 show the values of F 0 
computed by Townsend to be in the neighborhood of 50 or 100 


* It must be noted that due to lack of facilities in this pioneer work, 
Townsend's data were taken at very low pressures, small plate distances, 
and high values of X/p. He did not go below X/p — 40 in air and most 
of his data lay above X/p * 100. 
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per cent too high. It might be added in passing that the essential 
difference in Franck and Hertz's 62 and Townsend's experiments 
lies in the fact that Townsend used far greater pressures. Thus 
his smooth curves are averaged over many free paths, while 
the low-pressure curves of Franck and Hertz show abrupt changes 
due to encounters over a single free path. In fact, as will be 
seen, the theory is far more complicated than it appeared to 
Townsend in the early days when his theory evolved. That the 
equation holds as well as it does merely shows that a/p is a 

yp 

function represented sensibly by e x , in Townsend's range 
of values of X/p, in which the value of y was deduced from 
experiment by Townsend and interpreted in the light of his 
theory as giving values of Fo of the order of magnitude obtained, 
that is, Townsend had an exponential form of equation that 
fairly well suited the facts, and he suited his adjustable constant 
F 0 to fit the equation by comparison with experiment. 

In 1916, Compton 61 introduced into the problem the new fact, 
discovered first by Franck and Hertz 62 in 1913 and later carefully 
investigated for He by himself, that the electrons lost only a 
very small fraction of their energy on impact with neutral mole- 
cules. The considerations of the quantum theory show that 
there is no loss of energy in impact between electron and molecule 
unless the electron has the resonance or ionization energy except 
the fractional loss / = 2 m/M (where M is the mass of the mole- 
cule and m that of the electron), which is demanded by simple 
dynamics. If this is the case, then, as shown in Townsend's 
treatment of electron mobilities, the electron gains energy over 
several free paths, that is, its temperature goes up continually. 
Thus all electrons would gain the ionizing energy eventually. 
To carry the idea further quantitatively, Compton had to 
introduce another notion which was correct in theory. This is 
that the electron, while it could gain energy over several free 
paths, did not necessarily ionize on its first impact, but required 
perhaps many before it could ionize. As the probability of 
ionization by an electron with the energy Eo or greater was not 
then known, Compton 61 arbitrarily assumed that the probability 
of ionization Pi had the form 61 

* Independently Bergen Davis 91 had deduced the same form of expression 
for Pi on the theory of solid elastic impacts. Compton’s use of this factor 
was entirely independent of the latter theory and was based on similarity to 
the type of quantity observed and on considerations of convenience. 
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where V was the volt equivalent of the energy of the electron 
and Vo the minimum ionizing potential of the gas. The theory 
which he deduced on the basis of these assumptions fitted the data 
for He with remarkable accuracy. In fact, it gave a better quan- 
titative agreement than the theory of Townsend. Compton, 
however, did not have the true form for the function P* as the 
later results of Hughes and Klein 62 and Compton and Van Voor- 
his 63 have shown. * The true curve of P t against V does rise from 
0 at F 0 to higher values at values of V considerably above V 0 , but 
it later falls to lower values as V increases. Compton, however, 
neglected another effect. This is that, while the electron may 
gain the ionizing energy over very many free paths, it reaches an 
energy corresponding to the radiating energy long before it 
gets to F 0 for ionization. That is, if an electron gets an energy 
corresponding to 4.9 volts in mercury, it will suffer an inelastic 
impact sooner or later which does not cause ionization but 
merely causes the mercury atom to emit light of wave length 
2537 A. To ionize the mercury atom, the electron must have 
an equivalent energy of at least 10.6 volts. Thus if the electrons 
gain energy slowly, and if they make, on the average, 100 impacts 
in the region between the 4.9 and 10.6 volts required to ionize, an 
appreciable fraction of these electrons may lose their energy to 
inelastic radiating impacts. They will then have to start 
from rest again to ionize, that is, Compton failed to take account 
of the possibility of inelastic impacts between radiating and 
ionizing energies in his theory. The probability of a radiating 
impact with the requisite energy is not vanishingly small as 
shown by Sponer, 66 so that this must be taken into account. 
With He gas this chance is less than for any other gas, as its 
radiation potential is about 19.5 volts while its ionization 
potential is 24.5 volts. If the probability of radiating impacts 

* Lawrence ® 4 has made carefully controlled measurements of the prob- 
abilities of ionization and of ionization potentials with electrons of an 
accurately known speed. He finds that P» is highest just at the ionizing 
potential, falling off rapidly after that value. This, when carried over to 
other gases, will have a material influence on the theory above. For elec- 
trons with velocity distributions like those observed in this kind of ionization 
experiments the integrated type of curves such as obtained by Hughes and 
Klein and Compton and Van Voorhis will probably suffice. 

I 
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in such a region were high, say, 0.5, Compton's theory would be 
untenable. The theory would then approach one of the original 
Townsend type. In this case, however, a would depend on 
the chance that an electron got the ionizing energy in a series 
of impacts so arranged that it had very few impacts in the 
radiating region. The first term of the series of exponential 
terms deduced on such a theory would be the one deduced 
originally by Townsend. 

It is, obvious, however, from the small values of P t and P r , the 
ionization and radiation probabilities at the corresponding poten- 
tials (even though these may be the maximum values), that at 
fields where ionization by collision sets in the factor which deter- 
mines a is not so much the chance of getting the ionizing energy on 
one or more free paths but the chance of ionizing when it has that 
energy. The solution of the problem of the value for a, therefore, 
lies completely in the future and involves the introduction into 
the equation of the little known probabilities P» and P r , as well 
as the rate of gain of -energy from the field. 

As was stated, Townsend's original investigations and those 
on which his conclusions were based were, owing to technical 
difficulties existing at that time, limited to low pressures, small 
plate distances, and high values of X/p. Thus, in the case of 
air, the gas of great importance from the industrial aspect of spark 
breakdown, data on a were obtained only down to X/p = 40, 
while but few points existed between this and X/p = 100. In 
He, Compton 53 had made measurements of a more modern nature. 
This gas, however, differs so radically from a gas like air that 
more complete modern data seemed imperative in order to aid 
in the explanation of short time lags and other problems of spark 
breakdown. To this end Sanders, 93 in Loeb's laboratory, built 
an apparatus capable of measuring a at plate distances from 
1 to 10 cm instead of over a few mm, and at pressures around 
atmospheric pressure. This was possible because of the high 
degree of development of high-voltage technique in recent 
years (kenotron, rectifiers and high-resistance units for accu- 
rately measuring potentials). Under these circumstances with 
the aid of a grant from the National Research Council, Sanders 
was able to utilize the high sensitivity and resolving power of 
the larger air gaps to obtain values of a for X/p as low as 20 
and to carry it in a continuous series of measurement up to 
X/p * 160 at which point his data coincided closely with 



APPLICATION "OF THE KINETIC THEORY 


633 




7 T 


Townsend’s more complete data. At the same time Paavola 94 
and later Masch 96 made measurements at higher pressures but 
over small plate distances. Neither of the latter went below 
X/p * 30, but the results of 
Masch in the higher brackets 
closely agreed with the results of 
Sanders. At X/p = 20, calcula- 
tions on Bradbury’s 76 data showed 
that the rise of the current-distance 
curves due to unsaturation 
accounted for about half of Sanders’ 
value of a. Thus Sanders showed 
that ionization by collision rises 
asymptotically from zero, and 
below X/p = 20 begins to be indis- 
tinguishable from unsaturation. 

The results of Sanders’ study from 
X/p = 20 to X/p = 36 are shown 
in Fig. 84 in a plot of log ( a/p ) against X/p. The full curve 
is the least squares reduction of the observed values whose 
probable errors are shown as vertical lines. It is thus seen that 
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in this range a/p = Ae * with some degree of precision where 
A and B are constants taken from the curve, and of values 
2.67 ± 0.26 X 10-* and 0.350 ± 0.003 at 21°C. It was impossi- 
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ble to fit a curve of the Townsend form a/p = ae x to these data. 
In Fig. 85 are shown the values of a/p plotted against X/p 
from X/p = 20 to X/p = 160. In this case it is seen that the 
logarithmic form for a/p as a f(X/p) holding up to X/p = 40 
begins to deviate from this law above this value, and a/p increases 
more slowly as X/p increases until it shows a tendency to reach 
a constant value. Above X/p = 120, Sanders found that the 
current-distance curves giving a/p showed a distinct deviation 
due to the assumed ionization by collision of positive ions. 
Townsend observed this phenomenon at higher values of X/p } 
which was to be expected due to the greater sensitivity of 
Sanders' experimental arrangement. Sanders tried to find an 
empirical expression for the curve from X/p = 20 to X/p = 160, 
but no simple relation was found. The conclusion to be drawn 
from this is that the curve is due to a series of different mechan- 
isms following each other as X/p increases, of such complexity 
and interrelationship that a proper simple analysis is precluded. 
It is clear that the original Townsend theory does not hold for 
low X/p , as was to be expected from its derivation. At higher 
X/p the equations of Townsend may apply. It is probable 
that the first portion of the observed curve depends largely 
on the mechanism of the gain of energy by electrons which there 
occurs at such a slow rate that, once the electrons gain the 
ionizing energy, their impacts in this range are so near the 
threshold of ionization that many electrons gaining the energy 
ionize without losing their energy otherwise. Thus this part 
of the curve represents the increase in the number of electrons 
which acquire the ionizing energy in low fields as X/p increases. 
As the fields get higher, the electrons gain the ionizing energy 
more readily and lose less energy to radiation and inelastic impacts 
in consequence. They, however, find for the same reason 
greater difficulty in ionizing when they once get the energy, 
because of their more rapid gain of energy in the field. At this 
point the exponential rise of a/p ceases, and, as the rate of 
energy gain increases, the decreased ionizing efficiency with 
increasing energy causes a cessation in the rate of increase in 
a/p , so that a/p tends towards a more constant value. A more 
accurate discussion is hardly possible, as the mathematical 
difficulties introduced into theory by inelastic impacts at low 
energies, attachment, radiation losses, the probability of ioniza- 
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tion and radiation as a function of energy, and finally the variable 
electron mean free paths are practically unsurmountable. Hence 
it is seen that here again kinetic-theory analysis falls short of 
achievement because of its complexity. Enough, however, has 
been gained from this analysis to show again the usefulness of 
the kinetic-theory analysis in giving an order-of-magnitude 
insight into the nature of the phenomenon. 
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DIAMETERS OF MOLECULES 

The term originates from the original picture of molecules as 
hard elastic spheres (see Secs. 13 and 14), If two such identical 
molecular spheres are placed so that they are in contact, the 
diameter would be defined as the distance between their centers. 
The contact between the spheres, on such a picture, is defined as 
the closest approach of the centers on an average impact. The 
diameter in a solid would be defined as the distance between the 
centers at equilibrium for molecules arranged in a solid space 
lattice. This picture, which was adequate until the discovery of 
the electron, still determines our mode of description in the kinetic 
theory because of its simplicity. 

Actually, molecules are known today to consist of nuclei of 
positive electricity surrounded by planetary electrons with orbital 
motions. It is obvious that such configurations of electrical 
charges cannot be considered hard elastic spheres in the old sense 
of the term. What really affect the motions of the molecules 
and atoms are the electrical fields of force between the electrons 
and nuclei of the atomic configurations. In general, such force 
fields, with the possible exception of those about the heavier 
inert gas atoms, are probably force fields with equipotential 
surfaces which are far from spherical, although perhaps sym- 
metrical about their axes. The force fields are, in general, 
composed of two sets of forces, forces of attraction of small 
magnitude varying slowly with the distance (the cohesive forces, 
or those responsible for Van der Waals’ a), and repulsive forces 
of considerable magnitude which fall off very much more rapidly 
with the distance (the elastic repulsive forces of the old kinetic- 
theory molecules). How such opposing forces can occur simul- 
taneously in the atoms is briefly discussed in Sec. 52. The rate 
at which the force varies with the distance from the atomic 
centers has been estimated from the crystal structure of sodium 
chloride by Bom to be proportional to the inverse ninth power 
of the distance. The work of Lennard Jones, based on the 
• 639 
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study of gases, gives the repulsive forces as lying between an 
inverse ninth power and an inverse fifteenth power, while the 
attractive forces lie between forces varying inversely as the 
fourth power and inversely as the sixth power. 

With atoms and molecules of such a nature, the meaning of 
the term “ diameter” must be modified or at least one must under- 
stand the application of the term to such a picture. Measure- 
ments of molecular diameters are made in all cases on a very large 
number of individuals . In all cases for gases they are made for 
individuals oriented in all possible directions . Finally, in the case 
of gases, the conditions of impact due to velocity distribution will 
influence the distance of approach; and one must deal with an 
average value . It is possible , therefore , to couch the experimental 
conclusions in terms of the very simple picture of elastic spheres of 
a given diameter , the diameter in such a case being the statistical average 
distance of approach of the molecules for the average velocity. An 
analysis expressed in terms of such a picture is entirely justified, 
as it influences the results but little, while it simplifies calculation 
and interpretation greatly. When such pictures are used, 
however, one must remember that they are conveniences and 
that the actual molecules may be entirely different in appearance. 
Even in the case of crystal analysis, the investigators find it con- 
venient to express atomic diameters in terms of the elastic sphere * 
On the other hand, it must be clear that the values of the 
average diameters which are obtained for atoms and molecules 
from different types of investigation will not necessarily agree 
accurately in value, though the measurements may, in general, 
agree in order of magnitude. That this must be so can be clearly 
seen, for in a crystal two atoms are bound together by forces of 
electrical attraction. The average distance at which these 
atoms are held in equilibrium is determined by the repulsive 
forces as well. On the other hand, in the gaseous state, where 
the attractive forces may be quite different owing to the absence 
of closely surrounding atoms and where the velocities of agitation 
may be very different, the average distance of approach on an 
impact will not be the same as the average distance between 
centers in the crystal. It is also clear that the more violent the 
impact because of higher temperatures, the smaller will be the 
apparent diameter. A particular case where the results would 
be expected to vary from other results obtained is in the case of 
* Bragg, W. L., Phil. Mag., 40, 169, 1920. 
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the measurement of the diameter of a molecule by the impact with 
electrons. The average distance of approach for an impact will 
be determined by the ease with which the electron is deflected from 
its straight-line path. It will depend on the action of the atomic 
field of force, and on the motion of the electron. This depends 
on the time integral of the force and will obviously be less, the 
faster the electron is moving. Again, with such a minute body 
as the electron, the distance of approach before deflection will 
depend upon the portion of the atom struck. Finally, it seems 
probable that for electrons of a certain speed, there will be a 
possible interaction on the electron when its velocity in passing the 
atom is of the order of magnitude of the orbital velocities of elec- 
trons in the atom itself. Such effects have actually been observed. 
Finally, it has also been observed that electrons, moving with an 
extremely slow velocity in the case of certain atoms, can pass 
right through them without change of energy or direction (see 
Sec. 25). It is thus obvious that the molecular diameter, as 
measured by the electron, may vary through enormous ranges; 
and, in comparing results of measurements on atomic or molecular 
diameter s y one must always bear in mind that they may represent 
really very different things . The conclusion is that the term 
“atomic or molecular diameter ” has a meaning in more than 
order of magnitude, only when spoken of in terms of its method of 
measurement . The discussion which has preceded forms, there- 
fore, a fitting introduction to a comparative table of molecular 
diameters which is given below, together with the method of 
measurement yielding the results. 

The methods by which molecular dimensions have been obtained 
may be seen summarized below, as given by K. F. Hertzfeld:* 

I. Measurements based on the equation of state. 

1. Calculation from critical data. 

2. From volumes below the critical. 

3. Calculation from gas isotherms. 

4. Crystal structure. 

а. Spherical packing. 

б. Permutite. 

c. True dimensions. 

II. Methods involving a dynamical study. 

1. In gases. 

а. Deflection of electrons. 

б. Direct measurement of free paths of atoms. 

c. Coefficient of viscosity. 

* Hertzfeld, K. F., Jahrbuch der Radioaktivit&t und Elektrmik t 19 , 259, 1922. 

t 
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2. In liquids. 

a. From Stokes’ law. 
h. Viscosity in liquids. 

(1) Theory of viscosity. 

(2) Increase of viscosity in solutions. 

c. Diffusion of neutral particles. 

d. Ionic mobilities. 

III. Energy methods. 

1. Heat of hydration. 

2. Ionizing potential. 

3. Heat of vaporization. 

4. Melting point. 

IV. Method of thin films. 

1. Determination of the number of molecules per unit area in a mono- 
molecular layer. 

2. Optical determination of thickness of films. 

3. Electrical determination of thickness of films. 

V. Optical methods. 

1. Determination of true ionic size with X-rays. 

2. Molecular refraction. 

VI. Determination of the size of electronic orbits in atoms. 

1. Diamagnetic properties. 

2. Calculation from atomic models. 

VII. Methods for determination of moments of inertia and electrical 
moments. (Such measurements give the distance between the nuclei 
in molecules and the distance between the apparent separation of 
positive and negative electricity considered as point charges necessary 
to produce the effects. They are not necessarily true measures of 
molecular diameter in the sense of the kinetic theory.) 

In papers, J. E. Lennard Jones* gives the following values 
of the attractive and repulsive forces in the following gases 
as most successfully fitting the data. In all cases, the attractive 
force seeming to be the most suitable is an inverse fifth power law. 
For the repulsive forces in the following gases, the law varies 
inversely with the power of the distance indicated under the letter 
n for the respective gas: 


Gas 

n 

He 

9, 11, 14 

Ne 

11 

Ar 

9 

Kr 

10 

Xe 

11 

H, 

11 

N, 

9, 11, 14 


* Lennard Jones, J. E., Proc. Roy. Soc ., A-106, 441, 463, 709, 1924; and 
A-112, 214, 230, 1926. 



Radii of Molecules 

Determined by Various Methods, Radii Are All Given in 10“* Cm. 
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* Due to an error the results here are all too high by a factor of ^4 
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FUNDAMENTAL PHYSICAL CONSTANTS* 

Table A. — Principal Constants and Ratios 

Velocity of light. c - (2.99796 ± 0.00004) X 10 10 cm 'sec' 1 

Gravitation constant G « (6.04 ± 0.002) X 10'® dyne • cm* • g"» 

Liter / « 1000.027 ± 0.001 cm* 

Volume of perfect gas (0°C, An) >>n - (22.4141 ± 0.0008) X 10* cm* • mole' 1 

Rn - 22.4135 ± 0.0008 liter • mole" 1 

Volume of perfect gas (0°C, A«») R « 22.4146 ± 0.0008 liter • mole' 1 

International ohm ( » p aba-ohm) . . . p - 1 00051 ± 0.00002 
International ampere (- q abs-amp) q « 0.99995 ± 0.00005 
Atomic weights 

0 (oxygen) « 16.0000 (definition) Ag (silver) - 107.880 ± 0.001 

H (hydrogen) - 1.00777 ± 0.00002 I (iodine) - 126 932 ± 0.002 

He (helium) * 4.0022 ± 0.0004 C (carbon) * 12.003 ± 0.001 


N (nitrogen) » 14.0083 ± 0.0008 Ca (calcium) « 40.075 ± 0.005 

Normal atmosphere An * (1.013249 ± 0.000003) X 10« dyne * cm'* 

45° atmosphere An ■ (1.013199 ± 0.000003) X 10* dyne • cm'* 

Ice point (absolute scale) To *» 273 18 ± 0.03°K 

Mechanical equivalent of heat. . . .J u « 4.1852 ± 0.0006 abs-joule * call#' 1 

Jn “ 4.1813 ± 0.0006 abs-joule • calio” 1 

Electrical equivalent of heat J' i» — 4.1835 ± 0.0007 int-joule • call#' 1 

J't o ** 4.1796 ± 0.0007 int-joule ■ caljo' 1 

Faraday constant F «■* 96494 ± 5 int-coul * g-equiv" 1 

« 96489 ± 7 abs-coul ■ g-equiv' 1 
* 9648 9 ± 0.7 abs-em-unit • g-equiv' 1 
Fe “ (2.8927o ± 0.0002) X 10 14 abs-es-unit • g-equiv' 1 

Electronic charge e » (4.770 ± 0.005) X 10' 10 abs-es-units 

c/c * (1 5910s ± 0.0016) X 10'*° abs-em-units 
Specific electronic charge (spectro- 
scopic) .e/m ■» (1.761 ± 0.001) X 10 7 abs-rm-unit * g' 1 

(e/m)c » (5.27941 ± 0.003) X 10 17 abs-es-unit • g* 1 
Specific electronic charge (deflec- 
tion) e/m « (1 769 ± 0 002) X 10 7 abs-cm-unit • g' 1 

(c/m)c » (5.303s# ± 0.006) X 10 17 abs-es-unit • g' 1 
Planck constant h * (6 547 ± 0.008) X 10"* 7 erg • sec 


Table B. — Additional Quantities Evaluated or Used in Connection 

with Table A 

Ratio of ea to cm units (direct) c' - (2.9971 ± 0.0001) X lO^cm^-sec'^-int O' 17 * 

- (2.9979 ± 0.0001) X 10 1 ® cm • sec" 1 

Ratio of ea to em units (indirect) c' c - (2.99796 ± 0.00004) X 10 1# cm • sec -1 

Acceleration of gravity (45°) gn ■ 980.616 cm • sec'* 

Mean density of earth 6 m 5.522 ± 0.002 g • cm"* 

Maximum density of water 5 m - 0.999973 ± 0.000001 g • cm"* 

Acceleration of gravity (normal) g n - 980.665 cm • sec'* 

Density of oxygen gas (0°C, An) ...L - 1.428965 ± 0.000030 g - liter' 1 

* From an article by R. T. Birge, Rev. Mod. Phys., 1, 1, 1929, through the 
courtesy of the American Institute of Physics. 
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Factor converting oxygen (0°C, A 41) 

to ideal gas 1 - a - 1.000927 ± 0.000030 

International coulomb ( » q abs-couDc - 0.99995 ± 0.00005 
International henry ( * p abs-henry) . . p - 1.00051 ± 0.00002 
International volt (- pq aba-volt) pq - 1.00046 ± 0.00005 
International joule (~ pq 1 abs- 

joule) „ p« s - 1.00041 ± 0.00010 

International gauss (■■ q abe-gauss) 

Density of nitrogen (0°C, A 41) L - 1.25046 ± 0.000045 g • liter -1 

Factor converting nitrogen (0°C, An) 

to ideal gas 1 - a - 1.00043 ± 0.00002 

Specific gravity of Hg (0°C, An) 
referred to air-free water at maxi- 
mum density pn “ 13.59546 ± 0.00003 

Density of Hg (0°C, An) Z>n - 13.59509 ± 0.00003 g • cm" 1 

Electrochemical equivalent of silver 2 ?a* 91 ( 1.11800 ± 0.00005) X 10"* g • int-coul" 1 

- (1.11805 ± 0.000070 X 10"* g • abs-coul" 1 

Arbitrary calcite grating space 

(18°C) di*" - 3.02904 X 10"* ott 

Density of calcite (20°C) p “ 2.7102 ± 0.0004 g • cm'* 

Structural constant of calcite 

(20°C) <t>(0) - 1.09630 ± 0.00007 

Rydberg constant for hydrogen. . . .Hr » 109677.759 ± 0.05 cm” 1 
Rydberg constant for ionised 

helium ** 109722.403 ± 0.05 cm -1 

Wave-length of red Cd line (15°C, 

An) X(Cd) — 6438.4696 I. A. (definition of I. A. unit) 

Rydberg constant for infinite mass .. Ra> « 109737.42 ± 0.06 cm* 1 

Rcoc - (3.28988 ± 0.00004) X lO^sec" 1 
Raa (indirect) — 2T*e*/h > cHe/m), v — 10974* ± 170 cm -1 

Rmc (indirect) - (3.290oa ± 0.005) X 10 11 sec -1 
e/m (spectroscopic, indirect) 

e/m » 2 r*e*/h*c*R<x> « (1.761 It ± 0.0025) X 10 7 abB-em-unit * g" 1 
True grating space of calcite (20°C) *= (3.0283 ± 0.0010) X 10” 8 cm 

Effective grating space of calcite 


(20°C) dao - (3.0279 ± 0.0010) X 10 ~* cm 

Avogadro'B number No * Ve/e — (6 064 s « ± 0.006) X 10** mole -1 


Gas constant per mole. .Ro * v n A n /To - (8.3136o ± 0.0010) X 10 7 erg • deg" 1 • mole -1 
Ro' - Ro/(Jn X 10 7 ) - 1.9864j ± 0.0004 calu • deg" 1 • mole" 1 
Ro" - Ro/ An X 1000.027) - (8.2046* ± 0.0009) X 10"* 


liter • atmos ■ deg -1 • mole -1 

Ro'" — Ro/An — vn/To « 82.048s ± 0.009. cm* • atmos • deg -1 • mole -1 

Boltzmann constant k ■* Ro/No ■■ (1.3708# ± 0.0014) X 10' 1# erg • deg" 1 

Second radiation constant (experi- 
mental) ci * 1.432 ± 0.003 cm * deg 

Second radiation constant (in- 
direct) ci * hc/k - 1.4317* ± 0.0006 cm • deg 

Stefan-Boltcmann constant (experi- 
mental) v m (5.735 ± 0.011) X 10-* erg • cm"* • deg" 4 ■ sec" 1 

Stefan-Boltzmann constant (in- 
direct a - 2 t 8 *V15 c*fc* - (5.713# ± 0.006) X 10"* erg • cm"* • deg 4 sec" 1 

Radiation density constant (experi- 
mental) a «■ 4 v/e <* (7.651# ± 0.015) X 10" 1 * erg • cm"* • deg" 4 

Radiation density constant (in- 
direct) a - MH/lfeW - (7.623? ± 0.007) X 10"»» erg • cm"* • deg" 4 



Miscellaneous Derived 


646 


THE KINETIC THEORY OF OASES 





Table C. — Miscellaneous Derived Constants — ( Continued ) 

Energy associated with unit wave-number «/r' -he - (1.9627 6 4 ± 0.0025) X 10“ 1# erg • cm 

Potential associated with unit frequency V jv = h/e = (1.37254 ± 0.0005) X 10~ 17 erg • sec • es-unit -1 

Frequency associated with unit potential v/V = e/h - (7.2857r ± 0.0027) X 10 16 es-unit • erg -1 • sec' 
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JB X may be defined in various ways, and ci varies accordingly. If E x d\ denotes the energy density of unpolarized radiation in range d\, ci — 8rhc (used 
by Coblents and others). If E x d\ denotes the intensity of emission of linearly polarized radiation in range d\, perpendicular to a surface, per unit of 
surface, per uni t, solid angle, ci *= he* (Planck’s own nomenclature, used generally in German texts). If E x d\ denotes the emission of unpolarized radia- 
tion in range dX, per unit surface, in all directions (2r solid angle), ci * 2 -the* (used in the “ International Critical Tables ” and elsewhere). 
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APPENDIX III 


For convenience in simple calculations, the following table of 
molecular velocities, free paths, and diameters is included. The 
values are not necessarily accurate and in view of Appendix I, 
which is much more recent, must be used with caution: 


Molecular Velocities, Mean Free Paths, and Diameters* 


Gas 

Velocity at 
0°C. 

Mean free 
path, L 

Molecular diameter 

if 

b 

cm. /sec. 

cm. 

cm. 

cm. 

Hydrogen, H 2 . . . 

18.39 X 10 4 

«o 

1 

o 

r— t 

X 

CO 

00 

2.47 X 10~* 

2.32 X 10"« 

Helium, He 

13.11 X 10 4 

28.5 X 10"« 

2.18 X 10-* 

2.30 X 10"* 

Nitrogen, N 2 — 

4.93 X 10 4 

9.44 X 10-* 

3.50 X 10-' 

3.53 X 10-‘ 

Oxygen, 0» 

4.61 X 10 4 

9.95 X IO" 6 

3.39 X 10"» 


Neon, N'e 

5.61 X 10 4 

19.3 X 10-« 



Argon, A 

4.13 X 10 4 

10.0 X io-* 

3.36 X 10"* 

2.86 X 10"* 

Krypton, Kr 

2.86 X 10 4 

9.49 X 10~* 


3.14 X 10“‘ 

Xenon, Xe 

2.28 X 10 4 

<o 

1 

c 

H 

X 

3 

AC 


3.42 X 10 _ * 

Chlorine, Cl 

3.07 X 10 4 

4.57 X 10“* 

4.96 X 10-* 


Methane, CH«. . 

6.48 X 10 4 

7.79 X 10-* 



Ethylene, C 2 H 4 . . 

4.88 X 10 4 

5.47 X 10"* 

4.55 X 10“* 

4.68 X 10"* 

Carbon mon- 





oxide, CO 

4.93 X 10 4 

9.27 X IO"* 

3.50 X 10“* 


Carbon dioxide, 





CO, 

3.92 X 10 4 

6.29 X 10““* 

4.18 X 10“* 

3.40 X IO”' 

Ammonia, NH*.. 

6.28 X 10 4 

6.95 X IO"* 



Nitrous oxide, 





sN 2 0 

3.92 X 10 4 

6 10 X 10"* 

4.27 X 10"* 


Nitric oxide, NO. 

4.76 X 10 4 

9 .06 X IO”* 

3.40 X 10"* 


Sulph. hydrogen, 





H,S 

4.44 X 10 4 

5.90 X 10“* 



Sulph. dioxide, 





SO, 

3.22 X 10 4 

4.57 X 10-‘ 



Hydrochloric 





acid, HC1 

4.30 X 10 4 

6.86 X 10"‘ 



Water, HtO 

7.08 X 10 4 

7.22 X 10-‘ 

4.09 X 10-* 



* These values an approximate and are at given by G. W. C. Kaye and T. H. Laby. 
‘ Physical and Chemical Constanta,' " Longmans, Green A Co., London, 1911. 
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For the purpose of facilitating computations involving mean 
free paths and problems such as ionization by collision, the 
following table of exponential functions is included: 

Exponential Functions 


X 

e * 


X 

e* 

e~ e 

0.0 

1.0000 

1.000000 

5.0 

148.41 

0.006738 

0.1 

1.1052 

0.904837 

5.1 

164.02 

0.006097 

0.2 

1.2214 

0.818731 

5.2 

181.27 

0.005517 

0.3 

1.3400 

0.740818 

5.3 

200.34 

0.004992 

0.4 

1.4918 

0.670320 

5.4 

221.41 

0.004517 

0.5 

1.6487 

0.606531 

5.5 

244.69 

0.004087 

0.6 

1.8221 

0.548812 

5.6 

270.43 

0.003698 

0.7 

2.0138 

0.496585 

5.7 

298.87 

0.003346 

0.8 

2.2255 

0.449329 

5.8 

330.30 

0.003028 

0.0 

2.4596 

0.406570 

5.9 

365.04 

0.002739 

1.0 

2.7183 

0.367879 

6.0 

403.43 

0.002479 

1.1 

3.0042 

0.332871 

6.1 

445.86 

0.002243 

1.2 

3.3201 

0.301194 

6.2 

492.75 

0 002029 

1.3 

3.6693 

0.272532 

6.3 

544.57 

0.001836 

1.4 

4.0552 

0.246597 

6.4 

601.85 

0.001662 

1.5 

4.4817 

0.223130 

6.5 

065.14 

0.001503 

1.6 

4.9530 

0.201897 

6.6 

735 10 

0.001360 

1.7 

5.4739 

0.182684 

6.7 

812 41 

0.001231 

1.8 

6.0406 

0.165299 

6.8 

897.85 

0.001114 

1.9 

6.6859 

0.149569 

6.9 

992.27 

0.001008 

2.0 

7.3891 

0.135335 

7.0 

1096.6 

0.000912 

2.1 

8.1662 

0.122456 

7.1 

1212.0 

0.000825 

2.2 

9.0250 

0.110803 

7.2 

1339.4 

0.000747 

2.3 

9.9742 

0.100259 

7.3 

1480.3 

0.000676 

2.4 

11.023 

0.090718 

7.4 

1636.0 

0.000611 

2.5 

12.182 

0.082085 

7.5 

1808.0 

0.000553 

2.6 

13.464 

0.074274 

7.6 

1998.2 

0.000500 

2.7 

14.880 

0.067206 

7.7 

2208.3 

0.000453 

2.8 

16.445 

0.060810 

7.8 

2440.6 

0.000410 

2.9 

18.174 

0.055023 

7.9 

2697.3 

0.000371 

3.0 

20.086 

0.049787 

8.0 

2981.0 

0.000335 

3.1 

22.198 

0.045049 

8.1 

3294.5 

0.000304 

3.2 

24.533 

0.040762 

8.2 

3641.0 

0.000275 

3.3 

27.113 

0.036883 

8.3 

4023.9 

0 000249 

3.4 

29.964 

0.033373 

8.4 

4447. 1 

0.000225 

3.5 

33.115 

0.030197 

8.5 

4914.8 

0.000203 

3.6 

36.598 

0.027324 

8.6 

5431.7 

0.000184 

3.7 

40.447 

0.024724 

8.7 

6002.9 

0.000167 

3.8 

44.701 

0.022371 

8.8 

6634.2 

0.000151 

3.9 

46.402 

0.020242 

8.9 

7332.0 

0.000136 

4.0 

54.508 

0.018316 

9.0 

8103.1 

0.000123 

4.1 

60.340 

0.016573 

9.1 

8955.3 

0.000112 

4.2 

66.686 

0.014996 

9.2 

9897.1 

0.000101 

4.3 

73.700 

0.013569 

9.3 

10938 

0.000091 

4.4 

81.451 

0.012277 

9.4 

12088 

0.000083 

4.5 

90.017 

0.011109 

9.5 

13360 

0.000075 

4.6 

99.484 

0.010052 

9.6 

14765 

0.000068 

4.7 

109.95 

0.009095 

9.7 

16318 

0.000061 

4.8 

! 121.51 

0.008230 

9.8 

18034 

0.000055 

4.9 

134.29 

0.007447 

9.9 

19930 

0.000050 

5.0 

148.41 

0.006738 

10.0 

22026 

0.000045 
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APPENDIX V 


For the purpose of facilitating computations, a table of values 
of the energy distribution function e~ z \ its integral, and the 
function ^(x) has been included: 


Table of Values fob e - * 1 and 1>{x) 


X 

e-’ 1 

- / ' fV-M* 

virjo 

<fr(x) 

0.1 

0.99905 

0.11246 

0.20066 

0.2 

0.96080 

0.22270 

0.40531 

0.3 

0.91393 

0.32863 

0.61784 

0.4 

0.85214 

0.42839 

0.84200 

0.5 

0.77880 

0.52050 

1.08132 

0.6 

0 69768 

0.60386 

1.33907 

0.7 

0.61263 

0.67780 

1.61819 

0.8 

0.52729 

0.74210 

1.92132 

0.9 

0.44486 

0.79691 

2.25072 

1.0 

0.36788 

0.84270 

2.60835 

1.1 

0.29820 

0 88021 

2.99582 

1.2 

0.23693 

0.91031 

3.41448 

1.3 

0.18452 

0.93401 

3.86538 

1.4 

0.14086 

0.95229 

4.34939 

1.5 

0.10540 

0.96611 

4.86713 

1.6 

0.07730 

0.97635 

5.41911 

1.7 

0.05558 

0.98379 

6.00570 

1.8 

0.03916 

0.98909 

6.62715 

1.9 

0.02705 

0.99279 

7.28366 

2.0 

0.01832 

0.99532 

7.97536 

2.1 

0.01215 

0.99702 

8.70234 

2.2 

0.00791 

0.99814 

9.46467 

2.3 

0.00504 

0.99886 

10.26236 

2.4 

0.00315 

0.99931 

11.09547 

2.5 

0.00197 

0.99959 

11.96402 

2.6 

0.00116 

0.99976 

12.86798 

2.7 

0.00068 

0.99987 

13.80734 

2.8 

0.00039 

0.99992 

14.78225 

2.9 

0.00022 

0.99996 

15.79255 

3.0 

0.00012 

0.99998 

16.83830 
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APPENDIX VI 


Values of definite integrals of the form J u”e~ kau ‘du, from 0 to 
'» for various values of n : 

f— -Ul 

I e~ hmu> udu = — 

Jo 2hm 

f e- kmu, u*du = - 1 E 
Jo 4 \ Khn 1 

J e~ kmu 'u 3 du = — 1 - 
o 2A*m s 

f e~ kmut u*du = L/ T 
Jo 8 

j e -hmu* u bd u = 1 

Jo A*m* 

J e~ hm ' i 'u 1 du ----- 
o A 4 m 4 
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inter-, 253, 260 , 264 , 265, 266 , 268, 273, 
274 

and composition, 265, 268, 273, 274 
ionic, 624 

and mobility, relation between, 554, 
590 

Urns of ions by, 585 

mass motion in, 255, 264 

of oppositely charged ions, 587, 591, 592 

and partial pressure, 253 

self-, 253, 256 

theory, criticism of, 264 

thermal, 276 

units used in, 256 

variation of, with temperature, pressure, 
mass, and composition, 272 
Dimensions of temperature, 13 
Dipolar molecules, spherical and elliptic, 
499 

Dipole moment, and molecular structure, 
502 

magnetic, 513 

Dipole moments, electrical, space quantisa- 
tion of, 517 
values of, 497 

Dipoles, electrical, 180, 479, 483, 486, 487, 
491 , 493, 497 , 499, 500, 501, 602 , 513, 
617 , 668 

in alternating fields, 500 
in inhomogeneous electric fields, 502 
permanent, 513 
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Dipoles, electrical, potential of, in electric 
field, 491 

magnetic molecular, 505, 512, 518, 518 
potential of, in magnetic field, 518 
spatial quantisation of, 518 
Disc radiometer, law of, 374, 380, 381 
Displacement of particles, and Brownian 
movement law of Einstein and von 
Smoluchowski, 899 

Distance, to acquire fraction of terminal 
velocity, for electrons, values of, 609 
average, of electrons from nucleus, 508, 
509 

Distribution, of electron free paths, 51 
of energies, of electrons and molecules, 
449 

with kinetic and potential energies, 93, 
462 

of free paths, 48, 45, 46, 50, 105, 209, 211, 
217, 239, 847, 259, 593, 629 
application of, 46 
proof of, 50 

and velocities in heat conduction, 238 
of ions, random, 584, 587, 598 
of magnetic dipoles in magnetic fields, 
513. 516, 529, 536, 539, 540 
of molecular velocities, 59 
of molecules, in field of ion, 573 
in potential field, 89, 98, 96, 145, 146, 
157, 158, 394, 462, 470, 491, 513, 
572, 574 

of vector velocity, 123 
of velocities, *7, 59, 60, 97, 73, 74, 79, 
81, 83, 88, 89, 91, 95, 113, 117, 125, 
128, 129, 130, 134, 135, 302, 347 
by Boltzmann’s method, 60 
constants of law of, 79 
correction of mean free path for, 95 
and Doppler effect, 113, 125, 128 
among electrons liberated from incan- 
descent source, 117 
law of, 73, 79 
Maxwell’s deduction of, 74 
Maxwell's experimental verification of, 
118, 114, 119, 188, 123, 185, 188, 
181, 184, 185, 187, 302, 347 
(See alao Distribution law) 
Distribution function for energy, values of, 
653 

Distribution law, 60, 67, 74, 76, 79, 81, 83, 
55, 89, 91. 94, 101, 105, 118, 114, 119, 
186, 128, ISO, 184, 185, 211, 239, 241, 
259, 261, 867, 291, 808, 816, 324, 325, 
340, 341, 847, 449. 460, 461, 462, 470, 
491, 513, 538, 539, 551, 653, 654 
alternate forms of, 88 
Boltsmann’s deduction of, 60, 67, 70, 72 
continuation of Boltsmann’s derivation 
of, 67 

definite integrals of, 654 
direct verification of 181-187 


Distribution law, of electron velocities in 
metals, 114, 119, 122, 123, 125, 461 
extension of, to potential energies, 89* 
94, 96, 146, 157, 158, 394, 449, 462, 
491, 618, 574, 591 

independence of components in, 78, 87, 
247, 316, 324, 325, 439, 440 
Maxwell’s deduction of, 74 
plot of, 81 

proof of, 118, 114, 119, 122, 123, 125, 
188, 181, 184, 185, 187, SOS, 847 

and theorem of equipartition, 88 
and theory of evaporation, 106 
and thermionic emission, 114, 119, 122, 
123, 125 

verification of, by Doppler effect in spec- 
tral lines, 113, 125, 128 
(See also Maxwell-Boltsmann distribu- 
tion law, Maxwell’s distribution law) 
Divergent magnetic field, dia- and para- 
magnetic substances in, 504 
Doppler effect, in spectral lines, verification 
of Maxwell distribution by, ISO 
Drop, temperature at solid-gas surfaces, 
312, 323 

Du Long and Petit’s law, 428, 430, 456, 457, 
460, 475 

E 

Edge effect vs. area in vane radiometers, 
366, 377, 378, 382, *385 
Effect, Joule-Thomson, 184, 186 
Effective nuclear charge, 508, 509, 510 
Effusion of gases and formation of molecular 
beams, 801, 302, 305 
of molecules, 113, 801, 808, 805 
Einstein-de Haas effect, 530, 535 
Einstein equation for specific heats in 
solids, 467, 471 
Einstein function, 467 

Einstein photoelectric law, 417, 446, 626 
Einstein theory, of radiometer, defect in, 
379 

of rational Brownian movements, 405 
of vane radiometer, 874 
Elastic constants and atomic frequencies, 
474 

Elastic electron impact, 46, 601. 606, 630 
energy loss in, 602, 606, 630 
Elastic impacts, velocity exchanges in, 64, 
547 

Elastic molecular impacts, 16, 56, 59, 
44, 547, 601 

Elastic spherical molecules, 31, 59, 60, 61, 
154 

Electric field, potential of dipoles in, 491 
Electric moment, induced, 558 
Electrical charge, unit of (tee Electron) 
Electrical dipole, 18, 479, 500, 515, 517, 554 
moments, space quantization of, 517 
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Electrical dipoles, permanent, 513 
Electrical field in a gas, electron energies in, 
604, 605 

Electrical fields, alternating, dipoles in, 500 
inhomogeneous and dipole moments, 502 
Electrical forces between molecules, 179, 
639 

Electrical moment (see Dipoles) 

Electricity, conduction of, in gases, 543 
Electron, 50, 51, 54, 55, 57, 113, 118, 119, 
121, 122, 125, 390, 404, 409-411, 413, 
422, 436, 444, 447, 448, 458-460, 505, 
509, 523, 543, 646, 585, 598, 600-602, 
606, 613-616, 618, 620, 626-628, 630, 
641, 646 

absorbing cross sections of molecules for, 
54, 55, 57 

affinities, atomic, 614 
affinity, molecular, 546, 615 
arrangement and periodic table, 534 
attachment, 543, 546, 598, 600, 613, 627 
constant values of, 618 
energy of, 613 
probability of, 626 
and recombination, 600 
Thomson theory of, 614, 616 
Wellisch theory of, 613, 620 
average distance of, from nucleus, 508, 
509 

charge of, 407, 409, 411, 644 
currents, atomic, 505 

in a gas and thermionic emission, 626 
deflection, molecular diameters from, 641 
degenerate, 122, 124, 449, 460 
diffraction experiments, 411, 422 
elastic impacts of, with molecules, 56, 601, 
606, 630 

emission, and Maxwellian distribution, 
113, 119, 122, 125 

energy of, in electrical field in a gas, 604, 
605 

one absolute volt, 647 
free, in gases, 544, 545, 585, 598, 599, 
613, 623 

in metals, 113, 118 , 188 , 184 , 456 , 460 
paths, 50, 51, 56, 459, 601, 611, 628 
abnormal, 56, 611 
distribution of, 51 
recombination of, 599 
gas, 118, 121 

impact, elastic, energy loss in, 602, 606, 
630 

and excitation or ionization, 458 
impacts, elastic, 601 
and inelastic, 447 
inelastic in high fields, 612 

with molecules, 603, 604, 612, 628, 
629, 631 

ionisation by collision by, 547, 683 
mass of, 410, 417, 846 


Electron, mobilities, 600 , 605 , 609 , 610, 620, 
626, 627 

comparison of theory and experiment, 
610 

Compton equation for, 009 
Compton theory of, 605 
measurement of, 627 
recombination, 685, 600 
scattering and wave mechanics, 57 
shell in atom, spin of, 436, 444, 448, 450 
shells, 524 
cloned, 509 

spin moment, 523, 530, 531, 535, 536, 540 
spin moments and ferromagnetism, 536 
temperature in an electric field, 604 
terminal velocity of, 604* 606, 607 
theory of metallic conduction, 458 
traps, 614 

velocities. 55 , 121, 546, 607 , 608 , 600 , 620 
distribution, non-Maxwellian, 121 
in electrical field, 546 
terminal, distance to acquire, 608 
values of, 607, 608 
values of distance to acquire, 609 
volt, 55, 647 

Electronegative elements, 614 
Electronic moment of momentum, 506, 523, 
530, 531, 536, 537, 540 
Electronic structure of atoms, 534 
Electrons, liberated from an incandescent 
source, distribution of velocities among, 
117 

number of, in different orbit types, 533 
escaping attachment, 618 
velocities of, emitted from hot bodies, 114 
Electropositive elements, 014 
Ellipsoidal radiometer, forces on, by ther- 
mal transpiration, 371 
Elliptic dipolar molecules, 499 
Elliptic orbits, atomic, 525 
degenerate, 526 
number of, 526 
in recombination, 592 
spatial orientation of, 527 
Emission, cosine law of, 331, 340, 342 
from hot bodies, velocities of electrons or 
molecules in, 114 
spectra, occurrence of, 454 
Energetics, 6, 389 
school of, 6 

Energy, conservation of, 18, 59, 04, 72, 223, 
548, 562, 602, 606 
in impact, 59 

distribution, and equipartition, 75, 85 * 
147, 439, 444 , 448 
function, values of, 653 
law of, among electrons and molecules, 
123, 449, 001, 605 

of electron in electrical field in a gas, 

604, 605 

of electron attachment, 613 
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Energy, equip&rtition of, 19, §4, 75, 88, 84, 
85, 247, 4S7, 438, 439, 440, 444, 462 
excitation, 450, 601, 631 
form of distribution law, 88, 464 
of ionisation, excitation and spin, 450, 601 
kinetic, of molecule or electron, 88 , 60, 93, 
109, 119, 123, 219, 224, 247, 810, 
814, 818, 321, 353, 488, 488, 4 44, 
480, 560, 562, 586, 590, 599, 602, 
605, 607, 613, 625, 629, 630 
(See alto Boltsmann’s k) 
value of, 88 

loss in elastic impact, 602, 606, 630 
losses of ion of non-collision type, 564 
methods, molecular diameters from, 642 
of molecules at 0°C, 450 
and momentum exchanges at surfaces, 
Baule’s theory, 327 
of one absolute volt electron, 647 
per degree of freedom, 440, 464 
potential, chance of a given, among 
molecules, 89, 92, 95, 145, 157, 158, 
394, 449, 462, 470, 491, 513, 574 
and distribution law, 89, 92, 95, 145, 
157, 158, 394, 462, 470, 491, 518, 574, 
591 

of ion and molecules, 559, 561 
rotational, 247, 316, 433, 440-446, 449- 
452, 470-478 
transfer of, 801 
in vibration, 435, 603 
sero point. 448, 452, 457, 461 

Entropy, 74 

Epstein equation for vane radiometers, 374, 
380, 381 

Equation, Knudsen's, for flow of rarefied 
gases in tubes, 990, 303 
Lorents-Lorens, 479, 480, 487, 488, 493 
of state, 18, 18, 140, 145, 150, 168, 140, 
178, 191, 198, 194, 196, 199, 228 
Clausius*, 193 
Dieterici's, 194 

evaluation of force laws from, 178 

and force laws, 195 

graphical representation of, 188 

ideal, 18, 18, 140, 168 

Kammerlingh-Onnes*, 192 

limitations imposed on, 150 

more accurate, 140 

reduced, 191 

Reinganum's, 154, 160 

values of force constants from, 199, 22H 

from virial, 151, 160 

(See aleo Van der Waals* equation) 
van der Waals', 140, 142, 145, 151, 160, 
168, 172, 173 
application of, 173 
deduced from theorem of virial, 151 
deduction of, 142, 151 
real deviations from, 176 
roots of, 108 


Equation, van der Waals’, test of, 172 
Equations of state, accurate, 140 
other, 191 
semi-empirical, 195 

Equilibrium, cosine law of scattering at, 331, 
340 

gaseous temperature, 20, 81, 71, 75, 90, 

91, 92, 105, 107, 149, 808, 807, 841, 
267, 303, 315,, 318, 326, 331, 340, 
342, 350, 858, 3*94, 455, 804, 868 

of molecules in a gravitational field, 90, 

92, 394 

necessary and sufficient condition for, 72 
number of impacts to achieve tempera' 
ture, with surface, 323, 335 
and specific heats, 455 
sufficient condition for, 69 
temperature at solid-gas surfaces, 313 
between vapor and liquid, 107, 108 
Equipartition, application of principle of, 
440 

assignment of energy to degrees of 
freedom in, 440 

among different types of motion, 439, 440 
and distribution law, 75, 88, 247, 488, 
489, 440, 444, 462 
early implications of, 439 
of energy, 19, 84, 75, 88, 84, 85, 247, 487, 
438, 439, 440, 444, 462 
derivation of, questioned, 88, 438 
law of, deduced, 24, 86 
limitation to, 444 
proof of, 85, 444 

Escape, rate of, of molecules from a hot 
surface, 118 

V, Chapman’s value of, 214 
correction of, for persistence of velocities, 
214 

Jeans’ value of, 214 
Meyers’ value of, 245 
Sutherland’s correction for temperature 
variation of, 224 
Tait’s value of, 212 
value of. Maxwell’s deduction of, 807 
variation of, with pressure, mass and 
temperature, 215 
velocity of, 28 

Eucken’s value for correction of coefficient 
for heat conduction, 247, 250 
Evaporation of molecules, law of, from 
liquid surface, 108 

Excitation, of electrons by heat impact, 458 
energy of, 450, 601, 631 
Exclusion principle, Pauli, 121, 449, 460, 532 
sphere of, 33, 37, 41, 149, 175 
volume of spheres of, 149 
Expansion, coefficient of ideal gas, 12, 161 
coefficients and determination of a and 6, 
160 

of solids, thermal, 183 

volume and pressure, coefficients of, 162 



SUBJECT INDEX 


671 


Expansion, work in, 19 , 21, 184 , 427, 443, 
459 

Exponential functions, table of, 652 
External friction, coefficient of, 230, 281, 
283, 284, 285, 288, 289 
(See also Coefficient of slip; Maxwell’s 
/) 

F 

/, Haule's, 288, 324, 328 

Maxwell’s, 286, 288, 290, 303, 323, 326, 
328, 330, 336, 337, 372 
and coefficient of slip, 288 
Faraday constant, 390, 404, 408, 409, 545, 
555, 590, 644 

Fermi-Dirac statistics, 121 
Ferromagnetic substances, high inner field 
of, 516 

Ferromagnetism, 504, 516, 517, 536 
and free electrons, 536 
Field, electric, velocity of ion in, 46, 544, 552 
gravitational, molecules in, 89, 394 
inner electric, constant of, 486 , 487, 515, 
516 

inner magnetic, constant of, 507, 512, 514, 
515 

strength and mobility, 568 
Fields, repulsive force, 918 
Film, gas, non-conducting at surfaces, 311, 
323 

Fine structure constant, 411, 421 
Flow, of molecules through tubes of differ- 
ent shapes at low pressure, 306 
in tubes, at higher pressures, 230, 281-290 
for rarefied gases, Knudsen’s equation, 
290 , 303 

Fluctuations, of density, critical opalescence 
and miscibility, 410, 416 
of potential across a resistance, 409, 414 
in thermionic emission, 409, 412 
Force, constants, evaluated from second 
virial coefficients, 196 
dielectric, close to ions, 583 
equation between molecules and ions, 
deduction of, 558 
fields, atomic, nature of, 179 

attractive, 144 , 148 , 146, 148, 180 , 155, 
157, 188 , 180 , 181 , 198 , 199 , 216, 
218 , 221 , 228 , 228 , 689 , 640 
ionic and molecular, 578, 579 
repulsive, 180 , 188 , 187 , 188 , 181 , 197 , 
198 , 199 , 218 , 219 , 228, 267, 689 , 640 , 
642 

between ions and molecules, 557, 558, 583 
laws, and equation of state, 195 

evaluation of, from coefficient of 
viscosity, 198, 199, 227, 642 
from equation of state, 178, 198, 199 
and interdiffusion. 267 
and thermal diffusion, 276 


Forces, attractive, and concentration, 89, 
92 , 98 , 145, 146 , 157, 158, 394, 449, 
462, 470, 491, 513, 574, 591 
and repulsive of molecules, 144 , 148 , 
146, 148, 180 , 155, 157, 186 , 160 , 181 , 
198 , 199 , 216, 218 , 221 , 226 , 228 , 
689 , 640, 642 

and temperature variation of viscosity, 
216, 221 

electrical, between molecular types, 180 
gravitational, between molecules, 16 
intermolecular and viscosity, 218, 221, 
226 

minimum exponent of, 148, 155, 197 
molecular attractive, 17, 108, 144 , 145, 
146, 14&1 180 , 155, 157, 168 , 180 , 

181 , 198 , 199 , 216, 218 , 221 , 226 , 

228 , 689 * 640 
radiometric, 822, 349, 364 
in gases, 344 

repulsive, 166 , 188 , 187 , 168 , 181, 197 , 

198, 199, 218, 219 , 228 , 267, 689 , 

640 , $42 

(See alio Attractive, and repulsive 
forces) 

surface, and condensation, 334 
van der Waals’, 107 , 108 , 144 , 146, 148, 
160, 166, 171, 178 , 190, 443, 572, 

578, 639 

Formation of ions, 546, 570 , 587 , 598, 818 , 
614, 615, 617, 619, 620, 622 
45° atmosphere, 644 
Fourier heat conduction equation, 256 
Fourier series, 269, 468 
Fraction, mole, 254 
Franck-Condon mechanism, 603 
Free electrons, coefficient of recombination 
for, 599 

in gases, 544, 545, 585, 598, 599, 600 - 618 , 
613-623, 623-635 

in metals, 113, 118 , 122 , 124 , 468 , 460 
Free path, 31 , 36 , 37 , 43 , 44 , 43 , 46 , 48 , 96 , 
97 , 99 , 100 , 102 , 108 , 105, 209, 211, 
213, 217, 224, 239, 247 , 259, 361, 413, 
459, 852 , 853 , 596, 601, 611, 829 , 641, 
651 

approximate, 36 
chance of, 44 
concept of, 31 
and density, 36 
distribution, proof of, 50 
electron, abnormal, 56, 611 
evaluation of mean, 49, 201 
function of speed, 99 
Jeans’ mean, 361 
Langevin, ionic, 552, 563 
Maxwell, 96, 97, 100 , 103, 211, 224 
mean, 31 , 36 , 87 , 39 , 44 , 46 , 95 , 97 , 100 , 
108 , 201, 209, 211, 213, 217, 224, 361, 
389 , 409 , 418 . 693 , 596 , 601 , 641 , 661 
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Free path, mean, deduction of, 36, S7 ( 39, 
44, 95, 97, 100, 103 
in gaseous mixtures, 97, 99 
of ions, 552, 563, 593, 596 
of Maxwell, 96, 97 

molecular, approximate, table of, 651 
of Tait, 103 
measurement of, 48 

molecular, experimental knowledge of, 48 
of molecules, molecular diameters from, 
641 

and pressure, 37 
Tait’s, 99, 102, 211, 213 
Free paths, distribution of, 43, 45, 46, 50, 
105, 209, 211, 217, 239, 347, 259, 593, 
629 

application of, 46 
electron, 50, 459, 601, 611 
distribution of, 51 
Freedom, degrees of, in motion, 433 

(See also in general under Rotation, 
Translation, Vibration) 
energy per degree of, 440, 464 
Frenkel's theory of adsorption, 345 
Frequency, atomic, 474, 475 
and specific heats, 474 
collision, 33, 35, 43, 90, 210, 241, 242, 016 
limiting, 468 

of radiation, from circular Rohr orbits, 
524, 526 

from elliptical Bohr orbits, 526 
Friction, external coefficient of, 230, 283, 
285 

(See also Coefficient of slip) 

Function, Debye, 469 
Einstein, 467 
//, application of, 70 
Langevin, 492, 514 
Functions, exponential, table of, 652 
Fundamental physical constants, 644 

G 

7. 349, 321, 448, 444, 445 

Gas, constant, ideal, value of, 14 
per mole, 645 

film, nonconducting at solid surfaces, 311, 
323 

flow, in intermediate pressure range, 296, 
299, 300 

free electron, 544, 545, 585, 598, 599, 613, 
623 

ideal, 18, 14, 142, 153, 161, 187, 645 
conversion factors for nitrogen and 
oxygen, 645 

expansion coefficient of, 161 
internal pressure of, 143, 146, 148, 185, 
186 

isotherms, molecular diameters from, 641 
law, 11, 18, 140, 142, 146, 148, 153, 160, 
161, 188, 193, 184, 195, 196 


Gas, law, ideal, 18, 143, 153 

deduced from theorem of virial, 153 
layer, stagnant, at surfaces, 311, 312, 323 
mass flow of, through small openings, 302, 
305 

mechanical picture of a perfect, 11 
molecular nature of, 14 
perfect, model of a, 15 
photoelectric current in, 623, 624 
pressure, kinetic interpretation of, 18, 39 
real, virial for, 154 

solid interfaces, temperature gradient at, 
311, 323 

work of compressing, 19 
Gaseous diffusion, measurement of, 368 
Gaseous ions, 46, 543, 547-665, 666-560, 
560-564, 564-583, 683-600, 613-683 
complex, 557, 568, 571, 583 
mobility of, 46, 553, 560, 564, 565, 571, 
576, 580 

values of, 505, 560, 564, 568, 581, 588 
Gaseous mixtures, mean free paths in, 97, 
99, 266 

mobilities in, 570 

Gaseous slip, 281, 284, 288, 289, 314, 323, 
326, 360 

(See also Coefficient of external friction) 
Gaseous viscosity, temperature variation of, 
205, 215, 219, 321, 224, 225, 228, 251, 
561 

Gases, conduction of electricity in, 548 
effusion of, 301, 305, 312 
electron affinity of, 546 
free electrons in, 544, 545, 585, 598, 599, 
600-613, 618-633, 623-635 
heat conduction in, at low pressures, law 
of, 315, 317, 321, 323 
molecular heats of, 429, 441, 444, 446, 
450, 451, 462, 469-474 
photoelectric currents in, 646 
radiometric forces in, 322, 349, 864 
rarefied and surface phenomena, 278 
equations of volume and mass flow for, 
292, 294, 302, 305 
flow of, in short tubes, 302 
in tubes, 290, 292, 294, 302, 303, 305 
resistance factor in flow of, 293 
variation of flow with pressure in, 295 
specific heats of, effect of higher quantum 
numbers on, 470 

temperature equilibrium in, 20, 61, 71, 
75, 90, 91, 92, 196, 107, 149, 808, 897, 
841, 267, 303, 315, 818, 326, 331, 340, 
342, 350, 353, 394, 455, 604, 652 
temperature variation of viscosity of, 205, 
215, 819, 881, 224, 888, 251, 561 
verification of Brownian movement rela- 
tion for, 496 

Generalised coordinates, 432 
Generation of molecular beams, 306 
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Graphical representation of equation of 
state, 166 

Gravitational field, molecules in, 89, 394 
Gravitational forces between molecules, 16 
Gyromagnetic phenomena, 606, 630, 636, 
636 

Gyroscopes, atomic, 606, 630, 635, 536 
H 

A, Planck's, 111-124, 410, 411, 417, 418, 
419, 421, 422, 423-428, 430, 435, 436, 
444-460, 460, 461, 466-471, 600, 601, 
626 

H function, application of, 70 
// theorem and the meaning of //, 7S 
Ha, electron mobility in, 610 
Half quantum numbers, 629, 631 
Hass6 and Cook, mobility theory, 579 
viscosity theory, 226 

Hass6’s improvement on Langevin’s com- 
plete equation, 577, 582 
He, electron mobility in, 612 
Heat, of adsorption, 345 

capacity (see Specific heat; Heat, specific, 
Molecular or atomic heat), 
conduction, 234, 235, 236, 288, 240, 241, 
246, 246, 247, 260, 251, 255, 310, 
310, 317, 820, 321, 323, 384, 385 
coefficient, 201, 236, 240, 241, 246, 246, 
247, 260, 261 
corrected, 245 

derivation of, corrected, 240 
table of corrections for, 250 
values of, 236 

variation of, with temperature, pres- 
sure and mass, 251, 323 
deduced, with distribution of free paths 
and velocities, 288 
definition of, 234 
density variation in, 241 
equation of Fourier, 255 
Eucken’s correction for coefficient of, 
247 

influence of, on radiometers, 384, 385 
at low pressures, 810 
law of, 315, 317, 321 
test of theory, 320 
simple kinetic theory of, 236 
in solids, 235 

value of coefficient of, 240 
specific, 240, 248, 316, 317, 426, 427, 440, 
441, 442, 443, 444, 446, 450, 469, 470, 
471, 472, 473 

of hydrogen, temperature variation of, 
444, 451, 453, 473 

translational and rotational, 248, 316, 
317 

(See also Specific heats) 
transfer, in gases at low pressures, value 
of, 317 


Heat, of vaporisation, latent, 108 
Heating in Joule-Thomson effect, 188 
Heats, atomic, 428, 429, 441, 442, 443, 444, 
446, 447, 450, 451, 483, 464, 455, 467, 
469 

(See also Specific heats) 
and moleoular heats, of solids, 423, 430, 
480, 466-462, 462-469 
temperature variation of, 428, 429, 
444, 447, 450, 401, 463, 454, 467, 
469, 470, 471, 472, 473 
molecular, 429, 430, 440, 441, 442, 443, 
444, 446, 460, 451, 452, 470, 471, 472, 
473 

specific, at constant pressure, 249, 316, 
317, 427, 448, 446, 459, 471 
at conataht volume, 248, 316, 317, 427, 
440, 4«4, 442, 440, 459, 471 
and equilibrium, 455 
and kinetic theory, 426 
ratios of, 249, 816, 817, 443, 444, 440, 
459 

values of, 427, 445 

Hettner equation for tangential forces on 
vane radiometer, 369 
Historical, 6 
Hooke’s law, 455 

Hot bodies, average velocities of molecules 
or electrons emitted from, 114 
Hot surface, rate of escape of molecules 
from, 116 

HUckel's theory of adsorption, 345 
Hydrogen, atom, mass of, 646 
ortho and para, 473 

temperature variation of viscosity of, 228 
variation of specific heats with tempera- 
ture, 444, 451, 453, 473 
Hypothesis, Avogadro's, 24 

I 

Ice point, absolute, 644 
Ideal gas, 12, 14, 142, 163, 161, 187, 645 
constant, value of, 14 
conversion factor for nitrogen, 645 
for oxygen, 645 
expansion coefficient of, 161 
law, 12, 142, 153, 161, 187 
deduced, 12 

from theorem of virial, 163 
Impact, probability of angle in, 34, 549, 593 
Impacts, chain of, mechanism, 112 
conservation of energy in, 09, 64, 72, 223, 
548, 562, 602, 606 
definition of, 62 

elastic electron, 56, 447, 601, 602, 606, 630 
energy loss in, 602, 606, 630 
molecular, 16, 56, 59, 64, 647, 643, 649, 
601 

velocity exchanges in, 64, 548, 549 
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Impacts, energy exchanges between mole- 
cules and surfaces in, 280, 319, 323, 
335, 326, 338, 335, 337, 351, 373, 382, 
385 

(See also Accommodation coefficient) 
inelastic electron, 447, 602, 604, 606, 612, 
628, 629, 630, 631 
in high fields, 612 

momentum exchanges between molecules 
and surfaces in, 386, 388, 291, 303, 
322, 323 , 324 , 326, 328, 330, 336, 337, 
372 

number of, to achieve temperature equi- 
librium with surface, 323, 335 
to attach, 614, 615, 617 
on unit surface per second, 43, 103, 360, 
SOI, 340, 341, 624 
oblique and specular reflection, 333 
radiating, 631 

Incandescent source, distribution of veloci- 
ties among electrons liberated from, 117 
Independence of velocity components, 76, 
87, 247, 316, 324, 325, 439, 440 
Index, refractive, 479, 480 
Induced dipole moments in electrical fields, 
502 

Inelastic electronic impacts ( see Impacts, 
inelastic, electron) 

Inhomogeneous electrical field, effect of, on 
dipoles, 502 

Inner electric field, constant of, 486, 487, 
515, 516 

high constant of, 516 

Inner magnetic field, constant of, 507, 512, 
514, 515 

Insulating gas film at surfaces of solids in 
gases, 311, 323 

Integrals, definite, of distribution law, 654 
Intensity, distribution in molecular beams, 
308, 310 

of molecular beam and condensation, 339, 
344 

Interaction of surfaces with molecules, 
problem of, 325 

Interdiffusion, 253, 260, 364, 265, 266, 268, 
273, 274 

coefficient of, 264 

and composition, 265, 268, 273, 274 
theory of, 260 

Interference fringes, visibility of, 127 
Intermediate pressures, flow of gases in 
tubes at, 296 

thermal transpiration at, 863 
Intermolecular forces, of attraction (see 
Attractions, molecular; Force fields; 
Force laws) 

and viscosity, 216, 218, 221, 226 
Internal pressure of a gas, 143, 146, 148, 
185, 186 

Inversion temperature in Joule-Thomson 

effect, 189 


Ion, cluster, 556, 570, 583 

criterion of stability for, 560 
labile, 572 
limit of size of, 560 
formation, complex, 571 
mean free path for, with forces, 563 
mobility, derivations of equations for, 46, 
647, 860 

equation, complete, of Langevin, 565, 
575, 576, 582 

of Thomson and Loeb, 565 
of Wellisch, 564 
in gaseous mixtures, 670 
variation of, with field strength, den- 
sity, pressure, temperature, charge, 
mass, and dielectric constant, 568, 
569 

and molecule, potential energy of, 559, 
561 

nature of, 564 

negative, ionizing potential of, 615, 621, 
622 

non-collision energy losses by, 564 
pairs, 584 

small, 556, 560, 566, 570 
solid elastic mobility equation for, 552, 
555, 561 

unknown nature of, in recombination, 597 
velocity of, in field, 46, 544, 552 
Ionic charge and mobility, 564 
Ionic diffusion, 624 

and molecular diffusion, compared, 555 
Ionic fields and van der Waals* forces, 578 
Ionic force fields, and molecular force fields, 
578, 579 

Ionic mobilities, in mixtures, derivation of 
law of, 570 

molecular diameters from, 642 
Ionic radii, rdle of in mobility, 567 
Ionization, by collision, 547, 623, 626, 628, 
629, 633 

effect of pressure and field strength on, 

633 

in air, observed values of, 633 
Townsend equation for, 629 
Townsend theory of, 628 
potential, 410, 418, 450, 601, 629 
probability of, 630, 632 
Ionizing potential of negative ion, 615, 621, 
622 

Ions, active attraction of, 585, 587, 591 
aging of, 557, 570, 587, 598 
appear in equal numbers, 584 
charge on, 545, 555 

coefficient of diffusion of, 545, 553, 554 
of recombination for, 546, 583 
time variation of, 585, 587 
complex, stability of, 568 
complex gaseous, 557, 568, 571, 583 
concentration of molecules in field of, 572 
equation for diffusion coefficient of, 554 
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Ions, foroe of, on molecules, 557, 558 
force equation between molecules and, 
deduced, 558 

forceless cluster, mobility of, 547 
formation of, 546, 570 , 587 , 598, 518 , 614, 
615, 617, 619, 620, 622 
by electron attachment, 613 
gaseous, mobility of, 45 
growth of, 557 

independence of mobility and recombina- 
tion, 587, 598 

kinetic and potential energies of, in a gas, 
586 

large and normal, 544 
loss of, by diffusion, 585 
mass of, and recombination, 587 
mean free path of, 552 , 558 , 593, 596 
mobility of, 45 , 544, 547 , 552, 555, 550 , 
561, 554 , 555 , 567, 570 , 575 , 575 , 582 
monomolecular, calculated mobility of, 
581 

observed mobility of, 582 
multiply charged, 545, 569 
nature of, in Hj, 599 
oppositely charged, Brownian motion of, 
588 

diffusion of, 587, 591 
partial pressure of, 545, 553 
random distribution of, 584, 587, 598 
random heat motions of, 586 
repulsion between, in gas, 553 
sphere of active attraction of, 585, 587, 
591, 592 

transition of, 544 

values of molecular concentrations near, 
574 

Irreversible compression, 21 
Irreversible phenomena, 202 
Isotherm, defined, 166 
Isotherms, effect of condensation on, 175 

J 

Jacobean transformation, 463 
Jeans' mean free path, 361 
Joule-Thomson effect, 154 , 188, 189, 190, 
191, 409, 413 

calculation of, from a and 5, 190 
heating and cooling in, 188 
interpreted by van der Waals' equation, 
184 

more accurate equation for, 191 
temperature inversion in, 189 

K 

k, Boltsmann’s, or Boltsmann’s constant, 
28 , 55 , 115 , 242, 409, 410, 413, 414, 417, 
438, 461, 463, 572, 589, 545 
Kammerlingh-Onnes' equation of state, 192 
Kerr coefficients, 503 


Kinetic analysis of viscoeity, simple, 255 
Kinetic energy, of a molecule, 28 
of molecules or electrons, 28 , 60, 93, 109, 
119, 123, 219, 224, 247, 810 , 814 , 
815 , 321, 353, 488 , 438, 444, 450. 
560, 562, 586, 590, 599, 602, 605, 
607, 613, 625, 629, 630 
(See aleo k, Boltsmann’s) 
and potential energies of oppositely 
charged ions in a gas, 586 
and potential energy in Maxwellian dis- 
tribution, 89 , 92, 95, 145, 157, 158, 
394, 462 , 470, 491 , 518 , 574, 586, 591 
Kinetic interpretation of gas pressure, 18 
Kinetic thtory, analysis of gaseous ion 
mobilitiee assuming ions that are 
charged clusters of molecules exerting 
no f arose jon gas molecules due to their 
charge, 847 

of heat conduction, 288 
paradox of, In slow diffusion, 29, 201 
and specific heats, 428 
Knudsen equation for tangential forces on 
vane radiometers, 369 
Knudsen law of molecular scattering, 331, 
342 

Knudsen’s accommodation coefficient, 319, 
328, 335, 351, 373 

Knudsen’s equation for flow of rarefied gases 
in tubes, 290 , 303 

Knudsen’s law, Lorents deduction of, 303, 
305 

L 

L-S coupling, 532 
Labile ion cluster, 572 
Land6 splitting factor, 518, 535, 536 
Langevin, complete equation of, Haasl’s 
improvement on, 576, 577, 582 
complete mobility equation of, 565, 575, 
576, 582 

electron mobility equation of, 617 
equation of, for solid elastic ion mobili- 
ties, 552, 555, 561, 564, 568, 600, 605, 
609 

free path, ionic, 552, 563 
function, 492, 514 

law of paramagnetism, 484, 492, 818, 
514, 817, 818,521 

recombination theory of, 585, 586, 587 
solid elastic mobility theory of, test of, 
555, 568 

Langmuir’s calculation of vapor pressure, 
106 

Langmuir's theory of adsorption, 338, 343 
Laplace's law of atmospheres, 394 
Large ions, 544 

Latent heat of vaporisation, 108 
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Law, of absolute manometer, 348, 351, 353 
of atmospheres, 93, 390, 394, 898, 409, 
414, 572 
deduced, 93, 394 
experimental proof of, 398 
Avogadro’s, 28, 24, 83, 86, 87, 398, 408, 
428, 429, 430, 437, 438 
Blanc’s, 571, 574 
Boyle’s, 11, 140, 142, 394 
deviations from, 142 
of Brownian displacement, 402, 590 
Brownian movement, of Einstein and von 
Smoluchowski, 899 
Charles’s, 11 

of conservation of mass, 22 
of definite proportions, 22 
Coulomb’s, 523, 559, 585 
Curie’s, for magnetism, 492, 513, 515, 519, 
537 

de Broglie’s, 9, 134, 332, 411, 423 
distribution, including potential and 
kinetic energies, 89, 98, 93, 95, 157, 
158, 394, 449, 462, 470, 491, 513, 574 
of distribution of velocities, 80, 87, 73, 74, 
76, 79, 81, 83, 88, 89, 91, 93, 94, 
101, 105, 113, 114, 119, .128, 128, 

130, 184, 135, 211, 239, 241, 259, 

261, 387, 291, 802, 818, 324, 325, 

340, 341, 847, 449, 480, 461, 462, 

470, 491, 513, 538, 539, 551, 653, 

654 

constants of, 79 
test of, 302 

(See also Distribution law; Maxwell’s 
distribution law; Max well- Boltz- 
mann distribution law) 

Du Long and Petit’s, 428, 430, 456, 457, 
460, 475 

of equipartition, 19, 24, 75, 83, 85, 86, 247, 
437, 438, 439, 440, 444, 462 
deduced, 24, 86 

of evaporation of molecules from a liquid 
surface, 108 

of heat conduction in gases at low pres- 
sures, 315, 317, 321 
Hooke’s, 455 

ideal gas, 12, 142, 153, 161, 187 
Knudsen's, Lorentz's deduction of, 303, 
305 

Langevin, of paramagnetism, 484, 492, 

513, 514, 517, 518, 521 
Lens’s, 505, 507 

of mixtures, in ionic mobilities, effect of 
molecular distribution on, 574 
of multiple proportions, 23 
Neumann's, 430, 456 
of partial pressures, 25, 253, 264, 393, 394, 
545, 553 

Poisseuille's 230, 278, 281, 294, 297, 360 
second, of thermodynamics, 74, 203, 204 
Stokes', 397, 400, 405, 406, 642 


Law, symmetrical, of radiometer, of Weet- 
phal, 372, 382 

T* of Debye for variation of atomic hepts 
with temperature, 469 
of vapor pressure of liquid, 111 
of velocity distribution proven, 113, 114, 
119, 122, 123, 125, 128, 131, 184, 135, 
137, 302, 347 
Weiss's, 515, 516 
Wiedemann- Frans’s, 235, 458 
Laws, additive, for index of refraction, 481, 
482, 484 

of elastic impact, 16, 56, 59, 64, 547, 601, 
606, 630 

force, and diffusion, 267 
and thermal diffusion, 276 
of force, molecular, 144, 145, 146, 148, 150, 
155, 156, 157, 168, 179, 180, 181, 198, 
199, 216, 218, 221, 236, 228, 578, 579, 
639, 640 

gas, 11, 12, 140, 142, 145, 148, 153, 160, 
161, 192, 198, 194, 195, 196 
Newton’s, 16 

of radiometer, 372, 374, 378, 380, 381, 382 
of radiometers, Sexl and Epstein, 373, 
380, 381 

of rarefied gases and surface phenomena, 

278 

Lens’s law, 505, 507 

Levels, electron (see Shells, electron) 

Limit of size of ion cluster, 560 
Limitation m use of wan der Waals’ 6, 150, 
156, 176,178,216, 240 
Limiting frequency, 468 
Linear configurations, 434, 441, 443 
Linear oscillator, 448, 452, 462 
Lines of force, magnetic, 504 
Lingering, time of, 326, 330, 338, 339, 341, 
342, 344, 345, 346 
direct measurement of, 346 
Liquid, law of vapor pressure of, 111 

and vapor, equilibrium* between, 107, 108 
vapor pressure of, 106 

Liquids, temperature variation of viscosity 
of, 205 

Loeb, coefficient of recombination of, 595 
Long period in periodic table, 535 
Lorenz’s deduction of Knudsen's law, 303, 
305 

Lorenz-Lorentz equation, 479, 480, 487, 488, 
493 

Loschmidt’s number, 36, 389, 395, 408, 412, 
413, 423, 559, 566, 649 
(See also Avogadro’s number) 

Low pressures, flow of molecules through 
tubes of different shapes at, 306 
heat conduction at, 310 

of gases, law of, 315, 317, 321 
law for measurement of, 351, 353 
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M 

Magnetic atomic moment, 510 
Magnetic deflection experiments, 134, 410, 
418, 502, 536, 538, 540 
( See aleo Stern-Gerlach experiment) 
Magnetic dipole moment, 513 
Magnetic dipoles, molecular, 505, 511, 611, 
518 

distribution in magnetic fields, 513, 516, 
529, 536, 539, 540 

Magnetic field, divergent paramagnetic and 
diamagnetic substances in, 504 
inner, 507, 512, 514, 515 
potential of molecules in, 513, 518 
uniform, diamagnetic and paramagnetic 
substances in, 504 
Magnetic lines of force, 504 
Magnetic moment, force on, in divergent 
magnetic field, 539 
aero, 509 

Magnetic moments, of atoms in S state, 520 
of closed shells, 533 
measured values of, 541 
Magnetic phenomena and atomic structure, 
522 

Magnetic polarizability, 507 
additivity of, 511 
Magnetic quantum numbers, 531 
Magnetic saturation, 521 
Magnetic spatial quantization, proven, 540 
Magnetic velocity analyzer, 135, 539 
Magnetism, Curie law for, 492, 513, 515, 
519 

Magneton, Bohr, 114, 136, 410, 419, 517, 
519, 520, 522, 585, 530, 535, 587, 588, 
539, 540, 647 
Weiss, 517, 519, 637 
Manometer, absolute, 848, 351, 353 
law of, 351, 353 

Mass, of atom of unit atomic weight, 646 
determination of colloidal particles, 396 
of electron, 410, 417, 646 
flow, from capillary tube, 290 

of gas through small openings, 302, 305 
of rarefied gases, equation for, 290, 292, 
294 

of hydrogen atom, 646 
of ion, 569, 587, 596 
and mobility, 569 
and recombination, 587 
law of conservation of, 22 
motion in diffusion, 255, 264 
point Bingle, 433 
points, assemblage of, 434 
susceptibility, 507, 508, 510, 511, 516 
table of values of, 511 
transfer, 901 
theory, criticism of, 864 
variation, of diffusion, coefficient, 272 
of heat conduction coefficient, 251 


Mass, variation, of velocity, 28 
of viscosity coefficient, 215 
Matter waves, 9, 134, 332, 411, 423 
M ax well- B ol t z man n distribution law, 60, 67, 
74, 76, 70, 81, 83, 88, 89, 91, 93, 94, 
101, 105, 118, 114, 119, 185, 128, ISO, 
184, 186, 211, 239, 841, 259, 261, 887, 
291, 808, 814, 324, 325, 340, 449, 460, 
461, 468, 470, 491, 513, 538, 539, 551, 
653, 654 
constants of, 79 

(See aleo Distribution law) 

Maxwell's deduction, of distribution of 

velocities, 74 
of value of if* 807 

distribution, of velocities, experimental 
verification of, 118 

and thermionic emission, 114, 119, 188, 
188, 126, 449, 461 

Maxwell’s distribution law, applied to 
electrons ip metals, 122, 461 
direct verification of, 181-187 
extended to molecules in potential field, 
89, 94. 96, 145, 157, 158, 394, 470, 
491, 513, 574 

of molecules and electrons, limitation on, 
449 

and number of molecules striking a cm* 
per second, 42, 105, 340, 341 
proof of, 118, 114, 119, 122. 123, 185, 186, 
181, 134, 186, 187, 80S, 847 
and theorem of equipartition, 75, 88 , 247, 
438, 439, 440, 444, 462 
verification of, by Doppler effect in spec- 
tral lines, 113, 125, 128 
Maxwell’s free path, 96, 97, 100, 103, 211, 
224 

Maxwell’s /, 286, 288, 291, 303, 323, 326, 
328, 330, 336, 337, 372 
and coefficient of slip, 288 
Mean collision frequency of molecules of a 
given speed, mean free path of such 
molecules, and Tait’s free path, 99 
Mean free path, 81, 86, 37, 89, 44, 48, 96, 97, 
100, 108, 201, 209, 211, 213, 217, 224, 
361, 889, 409, 418, 593, 596, 601, 641, 
651 

Clausius’ deductions, 81 
concept of, 43, 44 

correction for distribution of velocity, 95 
deduction of, 86, 37, 89, 44, 96, 97, 100, 
108 

electron, 60, 51, 56, 459, 601, 611, 628 

evaluation of, 202 

of ion with forces, 560, 563 

of ions, 552, 563, 593, 596 

Jean’s, 361 

of Maxwell, 96, 97, 100, 103, 211, 224 
Tait’s, 99, 10S, 108, 211, 213 
Mean free paths, molecular, approximate, 
table of, 651 
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Mean free paths, of molecules in a gas com* 
posed of molecules of different kinds, 97 
Measurement, direct, of molecular veloci- 
ties, ISO 
of free paths, 4S 
of gaseous diffusion, 268 
of viscosity, 230 

Mechanical motions and definition of degrees 
of freedom, 411 

Mechanical picture of a perfect gas, 11 
Mechanical properties of molecules, doctrine 
of equipartition and classical values of 
specifio heats of gases, 411 
Mechanical system, virial of, 163 
Mechanics, classical, 1, 8, 14, 16, 17, 64, 85, 
481, 440, 623 
Newtonian, 1, 8 

wave, 7, 9, 134, 332, 411, 423, 610, 520, 
523, 526, 636, 537, 587 
Mechanism, Franck-Condon, 603 
Melting point and atomic frequencies, 474 
Melting points and interatomio forces, 457 
Metals, free electrons in, 113, 118, 189, 194, 
468 , 460 

Method, Boltzmann's, conclusion of, 79 
Meyer’s value of coefficient of viscosity, 245 
Milikan's oil drop measurement, 409, 411 
Mixtures, gaseous, mean free paths in, 97, 99 
law of, for ions, effect of molecular dis- 
tribution on, 574 
polarisation in, 498 

Mobilities, electron, comparison of theory 
and experiment, 610 
of electrons, 600 

in mixtures, derivation of law of, 570 
Mobility, oonstant, 545 
and density, 545 
and diffusion ratio of, 554, 590 
electron, 600 , 626, 627 

Compton equation for, 609 
measurement of, 627 
of electrons, Compton theory of, 605 
equation, complete, of Langevin, 565, 575, 
576, 582 

of Hass4 and Cook, 580 
solid elastic, test of, 555 
for solid efastic ions, 552, 555, 561 
equations of Langevin and Thomson- 
Loeb, test of, 667 
of forceless cluster ions, 547 
of gaseous ions, 46 

ionio, variation of, with field strength, 
density, pressure, temperature, 
charge, mass and dielectric constant, 
568,569 

and ionio charge, 564 
and ionio radii, 567 

of ions, 46 , 544, 847 , 562, 555, 860 , 561, 
864 , 866 , 567, 670 , 876 , 876 , 582 
of monomolecular ions, calculated, 681 
observed, 582 


Mobility, spectrum, 544 
and temperature, 545 
Model of a perfect gas, 16 
Molal volume in liquid state, 409, 413 
Mole, defined, 28 
Mole-fraction, 254 

Molecular attractions, 17, 108, 144 , 146 , 
146, 147, 148, 180 , 155, 157, 186 , 180 , 
181 , 198 , 199 , 216, 918 , 991 , 996 , 998 , 
689 , 640 

Molecular beams, 8. 180 , 301, 806 , 307, 326, 
881 , 889 , 888 , 884 , 502, 536, 688 
cloud formation in, 307 
in electric fields, 502 
formation of, slits in, 307 
generation of, 306 
intensity distribution in, 308, 310 
in magnetic fields, 134, 186 , 410, 418, 502, 
536, 888 , 540 

total emission in, 308, 310 
velocity analyzer for, 114, 332 
Molecular chaos, 203 

Molecular constants, interpretation of, from 
different sources, 150, 175, 178, 210, 
640, 643 

Molecular data from band spectra, 453 
Molecular diameter, apparent, 224 
Molecular diameters, 85 , 48 , 48 , 97, 140 , 
149, 150 , 157, 178, 183, 198 , 199 , 216, 
884 , 888 , 389, 404, 413, 481 , 550, 689 , 
648 , 647 , 651 

approximate, table of, 651 
and force constants, values of, 198, 199, 
228 

interpretation of, 640 
and temperature, 150, 183, 220, 224, 640 
unreliability of, from different data, 150, 
175, 178, 216, 640, 643 
values of, from different sources, 643 
Molecular diffraction and atomic diffraction, 
8, 9, 134, 882 , 410, 418 
Molecular diffusion and ionic diffusion, 
compared, 555 

Molecular dipoles (see Dipoles, electrical or 
magnetic) 

Molecular electron affinity, 615 
Molecular force constants, evaluated from 
second virial coefficient, 196 
and viscosity, 197 

Molecular force fields, nature of, 179 
repulsive and attractive, 144 , 146 , 146, 
148, 150 , 155, 157, 158 , 180 , 181 , 198 , 
199 , 216, 918 , 991 , 926 , 928 , 639, 640 
and thermal expansion, 183 
Molecular forces and viscosity, 197, 218, 
221, 226 

Molecular free paths (see Free paths; 
Mean free paths) 

Molecular heats, of compounds (see 
Neumann’s law) 
at constant pressure, 443. 445 
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Molecular heats, at constant volume, 441, 
442, 448, 471 

of gases, 429, 441, 443, 445, 471 
experimental values of, 445 
of solids, 430, 455 

temperature variation of, 429, 450, 451 t 
453, 454, 437, 439, 471, 473 
(See also Specific heats) 

Molecular impacts, elastic, 16, 50, 59, 34 , 

547, 543, 549, 601 

Molecular laws of force (see Molecular force 
fields; Force fields; Attractive and 
repulsive force field) 

Molecular magnetic dipoles, 505, 512, 513, 
518 

Molecular motions, 17 
reality of, 389 

Molecular nature of a gas, 14 
Molecular polarizability, equation for, 493 
Molecular rays (see Molecular beams) 
Molecular refraction, molecular diameters 
from, 647 

Molecular repulsive anti ttractive forces 
(see Force fields, mole ilar) 

Molecular rotation, 347-25 >, 316, 317, 433, 
440-444, 449-452, 470-478, 603 
Molecular roughness, 318 
Molecular scattering, Knudsen law of, 331, 
342 

of light, 410, 416, 503 
depolarization in, 503 
Molecular speeds, 26 

Molecular structure and electrical dipole 
moments, 502 
Molecular turbulence, 312 
Molecular velocities, approximate, table of, 
651 

chance of, and chance of vector, 80 
direct measurement of, 180 
distribution of, 59 
plot of distribution of, 81 
relative, 37, 95, 97, 100, 550, 593 
values of, 27 

variation with mass, temperature, pres- 
sure, and density, 28 
(See also Maxwell’s distribution law; 
Maxwell-Boltzmann’s distribution 
law; Distribution law) 
various averages of, 83 
Molecular velocity, average, 82 
Molecular velocity analyzers, 132, 134, 332, 
540 

Molecular vibrations and atomic vibrations, 

248, 436, 440-445, 452-455, 455-468, 
482-488, 473-475, 603 

Molecule, chance of having given potential 
energy, 89, 92, 95, 145, 143, 157, 158, 
394, 449, 462, 470, 491, 513, 572, 574, 
591 

kinetic energy of, 28 


Molecules, absorbing cross section of, for 
electrons, 54, 55, 57 

adsorption of, 280, 325, 323, 330, 337, 338, 
339, 341, 342, 343, 345, 410, 415 
attachment of electrons to, 813 
attractive and repulsive forces of, 155, 
180, 181 

collision frequency of, 82, 86, 43, 99, 210, 
241, 242, 616 

concentration of, in field of ion, 572, 574 
concept of, 28 

condensation of, on surfaces, 326 
degenerate, 449 

density of, in potential field, 89, 92, 95, 
145, 143, 157, 158, 394, 449, 462, 470, 
472, 474, 491, 513, 591 
diameters of (see Molecular diameters) 
dielectric constant of, 479 
distribution of, in potential field (see 
MoleoulCe, density of, in potential 
field) 

effusion of, 113, 301, 302, 305 
elastic spherical, 31, 59, 60, 61, 154 
electrical forces between, 180, 639 
equipartition of energies among, 19, 24, 
75, 83, 84, 85, 247, 437, 438, 439, 
440, 444, 462 

evaporation of, from liquid surfaces, 108 
flow of, through tubes of different shapes 
at low pressures, 306 
force of ions on, 557, 558 
fraction randomly reflected ( see Maxwell’s 
/; /) 

in gravitational field, 89, 90, 92, 394 
equilibrium of, 90, 92 
paradox of, 89 

inelastic impacts with electrons, 447, 602, 
603, 604, 606, 612, 629, 630, 631 
interaction of, with surfaces, 328-348 
linear and non-linear, 441, 443 
mechanical properties of, 481 
mechanical structure of, 436 
as mechanical systems, 488 
number of, striking unit surface per 
second, 42, 108, 260, 801, 340, 341. 
624 

polarizability of diatomic, on wave 
mechanics, 501 

random reflection of, at surfaces (see 
Maxwell’s /; /) 

rate of escape of, from a hot surface, 116 
reflection of, from surfaces and adsorp- 
tion, 325-348 
self diffusion of, 266 
structure of, 179 
surface area of, 35 

velocities of, emitted from hot bodies, 114 
volumes available to, 35 
volumes of (see Van der Waals’ b ; b, Van 
der Waals'; Molecular diameters) 



680 


THE KINETIC THEORY OF OASES 


Moment, electrical (000 Dipoles, electrical) 
in field, reeolved mechanical, 518 
of momentum, Bohr unit of, 525, 530, 531, 
535 

conservation of, 223, 548, 562 
electronic, 506, 523 
orbital, 447, 448, 450 
Moments, dipole, values of, 407 
magnetic, measured values of, 541 
Momentum, Bohr unit of angular, 647 
conservation of, 18, 84, 888, 848, 868 
coordinates, 432 

and energy exchanges at surfaces, Baule’s 
theory, 327 

exchanges of molecules on impact with 
surface, 322 
transfer, 801 

at low pressures, 348 

Monatomic gases, atomic heats of, 420, 442, 
443, 445, 451 
properties of, 436 

Monochromatic velocity beam, 134 
Monochromatic vibrations in solids, 467 
Most probable velocity, 81 
Motion, degrees of freedom of, 433 
Motions, of assemblages of mass points, 433 
mechanical, 481 
molecular, 17 

Movements, Brownian, 889 
Multiple proportions, law of, 23 

N 

Negative ion, ionising potential of, 615, 621, 
622 

Neumann’s law, 430, 456 
Newtonian mechanics, 1-8, 14, 16, 17, 64, 
83, 85, 431, 440, 523 
(See also Classical mechanics) 

Newton’s laws, 16 
Nitrogen, electron mobility in, 611 
Nonlinear configurations, 434, 441, 443 
Normal atmosphere, 644 
Normal ions, 544 

Normal velocity component in impact, 65, 
285, 286, 548 

Nuclear atom, 179, 420, 421, 436, 472, 506- 
610, 686-541, 637, 639 
Nuclear charge, real and effective, 179, 508, 
509, 510, 523, 524, 529, 532 
Nudeii spin, moments of, 472 
Nucleus, mass point, 436 
Number, atomic, 179, 508, 510, 524, 529, 
532 

Avogadro, 84, 28, 389, 395, 898, 408, 404, 
408, 488, 429, 430, 437, 438, 488. 514, 
519, 572, 648 
determination of, 408 
value of, 28, 423, 645 
of collisions, 32 

of electrons in different orbit types, 638 


Number, of impacts, to achieve temperature 
equilibrium with surface, 323, 335 
to attach, 614, 615, 617 
Loschmidt’s, 36, 389, 395, 408, 412, 413, 
423, 559, 566, 649 
(800 also Avogadro’s number) 
of molecules striking unit surface per 
second, 48, 108, 880, SOI, 340, 341, 
624 

quantum (see Quantum number) 
Numbers, quantum, higher, effect of, on 
dielectric constant, 502 
in specific heats, 470, 472 
Numerical value of R T, 14 

O 

Oil drop measurement, Millikan’s, 406, 409, 
411 

Orbit, total moment of momentum of, 628 
types, number of electrons in, 533 
spectroscopic, 526 
unit, Bohr, radius of, 524 
Orbital moments in fields, quantised pro- 
jections of, 528 

Orbits, arrangements of, in atom, 532 
Bohr, 447, 506, 509, 523, 524, 525, 535 
closed elliptic in recombination, 592 
elliptical, number of, 525, 526 
5-type, 536 
Ortho hydrogen, 473 

Osborne- Reynolds phenomenon, 354, 358, 
363; 371, 380, 385 

Osborne- Reynolds streaming, 358, 367, 371, 
380, 385 

Oscillator, linear, 448, 452, 462 
Osmotic pressure, 392 
Oxygen, electron mobility in, 612 
inelastic impacts in, 603 

P 

Paradox, of dielectric constant and index of 
refraction, 484 

of imperfect theory of ionisation by 
collision and experimental agreement 
with it, 629 

of kinetic theory in slow diffusion, 29, 201 
of moleoulea in a gravitational field, 89 
of pressures in connected vessels at 
different temperatures, 353 
of specific heats with free electrons in 
metals, 459 
Para hydrogen, 473 

Paramagnetic equations, experimental test 
off 521 

Paramagnetic phenomena in relation to 
kinetic theory, 818 

Paramagnetic susceptibility, 512, 513, 514 
temperature variation of, 5X2, 614 
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Paramagnetism, 484, 502, 504, 605, ill-821 
Langevin law of, 484, 402, SIS, 614, SIS, 
518, 621 

Partial pressure, and diffusion, 253, 545 
of ions, 545, 553 

Partial pressures, law of, 86 , 253, 254, 393, 
304, 545, 553 
Path, free, concept of, SI 
distribution of, 48 
Tait’s, 09, 102 
mean free, 81 
Paths, free (see free paths) 

Pauli exclusion principle, 121, 440, 460, 532 
Peltier effect, 458 

Pendulum, Brownian displacement of, 400, 
414 

Perfect gas, mechanical picture of, 11 
model of, IS 

Periodic table and electron arrangement, 
534 

Persistence, of velocities, 208, 818, 814, 
216, 217, 245, 266, 274, 549 
of velocity correction of viscosity for, 214 
Phase paths in quantization, 447 
Phase space, 121, 447, 448 
cells in, 448 

Photoelectric current in presence of a gas 
and theory of ionization by electrons, 

68S 

Photoelectric currents in gases, 547 
Photoelectric effect, 410, 417, 446, 458, 

68S-627 

Photoelectric law of Einstein, 417, 446, 626 
Photoelectrons, velocity of emission of, 625 
Photophoresis, 372, 374 
Physical constants, fundamental, 644 
Physical explanation, status of, 8 
Physical science, progressive advance of, 141 
Planck constant, 181-186, 410, 411, 416, 
4*7, 422, 448-448, 450, 452, 467-470, 
S8S-S40, 686, 644 
Planck radiation law, 411, 422 
Poisseuilles law, 230, 278, 281, 204, 297, 360 
Polarizability, electric, 480, 482, 487, 493, 
408, 501 

of diatomic molecules, on wave mechan- 
ics, 501 

equation for, 493 
temperature variation of, 482 
magnetic, 507, 508 
Polarization, dielectric, induced, 512 
Polyatomic gases, molecular heats of, 429, 
442, 443, 471 

Polyatomic molecules, mechanical proper- 
ties of, 437 

Porous plug experiment, 184, 186 
Position coordinates, 432 
Potential energy, of ion and molecules, 559, 
561 

and kinetio energy of oppositely charged 
ions in a gas, 586 


Potential field, distribution of molecules in, 
80, 92, 96, 145, 146, 157, 158, 304, 440, 
462, 470, 401, 513, 572, 574, 501 
Power of exponent of attractive forces, 
limiting, 148, 155, 107 
Precession in gyromagnetic phenomena, 506, 
530 

Pressure, coefficient, of ideal gas, 18, 161 
of real gas, 162 
critical, 170, 171, 173 
and field strength, effect of, on ionisation 
by collision, 633 
and free path, 37 

gage for low pressures, law of, 351, 353 

gas, kinetio interpretation of, 89 

internal, 0 1 a gas, 143, 146, 148, 185, 186 

kinetic interpretation of, 18 

and mobttit?, 568 

and molecular velocity, 28 

osmotic, 802 

range, intermediate, rarefied gas flow in* 
296, 290, 300 
vapor, calculation of, 105 
law of liquid. 111 
of ortho and para hydrogen, 474 
variation, of coefficient of recombination* 
597 

of heat-conduction coefficient, 251, 323 
of rarefied gas flow, 205 
of viscosity, 215 
volume relation, Clausius, SO 
Pressures, in connected vessels at different 
temperatures, paradox of, 353 
higher, thermal transpiration at, 358 
intermediate, thermal transpiration at, 
363 

low, flow of molecules through tubes of 
different shapes at, 306 
heat conduction at, 310 

in gases, law of, 315, 317, 321 
momentum transfer at, 348 
Principal quantum number, 509 510, 888 * 
626-630, 533, 534. 535 
Probable velocity, most, 81 
Probabilities and distribution law, 75 
Probability, of angle in impact, 34, 549, 503 
of attachment, 614, 615, 617, 618, 610, 
620, 622, 626 

of collision with a surface, 33 
of ionization, 630, 632 
of radiation or excitation, 632 
thermodynamic, 74 
Proof, of distribution of free paths,* 80 
of equipartition, 438 

of random nature of Brownian motions, 
402 

Proofs, of Avogadro’s rule, 84 
of distribution of velocities, 118, 114, 119, 
122, 123, 188, 188, 181, 184, 188, 187, 
808,847 
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Q 

Quantities 8 and U, 85 
Quantity b, 41 

Quantisation, of each degree of freedom, 
. separate, 448 
of rotator, 448, 450, 470, 478 
rules of, 447 
spatial, 527, 529 

magnetic, proven, 521 , 540 
of magnetic moments, 010, 018, 521, 
086, 537 , 538 , 539 
of vibrator, 448, 408, 466, 471, 478 
Quantised projection of orbital moments in 
fields, 528 

Quantum limitations, or restrictions, 121- 

184, 438 , 448, 448, 400, 401, 402, 468, 
404, 460, 461, 465, 466, 467 

on translation, 181-124, 448, 460, 461 
Quantum number, azimuthal, 509, 525, 531 
J , 518 
L, 518 

principal, 509, 510, 028, 526-530, 533, 
534, 535 
radial, 525 

Quantum numbers, angular, 527 
atomic, 518, 519, 521, 532, 536 
half, 529, 531 
in high fields, 531 

higher, effect of, on dielectric constant, 
502 

on specific heats, 470, 472 
magnetic, 631 

Quantum restrictions on spin, vibration, 
rotation, and translation, 121-124, 438, 
448-404, 460, 461, 460-467 
Quantum theory, 85, 121-124, 410, 411, 
417, 421, 422, 423, 438, 444-404, 460, 
4fcl, 460-473, 500, 501, 509, 510, 
018-021, 028-040, 601-605, 615, 622, 
626, 628, 629, 630, 631, 632 
calculation of specific beats of solids, 462, 
467 

of specific heats, of gases, 449, 469 
in solids, equation for, 467 
statement of, 444, 446, 028 

R 

RT , numerical value of, 14 
Radial quantum number, 525 
Radiating impacts, 458, 631 
Radiation, black body, 440 
and electron recombination, 600 
Radii, ionic r61e of, in mobility, 567 

molecular values of, from different sources, 
648 

(See also Diameters, molecular) 
Radiometer. 279, 349, 864-886 
action and accommodation coefficient, 
382, 385 


Radiometer, disc, laws of Epstein and Sexl, 
374, 380, 381 

edge effect in, 366, 377, 378, 382, 385 
Einstein equation for, 378 
Einstein theory of vane, 374 
law, symmetrical of Westphal, 372, 382 
theory of Einstein, defect in, 379 
vane, or Crookes, 365 
other theories for, 381 

Radiometers, ellipsoidal, forces on, due to 
surface streaming, 371 
Osborne- Reynolds effect in, 367, 371, 380, 
385 

types of, 370 

Radiometric forces, 322, 349, 364 
and heat conduction, 384, 385 
and pressure, 372, 382, 384 
on a sphere, 373 

on vane at constant temperature, 383 
Radium, decay constant of, 409, 412 
Radius, of ions in H 2 , 599 
of unit Bohr orbit, 524 
Random distribution of ions, 584, 598 
Random heat motions of ions, 586 
Random reflection, fraction of molecules 
undergoing, 286, 288, 291, 303, 313, 
323, 324, 325, 326, 328, 330, 331, 334, 
336, 337, 338, 340, 372 
( See also /, Maxwell’s, /, Baule’s) 
Rarefied gas, flow in intermediate pressure 
range, 296, 299, 300 

Rarefied gases, equations of volume and 
mass flow for, 292, 294, 305 
flow in tubes of, 290, 303 
flow of, in short tubes, 302 
resistance factor in flow for, 293 
and surface phenomena, 278 
variation of flow with pressure in, 295 
Rate of escape of molecules from a hot 
surface, 116 

Ratio of specific heats, 249, 316, 317, 448, 
444, 448, 469 

in heat conduction at low pressures, 316 
Rays, molecular, 8, 130, 301, 306, 307, 326, 
831-334, 502, 536, 638 
(See also Molecular beams) 
residual, 475 

Reality of molecular motions, Brownian 
movements, 889, 390 
Recombination, chance of, 593 
closed elliptic orbits in, 592 
coefficient, calculation of, 596 
experimental values of, 599 
of ions, 546, 588 

temperature and pressure variation of, 
597 

of Thomson and Loeb, 595 
value of, 597 

time variation of, 585, 587 
criterion for, 592 
and electron attachment, 600 
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Recombination, electronic, 585, 599 

of ions, uncertain experimental data in, 
597, 598 

and mass of ions, 587 
and mobility, independence of, 587, 598 
theory of Langevin, 585, 586, 587 
of Thomson, 585, 587, 591 
Reduced equation of state, 191 
Reflection, diffuse, Baule’s coefficient, 328 
of molecules from surfaces and adsorp- 
tion, 325 

random and specular, fraction of mole- 
cules undergoing, 286, 288, 291, 303, 
313, 323, 324, 325, 326, 328, 330, 331, 
334, 336, 337, 338, 340, 372 
Refraction, specific, 480 
Refractive index, 479, 480 
Reinganum’s value for coefficient of vis- 
cosity, 225 

Relative velocities, molecular, 37, 95, 97, 
100, 550, 593 

Relative velocity correction, 37, 95, 97 
Relaxation, time of, 500 
Repulsion of ions m gas, 553 
Repulsive force constants, and diameters, 
values of, 198, 199, 22$ 
from viscosity, 197 

Repulsive force fields. 150, 155, 157, 168, 
181, 197, 198, 199, 218, 219, 228, 267, 
639, 640, 642 

and attractive force fields, simul- 
taneous, 226 

Repulsive forces, and attractive forces, 
molecular, 144, 145, 146, 148, 150, 156, 
179, 180, 181, 198, 199, 216, 218, 221, 
226, 228, 639, 640, 642 
and diffusion, 267 

exponents of, for different gases, 642 
Repulsive virial, 158 
Residual rays, 475 

Resistance factor in flow of rarefied gases, 
293 

Resolved moment in field, 518 
Rigid body, 431 

Rochelle salts, high inner field of, 516 
Root- mean-square velocity, 27, 37, 38, 82 
Roots of van der Waals’ equation, 168 
Rotation, absence of, in H 2 at low tempera- 
tures, 444 

degrees of freedom of, 434, 437, 441 
molecular. 247-250, S16, 817, 436, 440- 
444, 449-452, 470-478, 603 

and translation, independence of, 76, 87, 
247, 316, 824, 325, 439, 440 
Rotational Brownian movements, 405 
Rotational energy, 247, 316, 438, 440-446, 
470-478 

Rotational momentum, 433 
Rotational quantum numbers, effect of, on 
dielectric constant, 502 
Rotator, 448, 449, 450, 470 


Roughness, molecular, 318 
surface, 324 

Rule, Avogadro’s, It, 24, 88, 56, 87, 898, 
408, 428, 429, 430, 437, 438 
Russell-Saunders coupling, 532 
Rydberg constant, for He + and H, 411, 420 
for infinite mass, 411, 421 

S 

5-type orbits, 536 
Saturation, current, 623, 628 
magnetic, 521 

Scattering, at solid surfaces, diffuse, 886 , 
288, 291. 303. 313, 828, 324, 825, 
320, 828, 880, 881, 334, 336, 337, 
340,372 

(Swctlto f. Maxwell’s;/, Baule’s) 
cosine law Of. 33, 831, 840 
molecular, |Cnudsen law of, 331, 342 
School of eneifcetics, 6 

Second law of [thermodynamics, 74, 203, 204 
Second virial coefficient, 195 
Self-consistent field, 510 
Self diffusion, 253, 256, 554 
Semi-empirical equations of state, 195 
Sexl, radiometric laws of, 374, 380, 381 
Shell, electron in atoms, spin of, 436, 444, 
448, 450 

Shells, closed, magnetic moments of, 533 
electron, 436, 444, 448, 450, 509, 624, 532. 
538, 584 
closed, 509, 533 

Simultaneous attractive and repulsive force 
fields, 144, 145, 146, 148, 150, 155, 157, 
158, 180, 181, 198, 199, 216, 218, 221. 
226, 228, 639, 640 

Slip, coefficient of, 281, 284, 288, 289, 314. 
323, 326, 360 
defined, 281 
and Maxwell’s /, 288 
values of, 289 

Slits in molecular beam formation, 307 
Slow diffusion, a paradox of kinetic theory, 
29, 31, 201 

Small ion, 556, 560, 566, 570 
Smoluchowski’s accommodation coefficient, 
323 

Solids, atomic and molecular heats of, 428, 
480, 455, 456-462, 462-469 

monochromatic vibrations in, 467 
Sound, velocity of, 28 
Spatial magnetic quantization proven, 540 
Spatial orientation of elliptical orbits, 527 
Spatial quantization, 527, 529 

magnetic, experimental test of, 521 
of magnetic moments, 515, 518, 521, 586, 
537, 538, 539 

Specific heat, at absolute zero, 457 
at constant pressure, 249, 316, 317, 427, 
448, 446, 459, 471 
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Specific heat, at constant volume, 248, 316, 
317, 427, 440, 441 , 442, 448 , 459, 471 
and heat conductivity, 248, 316, 317 
of hydrogen, Dennison's theory, 473 
and paradox of free elect runs, 459 
translatory and rotational, 248, 316, 317 
Specific heats, 240, 248 , 316 , 317 , 426 , 427 , 
440, 441 , 442 , 443, 444 , 446 , 450, 459 , 
470, 471, 472, 473 

application of quantum theory to, 449 
on basis of classical mechanics and the 
theorem of equipartitum, 440 
comparison of theory and experiment, 472 
definition of, 426 , 427 
Einstein equation for, 471 
and equilibrium, 455 
of gases, classical values of, 431 

more accurate application of quantum 
theory to, 469 

in heat conduction at low pressures, 316, 
317 

of hydrogen, temperature variation of, 
444, 451, 453, 473 
and kinetic theory, 426 
and quantum theory, 444 
ratio of, 249, 316, 317, 427, 443 , 445, 459 
of solids, calculation of, from quantum 
theory, 462 

conversion to constant volume, 459 
temperature variation of, 429, 444, 447, 
451, 453 , 464 , 467 , 469 , 471 , 473 
and thermionic emission, 455, 459, 460, 
461 

values of, 427, 445 
Specific refraction, 480 
Spectra, band, molecular data from, 453 
emission, occurrence of, 454 
Spectral lines, Doppler effect in, verification 
of Maxwell distribution by, 125 
Spectrum, mobility, 544 
Specular reflection, 286 , 323, 328, 330, 333 , 
334 , 338 

(See also /, Maxwell's;/, Baule’s) 

Speed, molecular, average, 27 , 82 
most probable, 81 
root- mean -square, 27 , 82 
Speeds, molecular,' 28 
Sphere, of active attraction of ions, 587, 591, 
592 

of attraction, 144 

of exclusion, 33, 37, 41, 43, 149, 175 
radiometric forces on, 373 
Spheres of exclusion, surface of, 43 
volume of, 149 

Spherical dipolar molecules, 499 
Spin, of electron shell, 436, 444, 448, 450 
moment, electron, 523, 530, 531, 535, 536, 
540 

total-8, 518 

moments, and ferromagnetism, 536 

of nuclei, 472 


Stability of ion cluster, criterion for, 560 
Stagnant gas layer at surfaces, 312 
Stark effect, 528, 529 
State, equation of, from virial, 180 

ideal equation of, 12 , 142, 153, 161 , 187 
Statistics, Fermi-Dirac, 121 
Steady state, 207 

Stefan- Boltzmann constant, 411, 422 
Stern-Gerluch method, 134, 135, 410, 418, 
502, 536 , 538 , 640 
Stern velocity analyzer, 131 
California modification, 136 
Stokes’s law, 397, 400, 405, 406, 642 
molecular diameters from, 642 
Streaming, Osborne- Reynolds, 358, 367, 371, 
380, 385 

Structure, atomic, 179, 522-640 
of molecules, 179, 43G, 639 
Successive approximation, 3, 141 
Surface, area of molecules, 35 

average life of molecule on, 326, 330, 338, 
339, 341, 342, 344, 345, 340 
energy and momentum exchanges on 
impact of molecules with, 286 , 288 , 
291, 303, 322, 823 , 824 , 326, 328, 330, 
336, 337, 372 

forces and accommodation coefficients, 
329 

and condensation, 334 
hot, rate of escape of molecules from, 116 
number of molecules striking unit, per 
second, 42 , 103 , 260, 301, 340, 341, 
624 

phenomena, laws of rarefied gases and, 278 
roughness, 313, 324 
tension, 144 

Surfaces, accommodation coefficient for 
different, 321 

activation of molecules by, 326 
heat conduction between, at low pressures, 
321 

insulating gas film at, 311, 323 
reflection of molecules from, and adsorp- 
tion, 326 

Susceptibilities, diamagnetic, 509 
Susceptibility, mass, 507, 508, 510, 511, 516 
table of values, 511 
paramagnetic, 512, 513, 514 

temperature variation of, 512, 514 
Sutherland theory for variation of viscosity 
with temperature, 221, 224 , 357, 561 

T 

T cubed law of Debye, 469 
Tait coefficient of viscosity, 212 
Tait’s free path, 99 , 102 , 211, 213 
Tangential forces of Hettner and Knudsen 
on radiometer vanes, 369 
Tangential velocity component in impact, 
65, 548 
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Temperature, absolute, 12 
of ice point, 644 

characteristic of crystal lattice, 467 
constant, radiometer, 383 
critical, 169, 170, 171, 173, 192, 194 
and diamagnetism, 511 
difference in connected vessels and pres- 
sure, 353 
dimensions of, 13 
electron, in electric field, 604 
equilibrium between molecules and sur- 
face, number of impacts required, 
323, 335 

at solid gas surfaces, 313 
evaluation of absolute zero of, 160, 166, 
191 

gradient, sharp, at solid gas surfaces, 311, 
323 

gradients along radiometer vanes, 370, 379 
inversion in Joule-Thomson effect, 189 
and mobility, 568 

and molecular diameters, 150, 183, 220, 
223, 224, 640 
nature of, 13 
and spectral emission, 454 
and van der Waals’ a, 148, 160, 176, 194, 
196, 197 

variation of coefficient, of recombination, 
597 

of viscosity, 224 

of dielectric constant, 483, 485, 489, 495 
of diffusion, 272 

of heat conduction coefficient, 251 
of paramagnetic susceptibility, 512, 514 
of polarizability, 482 
of specific, atomic and molecular heats, 
429, 447,451, 453, 454, 467, 469, 471, 
473 

of specific heats of hydrogen, 444, 451, 
473 

of velocity, 28 
of viscosity, 205, 215, 224 
Tension, surface, 144 

Terminal velocity, distance to acquire, 608 
of electron, 604, 606, 607, 608 
Theorem, of equipartition, 84, 75, 83, 84, 86, 
274, 437, 488, 489, 440, 444, 462 
H, and meaning of H, 73 
of virial, 180, 181, 154, 196 
Theories, simple, criticisms of, 817 
Theory, of interdiffusion, 860 

quantum, 85, 181-184, 410, 411, 417, 421, 
422, 423, 438, 444-464, 460, 461, 466, 
473, 500, 501, 509, 510, 518-681, 
588-640, 601-605, 615, 622, 626, 628, 
629, 630, 631, 632 
Thermal diffusion, 276 
Thermal expansion, 183 
Thermal transpiration, 279, 858, 354, 358, 
363, 367, 371 
at higher pressures, 358 


Thermal transpiration, at intermediate pres- 
sures, 363 
magnitude of, 354 
Thermionic current density, 125 
Thermionic effect, 113, 119-185, 409, 412, 
458, 626 

Thermionic emission and electron currents 
in a gas, 686 
fluctuations of, 409, 412 
Thermionic work function, 118, 124 
Thermodynamic probability, 74 
Thermodynamics, 74, 203, 204 
second law of, 74, 203, 204 
Thomson, coefficient of recombination of, 595 
recombination theory, 585, 587, 591, 595 
theory of electron attachment, 614, 616 
Thomson-Loeb mobility equation, 565 
Tune, of adsorption, lingering or condensa- 
tion, 326, 330, 338, 339, 341, 342, 344, 
345 

of lingering and cosine law, 342 
direct measurement of, 346 
of relaxation, 500 

Time variation of recombination coefficient, 
585, 587 

Toothed-wheel velocity analyzer, 133, 332 
Townsend, equation for ionization by col- 
lision, 629 

theory of ionization by collision, 628 
Transfer, heat, at low pressures, 317 

of momentum, energy and mass through a 
gas, 801 

at low pressures, 348 
theory, criticism of, 864 
Transformation, Jacobean, 463 
Translation, degrees of freedom of, 433, 436, 
441 

quantum restrictions on, 181-184, 448, 
449, 460, 461 

and rotation, independence of, 87, 247, 
316, 324, 325, 349, 440 
Translatory energy and accommodation 
coefficient, 322 

Transpiration, thermal, 279, 868 , 358, 363, 
367, 371 

Tubes of different shapes, flow of molecules 
through, at low pressures, 306 
Turbulence, molecular, 312 

U 

Uniform magnetic field, dia- and para- mag- 
netic substances in, 504 
Unit Bohr orbit (zee Bohr orbits) 

Unit electrical charge (see Electron) 

Unit magnetic moment of Bohr (see 
Magneton) 

V 

Value, of coefficient of slip, 289 
of van der Waals’ b, 148 
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Van der Waals' a, 144, 14G, 148, 100, 100, 
171, 178, 176, 178, 190, 572, 039 
a and 6, significance of, by different 
methods, 150, 150, 175, 178, 216, 640 
Van der Waals’ b, 35, 30, 41, 42, 148, 150, 
156, 160, 166, 170, 171, 173, 175, 178, 
216, 389, 403, 405, 409, 413, 481, 489, 
493, 495, 643 

and calculation of coefficient of viscosity, 
216 

Van der Waals’ equation, 140, 142, 146, 161, 
160, 108, 172, 173 

absence of maxima and minima in, 175 

application of, 173 

deduced from theorem of virml, 151 

deduction of, 142, 152 

real deviations from, 176 

roots of, 108 

test of, 172 

and Joule- Thomson effect, 184 
Van der Waals' forces, 107, 108, 144, 140, 
148, 160, 166, 171, 178, 190, 443, 572, 
578, 639 

in field of ion, 578 
Vane radiometer, 365 

Einstein equation for, 378 
other theories for, 381 
theory of Einstein, 374 
Vanes, radiometer, temperature gradients 
along, 370, 379 

Vapor, and liquid, equilibrium of, 105, 107 
pressure, calculation of, 105 
of liquid, 100, 111 
of ortho and para hydrogen, 474 
Vaporization, latent heat of, 108 
Vector model, 530 
Vector velocity, chance of, 80 
distribution, 123 

Velocities, average, of molecules or electrons 
emitted from hot bodies, 114 
average molecular, 27, 82 
distribution of, 27, 60, 67, 74, 70, 79, 81, 
83, 88, 89, 91, 92, 93, 94, 105, 113, 
114, 119, 125, 128, 130, 134, 136, 211, 
239, 241, 259, 201, 267, 291, 302, 316, 
324, 325, 340, 449, 460, 461, 462, 470, 
491, 513, 538, 539, 551, 653, 654 
by Boltzmann’s method, 60 
and Doppler effect, 113, 125, 128 
among electrons liberated from incan- 
descent source, 117 
Maxwell’s deduction of, 74 
proof of, 113, 114, 119, 122, 123, 126, 
128, 129, 181, 134, 188, 187, 802, 347 
experimental verification of Maxwellian 
distribution of, 113 
molecular, 28 

direct measurement of, 180 
distribution of, 59 
plot of distribution of, 81 
values of, 27 


Velocities, persistence of, 208,212,214,216, 
217, 245, 266, 274, 549 
correction of viscosity for, 214 
relative, molecular, 37, 98, 97, 100, 550, 
593 

Velocity, analyzer, California modification 
of Stern, 136 
magnetic, 135, 539 
Stern, 131 

toothed-wheel, 133, 332 
beams, monochromatic, 134 
chance of, irrespective of direction, 80 
components, independence of, 76, 87, 247, 
316, 324, 325, 439, 440 
normal and tangential in impact, 66, 
548 

correction, relative, 87, 95, 97 
distribution, vector, 123 
distribution of electrons, non-Maxwelhan, 
121, 123 

and thermionic emission, 113, 119, 122, 
123, 125 

distribution law, constants of, 79 
of electron, Compton theory of, 005 
in electrical field, 546, 020 
of emission of photoelectrons, 625 
of escape, 28 

exchanges in elastic impacts, 04, 547 
of ion in field, 46, 544, 552 
mass variation of, 28 
molecular, average, 82 
and density, 28 
and pressure, 28 
most probable, 81 
root- mean-square, 27, 37, 38, 82 
of sound, 28 

temperature variation of, 28 
terminal, of electrons, 604, 606, 007, 608 
vector, chance of, 80 
volt, 55 

Vibration, atomic, in solids, 455 
degrees of freedom of, 435, 437, 441, 454 
energies in, 435, 003 

molecular and atomic, 248, 430, 448-446, 
452-466, 466-448, 462-458, 473-476, 

003 

Vibrational contribution to specific heats, 
rigorous, 471 
Vibrational motion, 434 
Vibrations, absence of, in molecules, 444 
Vibrator, 448, 452, 402 
Virial, attractive, 159 
coefficient, second, 195 
and evaluation of force constants, 196 
of a mechanical system, 153 
for a non-ideal gas, 154 
repulsive, 158 
theorem of, 150, 161, 190 
Viscosity, 204 

change of, for solutions on dilution, 410, 
415 
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Viscosity, coefficient, 201, 205 , 212 , 214 , 
221 , 224 , 225 , 228, 245, 285, 357 
agreement between elementary theory 
and observation for, 214 
best expression for, 214 
calculated from van der Waals' b, 210 
force, constants from, 228 
Meyer’s value of, 245 
with repulsive forces, 220 
Sutherland correction for, 221, 224 , 
357, 501 

temperature variation of, 224 
values of, 205 

criticism of simple theory of, 217 
experimental, definition of, 204 
of hydrogen, temperature variation of, 228 
and intermolecular forces, attractive 
force fields, 221 
repulsive force fields, 218 
simultaneous attractive and repulsive 
force fields, 226 
measurement of, 230 
molecular diameters from, 198, 199, 041 
Heinganum’s coefficient of, 225 
and repulsive force constants, 197 
simple kinetic analysis of, 205 
Tait’s coefficient of, 212 
temperature variation of, 205, 215 , 221 , 
224 , 357, 601 
for gases and liquids, 205 
variation of, with pressure, mass and 
temperature, 215 

Visibility of interference fringes, 127 

Volt velocity, 55 

Volume, coefficient, of expansion, 162 
of ideal gas, 12, 101 
critical, and b, 166, 170 , 171 
determination of, for colloidal particles, 
396 

flow from capillary tube, 289 

for rarefied gases, equation for, 292, 305 
of He produced per gram of Ra per year, 
409, 412 

of perfect gas, 644 
of spheres of exclusion, 149 


Volumes, available to molecules, 35 
molecular, and vapor pressure, 112 
of molecules, 143 

(See also Van der Waals’ 6) 

W 

Water molecule, structure of, 503 
Wave mechanics, 7, 9, 57 , 134, 829 , 332, 
333 , 411, 423, 501 , 510, 520, 520, 530, 
537, 580, 587 

and accommodation coefficients, 329 
and dielectric constant, 501 
and electron scattering, 57 
and specular reflection, 333 
Waves, de Broglie, 9, 134, 332,. 411, 423, 
510, 520, 523, 520, 536, 537, 587 
Weiss law, 515, 510 
W eiss magneton, 517, 519, 537 
Wclhsch ion mobility equation, 504 
Wellisch theory of electron attachment, 613, 
020 

Westphal’s symmetrical radiometer law, 
372, 382 

W ledemann- Franz law, 235, 348 
Wien displacement law, 411, 422 
Work, of compressing a gas, 19 
conventions, 180 
in expansion, 184 
function, thermionic, 118, 124 

X 

X-ray.*, 1, 7. 410, 410, 584, 642 
levels in atom, 524, 529 
molecular diameters from, 042 
wave lengths from grating, 410, 410 

Z 

Zeeman effect, 410, 419, 518, 528, 529, 535 
Zero, absolute, 12 , 100, 105, 191, 429, 448, 
452, 457, 461, 644 
evaluation of, 12, 160 , 165 , 191 
specific heat at, 429, 457, 461 
magnetic moment, 509 
point energy, 448, 452, 457 





